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PREFACE. 



The first edition of my Algebra was received with unex- 
pected favor. Almost immediately after its publication, it was 
adopted as a text-book in half a dozen colleges, besides nu- 
merous academies and schools ; and the most flattering testi- 
monials were received from every part of the country. I 
have thus been stimulated to increased exertions to render it 
less unworthy of public favor. Every line of it has been sub- 
jected to a thorough revision. The work has been read by 
two successive classes in the University, and wherever im- 
provement seemed practicable, alterations have been freely 
made. I have also availed myself of the suggestions of sev- 
eral professors in other colleges. This edition will accord- 
ingly be found to differ considerably from the preceding. Al- 
terations, more or less important, have been made on nearly 
every page. Among these may be mentioned the addition of 
Continued Fractions, the Extraction of the Roots of Numbers, 
Elimination by means of the Greatest Common Divisor, and a 
large collection of Miscellaneous Examples. 

It is believed that this treatise contains as much of Algebra 
as can be profitably read in the time allotted to this study in * 
most of our colleges, and that those subjects have been se- 
lected which are most important in a course of mathematical 
study. These materials I have endeavored to combine, so iu; 
to form a consistent treatise. I have aimed to cultivate in the 
mind of the student a habit of generalizatYOiv^ audL Xo\«»A t^^xskV^ 
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reduce every principle to its most general form. At the same 
time, I have been solicitous not to discourage the young begin- 
ner» who frequently finds it much more difficult to comprehend 
a general than a particular proposition. Accordingly, many 
of the Problems have been twice stated. I tirst give a simple 
numerical problem, and then repeat the same problem in a 
more general form. I have labored to develop, in a clear 
and intelligible manner, the most important properties of equa- 
tions, and have bestowed great pains upon the selection of 
examples to illustrate these properties. Throughout the work 
I have endeavored to render the most important principles so 
prominent as to arrest attention , and I have reduced them, ai 
far as practicable, to the form of concise and simple rules. It 
is believed that, in respect of difficulty, this treatise need not 
discourage any youth of fifteen years of age who possesses 
average abilities, while it is designed to form close habits of 
reasoning, and cultivate a truly philosophical spirit in more 
BiatHre minds. 
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ALGEBRA. 

SECTION I. 

PRBLIMINABY DEFINITIONS AND NOTATION 

{Article 1.) Whatever is capable of increase or diminution 
or will admit of mensuration, is called magnitude or quantity. 

A sum of money, therefore, is a quantity, since we may in- 
crease it or diminish it. A line, a surface, a weight, and other 
things of this nature, are quantities ; but an idea is not a quantity. 

(2.) Mathematics is the science of quantity, or the science 
which investigates the means of measuring quantity. The 
operations of the mind, therefore, such as memory, imagina- 
tion, judgment, &c., are not subjects of mathematical investi- 
gation, since they are not quantities. 

(3.) Mathematics is divided into pure and mixed. Pure 
mathematics comprehends all inquiries into the relations of 
magnitude in the abstract, and without reference to material 
bodies. It embraces numerous subdivisions, such as Arith- 
metic, Algebra, Geometry, &c. 

In the mixed mathematics these abstract principles are ap- 
plied to various questions which occur in nature. Thus, in 
Surveying, the abstract principles of Geometry are applied to 
the measurement of land ; in Navigation, the same principles 
are applied to the determination of a ship's place at sea ; in 
Optics, they are employed to investigate the properties of 
light ; and in Astronomy, to determine the distances of the 
heavenly bodies. 

(4.) Algebra is that branch of mathematics which enables us^ 
by means of letters a%d other symbols^ to abridge and generalize 
the reasoning employed in the solution of all qitesiiciis relat\T.% 
to numbers. 
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Arithmetic is the art or science of numbering. It treats ol 
the nature and properties of numbers, but it is limited to cer- 
tain methods of calculation which occur in common practice. 
Algebra is more comprehensive, and has been called by New- 
ton, Universal Arithmetic. 

(5.) The following are the main points of difference between 
Arithmetic and Algebra. 

First, the operations of Algebra are more general than those 
of Arithmetic. In Arithmetic we represent quantities by par- 
ticular numbers, as 2, 5, 7, &c., which numbers always retain 
the same value. The results obtained, therefore, are applicable 
only to the particular question proposed. Thus, if it is re- 
quired to find the mterest of a thousand dollars for three 
months at six per cent., the question may be solved by Arith- 
metic, and we obtain an answer, which is applicable only to 
this problem. 

But in the solution of a general Algebraic problem we em- 
ploy letters, to which any value may be attributed at pleasure. 
The results obtained, therefore, are equally applicable to all 
questions of a particular class. Thus, if we have given the 
sum and difference of two quantities, we may obtain by means 
of Algebra a general expression for the quantities themselves. 
This result will always be found true, whatever may be the 
magnitude of the quantities. Hence Algebra is adapted to the 
investigation oi general principles, while Arithmetic is confined 
to operations upon particular numbers. 

Secondly, Algebra enables us to solve a vast number of 
problems, which are too difficult for common Arithmetic. 
Some ^ of the problems in Sections VII. and VIII. may be 
solved by Arithmetical methods ; but others can not thus be 
resolved, particularly such problems as are given in Sections 
XII., XIV., &c. 

Thirdly, in Arithmetic all the different quantities which en- 
ter into a problem are blended together in the result, so as to 
leave no trace of the operations to which they have been sub- 
jected. From a simple inspection of the result, we can not 
tell whether it was derived by multiplication or division, invo- 
lution or evolution, or what connection i^ has with the given 
quantities of the problem. But in a general Algebraic solu- 
tion, all the different quantities are preserved distinct from each 
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Other, and we see at a glance how all the data of the problem 
are combined in the result. Illustrations of this remark will 
be found in Section VII., &c. 

Fourthly^ the operations of Algebra are often far more con- 
cise than those of Arithmetic. Thus, although some of the 
problems in Sections VII. and VIII. may be solved Arith- 
metically, these solutions are generally much more tedious 
than the Algebraic. This advantage which is possessed by 
Algebra is partly due to the representation of the unknown 
quantities by letters, and their introduction into the operations 
as if they were already known, and partly to the fact that the 
operations of multiplication, division, &c., are at first merely 
indicated^ and are not actually performed until* an Algebraic 
expression has been reduced to its simplest form. 

Finally, perhaps the most striking difference between Arith- 
metic and Algebra springs from the use of negative quantities, 
which give rise to many peculiar results. 

The full purport of these remarks will be best apprehended 
after the student has made some progress in the study of Al- 
gebra. 

(6.) A definition is the explanation of any term or word. It 
is essential to a perfect definition that it distinguish the thing 
defined from every thing else. Thus, if we say that man is a 
biped, it is an imperfect definition of man, because there are 
many other bipeds. 

(7.) A theorem is the statement of some property, the truth 
of which is required to be proved. Thus the principle that 
the sum of the three angles of any triangle is equal to two 
right angles, is a theorem, the truth of which is demonstrated 
by Geometry. 

(8.) A problem is a question requiring something to be done. 
Thus, to draw one line perpendicular to another is a problem. 
Theorems and problems are both known by the general term 
o{ propositions. 

(9.) A determinate problem is one which admits of a certain 
or definite answer. An indeterminate problem commonly ad* 
mits of an indefinite number of solutions ; although when the 
answers are required in positive whole numbers, they are in 
some cases coiifined within certain limits, and in others the 
oroblem may be impossible. 
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(10.) The solution of a problem is the process by which we 
obtain the answer to it. A numerical solution is the obtaining 
an answer in numbers. A geometrical solution is the obtaining 
an answer by the principles of geometry. A mechanical so- 
lution is one which is gained by trials. 

(11.) The principal symbols employed in Algebra are the 
following : 

The sign + (an erect cross) is named plus, and is employed 
to denote the addition of two or more numbers. Thus, 5+3 
signifies that we must add 3 to the number 5, in which case 
the result is 8. In the same manner, 11+6 is equal to 17; 
14+10 is equal to 24, &c. 

We also make use of the same sign to connect several num- 
bers together. Thus, 7+5+9 signifies that to the number 7 
We must add 5 and also 9, which make 21. 

So, also, the sum of 8+5+13+11 + 1+3+10 is equal to 51. 

(12.) In order to generalize numbers we represent them by 
letters, as a, 6, c, d, &c. Thus the expression a+b signifies 
the sum of two numbers, which we represent by a and 6, and 
these may be any numbers whatever. In the same manner, 
m+n+p+x signifies the sum of the numbers represented by 
these four letters. If we knew, therefore, the numbers repre- 
sented by the letters, we could easily find by arithmetic the 
value of such expressions. 

The first letters of the alphabet are commonly used to rep- 
resent known quantities, and the last letters those which are 
unknown. 

(13.) The sign — (a horizontal line) is called minus, and in- 
dicates that one quantity is to be subtracted from another. 
Thus, 8—5 signifies that the number 5 is to be taken from the 
number 8, which leaves a remainder of 3. In like manner, 
12—7 is equal to 5, and 20—14 is equal to 6, &c. 

Sometimes we may have several numbers to subtract from 
a single one. Thus, 16—5—4 signifies that 5 is to be subtract- 
ed from 16, and this remainder is to be further diminished by 
4, leaving 7 for the result. In the same manner, 50—1—3—5 
-7—9 is equal to 25. So, also, a—b signifies that the number 
designated by a is to be diminished by the number designated 
by 6. 
Quantities preceded by the sign + are called positive quan- 
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ftities; those preceded by the sign —9 negative quantities. 
When no sign is prefixed to a quantity, + is to be understood. 
Thus, a-^'h—'C is the same as +a+6— c. 

(14.) The sign X (an inclined cross) is employed to denote 
the multiplication of two or more numbers. Thus, 3X5 signi- 
fies that 3 is to be multiplied by 5, making 15. In like man- 
ner, aXb signifies a multiplied by h; and aXbXc signifies the 
continued product of the numbers designated by a, 6, and c, 
and so on for any number of quantities. 

Multiplication is also frequently indicated by placing a point 
between the successive letters. Thus, a.b . c .d signifies the 
same thing as aXbXcXd. 

Generally, however, when numbers are represented by let- 
ters, their multiplication is indicated by writing them in sue* 
cession without the interposition of any sign. Thus, a b sig- 
nifies the same thing 3.s a.b or aXb; and ab c d is equivalent 
to a.b. c.dy or aXbXcXd. 

It must be remarked that the notation a.b or a b is seldom 
employed except when the numbers are designated by letters. 
If, for example, we attempt to represent the product of the 
numbers 5 and 6 in this manner, 5 . 6 might be confounded 
with an integer followed by a decimal fraction ; and 56 would 
be read fifty-six^ according to the common system of nota- 
tion. 

The multiplication of numbers may, however, be expressed 
by placing a point between them, in cases where no ambiguity 
can arise from the use of this symbol. Thus, 1.2.3.4 is 
sometimes used to represent the continued product of the num- 
bers 1, 2, 3, 4. 

(15.) When two or more quantities are multiplied together, 
each of them is called 2i factor. Thus, in the expression 7X5, 
7 is a factor, and so is 5. In the product abc there are three 
factors, a, 6, c. 

When a quantity is represented by a letter, it is called a 
literal factor, to distinguish it from a numerical factor, which 
is represented by an Arabic numeral. Thus, in the expression 
bab, 5 is a numerical factor, while a and b are literal factors. 

(16.) The character -r (a horizontal line with a point above 
and below) shows that the quantity which precedes it is to be 
divided by that which follows. 
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Thus, 24-r6 signifies that 24 is to be divided by 6, making 4. 
So, also, a-irb is a divided by b. 

Generally, however, the division of two numbers is indi- 
cated by writing the dividend above the divisor, and drawing 
a line between them. 

Thus, 24-7-6 and a-irb are usually written ? and J. 

(17.) The sign = (two horizontal lines) when placed be- 
tween two quantities, denotes that they are equal to each 
other. 

Thus, 7-f 6=13 signifies that the sum of 7 and 6 is equal to 
13. So, also, $1 = 100 cents, is read one dollar equals one 
hundred cents ; 3 shillings =36 pence, is read three shillings 
are equal to thirty-six pence. In like manner, a=& signifies 
that a is equal to b; and a-f fe=c— (/ signifies that the sum of 
the numbers designated by a and b is equal to the difierence 
of the numbers designated by c and d. 

(18.) The symbol > is called the sign of inequality^ and 
when placed between two numbers, denotes that one of them 
is greater than the other, the opening of the sign being turned 
toward the greater number. 

Thus, 3<5 signifies th^t 3 is less than 5, and 11>6 denotes 
that 11 is greater than 6. So, also, a>b shows that a is 
greater than 6, and c<(/ shows that c is less than d. 

(19.) The coefficient of a quantity is the number or lettei 
prefixed to it, showing how often the quantity is to be taken. 

Thus, instead of writing a+a+d+a+a, which represents 
five fl's added together, we write 5a, where 6 is the coeflUcient 
of a. In like manner, lOab signifies ten times the product of 
a and b. The coeflScient may be either a whole number or a 
fraction. Thus, |a signifies three fourths of a. When no co- 
efiScient is expressed, 1 is always to be understood. Thus, la 
and a signify the same thing. 

The coeflScient may be a letter as well as a figure. In the 
expression war, m oiay be considered as the coeflScient of a:, 
because x is to be taken as many times as there are units in m. 
If m stands for 5, then mx is 5 times x. 

In 4ax, 4 may be considered as the coefiScient of ax, or 4a 
may be considered as the coefiicient of a;. 

(20.) The products formed by the successive multiplication of 
'As same number by itself are called the powers of that number 
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Thus, 2X2=4, the second power of 2. 
2X2X2=8, the third power. 
2X2X2X2=16, the fourth power, &c. 
So, also, 3X3=9, the second power of 3. 

3X3X3=27, the third power, &c. 
Also, aXa=aa, the second power of a. 

jaXaXa=aaaf the third power, &c. *- 

In general, any power of a quantity is designated by tiie 
number of factors which form the product. 

X21.) For the sake of brevity, powers are usually expressed 
by writing the root once, with a number above it at the right 
hand, showing how many times the root is taken as a factor. 
This number is called the exponent of the power. 
Thus, instead of 
aa, we write a\ where 2 is the exponent of the power. 
aaa, " a", where 3 is the exponent of the power. 
aaaa^ " a*, where 4 is the exponent of the power. 
aaaaa^ " a*, where 5 is the exponent of the power, &c. 
When no exponent is expressed, 1 is always understood. 
Thus, a* and a signify the same thing. 

Exponents may be attached to figures as well as letters. 

Thus, the product of 3 by 3 may be written 3', which equals 9 

" 3X3X3 " 3', " 27 

" 3X3X3X3 " 3*, " 81 

•* 3X3X3X3X3 " 3*, « 243 

(22.) A root of a quantity is a factor, which, multiplied by 

itself a certain number of times, will produce the given quan 

tity. 

The symbol >/ is called the radical sign, and when pre- 
fixed to a quantity denotes that its root is to be extracted 
Thus^ 

-^9, or simply v'9, denotes the square root of 9, which is 3. 
^64 denotes the cube root of 64, which is 4. 
V\% denotes the fourth root of 16, which is 2. 
So, also, 

y a, or simply -/a, is the square root of a. 
Va denotes the third or cube root of a. 
Va denotes the fourth root of a. 

Wa denotes the nth root of a, where w may re^t^^^cil «sc^ 
number whatever. 
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The number placed over the radical nign is called the index 
of the root. Thus, 2 is the index of the square root, 8 of the 
cube root, 4 of the fourth root, and n of the nth root The in- 
dex of the square root is usually omitted. Thus, instead of 
Vahj we usually write Vab. 

(23.) When four quantities are proportional^ the proportion 
is expressed by points, as in arithmetic. Thus, a:b::c:d, 
signities that a has to b the same ratio which c has to d* 

(24.) A vinculum , or a parenthesis ( ), indicates that 

several quantities are to be subjected to the same operation^ 

Thus, a+b+cXd, or (a+i+c)X^, denotes that the sum of 
a, bf and c is to be multiplied by d. But a+b+cXd^ denotes 
that c only is to be multiplied by d. 

When the parenthesis is used, the sign of multiplication is 
generally omitted. Thus, {a+b+c)xd is the same as {a+b 
+c)df or d(a+b+c). 

(25.) Three dots * . * are sometimes employed to denote 
therefore or consequently, 

A few other symbols are employed in algebra, in addition to 
those here enumerated, which will be explained as they occur. 

(26.) Every number written in algebraic language, that is, 
by aid of algebraic symbols, is called an algebraic quantity^ or 
an algebraic expression. 

Thus, 3a is the algebraic expression for three times tht 
number a. * 

4a' is the algebraic expression for four times the square of 
the number a. 

7a'ft* is the algebraic expression for seven times the third 
power of a multiplied by the fourth power of ft. 

(27.) An algebraic quantity, not composed of parts which 
are separated from each other by the sign of addition or sub- 
traction, is called a monomial, or a quantity of one term, or 
simply a term. 

Thus, 2a, 5bc, and 7xy^ are monomials. 

(28.) An algebraic expression, which is composed of several 
terms, is called a polynomial. 

Thus, a+2ft+6c— d is a polynomial. 

A polynomial consisting of two terms only, is usually called 
a binomial; one consisting oi three terms is called a trinonrioL 

Thus, 8a+5ft is a binomial, and a+3ftc+a:y is a trinomiaL 
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(29,) The numerical value of an algebraic expression is the 
result obtained when we attribute particular values to the 
letters. 

Suppose the expression is 2a^b. 

If we make a=2 and 0=3^ the value of this expression will 
be 2X2X2X3=24. 

If we make a=4 and fe=3, the value of the same expression 
will be 2X4X4X3=96. 

The numerical value of a polynomial is not affected by 
changing the order of the terms, provided we preserve their 
respective signs. 

The expressions a^+2ab+b\ a^+b^+2ab^ 6'+2a6+a% have 
all the same numerical value. 

Thus, if a=5 and &=2, the value of a* will be 25, that of 
2ab will be 20, and b^ will be 4 ; and if these numbers are 
added together, their sum will be the same in whatever order 
they are placed. Thus, 

25 25 20 20 4 4 

20 4 25 4 25 20 

^ 20 _4 25 20 25 

49 49 49 49 49 49 

(30.) Each of the literal factors which compose a term is 
called a dimension of this term ; and the degree of a term is 
the number of these factors or dimensions. A numerical co- 
efficient is not counted as a dimension. 

Thus, 3a is a term of one dimension, or of the first degree. 

5(d) is a term of two dimensions, or of the second degree. 

6a^bc* is a term of six dimensions, or of the sixth degree. 

In general, the degree, or the number of dimensions of a 
term, is equal to the sum of the exponents of the letters con- 
tained in the term. 

Thus, the degree of the term SafeVd* is 1+2+1+3 or 7; 
that is, this term is of the seventh degree. 

(31.) A polynomial is said to be homogeneous when all its 
terms are of the same degree. 

Thus, 2a— 36+c, is of the first degree and homogeneous. 

3a'— 4a&+fr% is of the second degree and homogeneous. 
2a*'\-3a^c—4c^df is of the third degree and homogene 

ous. 
5a'— 2a&+c, is not homogeneoxxB 
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(32.) Like or similar terms are terms composed of the samt 
ktters affected with the same exponents. 

Thus, Sab and lab ar6 similar terms. 

5a*c and 3a*c are also simiUr terms. 

But Sab^ and 4a*fr are not similar ; for, although they contam 
the same letters, the same letters are not affected with the 
same exponents. 

(33.) The reciprocal of a quantity is the quotient arising 
from dividing a unit by that quantity. 

Thus, the reciprocal of 2 is | ; the reciprocal of a is -J. 

(34.) A few examples are here subjoined, to exercise the 
learner on the preceding definitions and remarks. 

Examples in which words are to be converted into algebraic 
symbols. 

Ex. I. What is the algebraic expression for the following 
statement ? The second power of a, increased by twice the 
product of a and 6, diminished by c, and increased by d^ is 
equal to seventeen times /. 

^715. a'+2ab-c+d=l7f. 

Ex. 2. The quotient of three divided by the sum of x and 
four, is equal to twice b diminished by eight. 

Ex. 3. One third of the difference between six times x and 
four, is equal to the quotient of five divided by the sum of a 
and b. 

Ex. 4. Three quarters of x increased by five, is equal to 
three sevenths of b diminished by seventeen. 

Ex. 5. One ninth of the sum of six times x .and five, added 
to one third of the sum of twice x and four, is equal to the 
product of (Z, by and c. 

Ex. 6. The quotient arising from dividing the sum of a and 
b by the product of c and (/, is equal to four times the sum of e^ 
f, g, and h. 

(35.) Examples in which the algebraic signs are to be trans- 

lated into common language. 

X'\'a X d 
Ex. 1. -T~+-=- 



b c a+b 

Ans. The quotient arising from dividing the sum of a: and a 
by b, increased by the quotient of x divided by c, is equal to 
the quotient of d divided by the sum of a and b. 

Ez.2. 7tf'+(4-.c)X(d+e)=g+h. . s: 
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How should the preceding example be read, when the first 
parenthesis is omitted ? 

Ex. 4. 4^/gfe—25= Q _ .- 

^x. 5. 2avV-ac=5(A+rf+a:). 

„ ^/5i+3v/c ^ . 

Ex. 6. g^^^ =5a?+f 

(86.) Find the value of the following expressions, when a= 
6, 6=5, and c=4. 



-Ex. 1. a'+3afe— c'. 
Ear. 2. o^XCa+ft)— 2a&c. 



Am. 86+90-16=110. 

Ans. 156. 



a« 



^^- 3- 5+8^+^- 



2Ac 
Ex. 4. c4 



ilns. 28. 



v'2ac+c* 



Ex. 6. v'y-ac+v'2ac+c*. 



Ear. 6. 8v'c+2av'2a+6+2c 



Ex. 7. (3v'c+2a)v'2a+fc+2c. 

Ex. 8. In the expression >^_^ «_^ * let a=8, 6=6, c=2 

and x=6 ; what is its numerical value? 

Ex. 9. What is the value oiy)b^/x+by/y+ v'x+ v/y, when 
x=9 and y=4? 

Ex. 10. What is the valueof x*--4x'+7x'— 6x, when x=3? 

jEx. 11. What is the value of 5(x*+y')+4xy, when x=4 and 
V=6? 

Ex. 12. What is the value of VlO+x— VlO+x, when x=6? 

jEx. 18. What is the value of 2x'+ V2x'+1, when x=2? 
Ex. 14. What is the value of 2x— Tv/x, when x=81 T 
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ADDITION. 

(37 ) Addition is the connecting of quantities together by 
means of their proper signs, and incorporating such as can be 
united into one sum. 

It is convenient to distinguish three Cases. 

CASE I. 
When the quantities are similar and have the same signs. 

RULE. 

Add the coefficients of the several quantities together^ and to 
their sum annex the common letter or letterSf prefixing the cam^ 
mon sign. 

Thus,, the sum of 3a and 5a is obviously 8a. So, also, —3a 
and —5a make —8a; for the minus sign before each of the 
terms shows that they are to be subtracted, not from each 
other, but from some quantity which is not here expressed ; 
and if 3a and 5a are to be successively subtracted from the 
same quantity, it is the same as subtracting at once 8a. 







EXAMPLES. 




da 


-Sab 


2b+Sx a-2x' 


2a+ y* 


5a 


-6ab 


5b+lx 4Ui-3a;* 


5a+2j^ 


7a 


— ab 


b+2x 3a- 6a;' 


9a+3j^ 


a 
Ta 


-lab 
-llab 


4b+9x la- 7? 


4a+6y* 



The learner must continually bear in mind the remark of 
Art. 13, that when no sign is prefixed to a quantity, plot is ak 
ways tD be understood. 
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CASE IL 

(38.) When the quantities are similar, but have difl&rent 
signs. 



RULE. 



Add all the positive coefficients together ^ and also all those 
that are negative ; subtract the least of these results from the 
greater; to the difference annex the common letter or letters^ and 
prefix the sign of the greater sum. 

Thus, instead of 7a— 4a, we may write 3a, since these two 
expressions obviously have the same value. 

Also, if we have 5a— 2a+3a— a, this signifies that from 5a 
we are to subtract 2a, add 3a to the remainder, and then sub- 
tract a from this last sum, the result of which operation is 5a 
But it is generally most convenient to take the sum of the pos- 
itive quantities, which in this case is 8a ; then take the sum of 
the negative quantities, which in this case is 3a; and we have 
8a— da or 5a, the same result as before. 





■ 


EXAMPLES. 






-3a 


6a:+5ay 


2ay- 7 


-2a^x 


-6a'+2fe 


+7a 


— 3a:+2ay 


- ay+ 8 


a^x 


2a'-3ft 


+8a 


x—Qay 


2ay— 9 


—2a^x 


-5a»-86 


— a 


2x+ ay 


3ay-ll 


la^x 


4a'-2fe 



+lla 6a;+2ay 

CASE III. 
(39.) When some of the quantities are dissimilar. 

EULE. 

Collect all the like quantities together^ by taking their sums oj 
differences as in the two former cases, and set down those that 
are unlike, one after the other, with their proper signs. 

Unlike quantities can not be united in one terra. Thus, 2a 
and Sb neither make 5a nor 5b. Their sum can only be writ- 
ten 2a+Sb, 
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EXAMPLES. 

ary— 2a:' Sx*t/+2ax 2ax—220 2x — 18y 

Sa^+xy — 2a^'— oa:* 8a:* — 2aa: Szy +10x 

x'— xy —3y^x+3az* to*— 8a; 2a:'y+25y 

4a:*— 3a:y — 8a:"y— ax Sx +100 12a:'y— a:y 



Oa;'— a:y 8a:'— 120 

(40.) When several quantities are to be addMl together^ it 
18 most convenient to write all tlie similar terms under each 
ather^ as in the following example. 
Ex. 1. Add together 

1 lic+4ad— 8ac+6cd 
Sac \-lbc—2ad+4mn 
2cd—Sab+5ac+ an 
9an-'2bc—2ad+5cd 
These terms may be written thus : 

1 lbc+^Lad—8ac+5cd+an+4mnSab 
7bc'-2ad+8ac+2cd+ikm 

'-fibc—2ad+5ac+5cd 

8um 16frc +5ac+12c(/+10an+4mn— Soft. 

Ex. 2. Add together the quantities 

7»i+8w— 14p 

3a+9»— llw 

5p— 4wi+ 8n 

lln— 26— m 

Ans. 8a— 26— Oi7i+81n— Sjp. 
Ex. 3. Add together 

4a*6 + Sd'd-dm^n-eab* 
4m*n- aV+5c'd +7a*6 
6»i'n- 6cV+4mn*-8a6* 
'7mn*+ 6c*d'-&m*n-'Mb 
dd'd -10a6»-8m*n+12a*fe 
Ans. lla*b+l&c*d-12m*n-25ab*+llmn\ 
Exs 4. Add together 

86- a-6c-116rf-9f 
6c -6f- d+ de-Sa 
8a-26-8c+ 27e+ll/ 
8e-7/+56- 8c+9d 
17c -66 -7a- 2rf-5e 

Ans. — 8a+6c— 10W-f81e— IQf. 
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Ex. 5. Add together 

2aV+Bac*+ 9Vx- Shy^+lOky 

2afe'-3a;' - 6'a;- 4iy'-16Ay 

6Ay- Ay'-22ac*-10a;' - 4aV 

19ac^-8b^x+ 9x^ + 6Ay + 2ky^ 

Ans. —9hy^+l5ky—2kf'-9hy—4x\ 
(41.) It must be observed that the term addition is used in 
a more extended sense in algebra than in arithmetic. In arith- 
metic, where all quantities are regarded as positive, addition 
implies augmentation. The sum of two quantities will there- 
fore be numerically greater than either quantity. Thus the 
sum of 7 and 5 is 12, which is numerically greater than either 
5 or 7. 

But in algebra we consider negative as well as positive 
quantities ; and by the sum of two quantities, we mean their 
aggregate, regard being paid to their signs. Thus the sum 
of +7 and —5 is +2, which is numerically less than either 7 
or 5. So, also, the sum of +a and —6 is a— 6. In this case, 
the algebraic sum is numeric-, y the difference of the two 
quantities. 

This is one instance, among many, in which the same terms 
are used in a much more general sense in the higher mathe- 
matics than they are in arithmetic. 

Ex. 6. What is the sum of 8a'6V+5aWc-7aa;-i-2aiV 
-6a6V-9<aw:-4a6V-lla'6V-17aVc+6aa;. 

Ans. 
Ex. 7. What is the sum of 9a'-17a»a:+5a'6V+4a'x+8a' 
-8a*feV+3a'+ 19a'6V- 2a'a;— lla'+4a''ftV. 

Ans. 
Ex. 8. What is the sum of 5€nn*-\-lSn—Qxy^+4ax + 6n 
^2am^+l7ax+9xy*+Bam*—llax+'7n-^8xy\ 

Ans. 
Ex. 9. What is the sum of 15a'y— 4a'a:+10am— 13a"«— 9a»i 
"4-7a'y + 12am— 6a'y + 1 la'a:— 5a'j( + 14a»i— Sa'x. 

Ans. 
Ex. 10. Whatisthesumof21am'-3a'ft+lla:y"+16ag'-6a'6 
+ lSag-eam^+l 7a«6-acy'-9ag^+ 19a'6-7xy\ 

Ans. 
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SUBTRACTION. 

(42.) Subtraction is the taking of one quantity from anoth- 
er ; or it is finding the difierence betwemi two quantities or 
sets of quantities. 

Let it be required to subtract 8—3 from 15* 

Now 8— 3 is equal to 6. 

And 5 subtracted fi*om 15 leaves 10. 

The result, then, must be 10. But, to perform the operation 
on the numbers as they were given, we first subtract 8 from 
15, and obtain 7. This result is too small by 3, because the 
number 8 is larger by 3 than the number which was required 
to be subtracted. Therefore, in order to correct this result, 
the 3 must be added, and we have 

15—8+3=10, as before. 

Again, let it be required to subtract c—d from a— 6. It is 
plain, that if the part c were alone to be subtracted, the re- 
mainder would be 

a—b—c. 

But as the quantity actually proposed to be subtracted is 
less than c hy d^ too much has been taken away by d^ alkd, 
therefore, the true remainder will be greater than a— i— c by 
d^ and will hence be expressed by 

a— 6— c+df, 
where the signs of the last two terms are both contrary to 
what they were given in the subtrahend. 

(43.) Hence we deduce the following general 

RULE. 

flonceive the signs of aU the terms of the subirahend to At 
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changed from + to — , or from — to +, and then collect the 
terms together^ as in the several cases of addition. 

It is better in practice to leave the signs of the subtrahend 
unchanged, and simply conceive them to be changed ; that is, 
treat the quantities as if the signs were changed ; for, other- 
wise, when we come to revise the work to detect any error in 
the operation, we might often be in doubt as to what were the 
signs of the quantities as originally proposed. 

EXAMPLES. 

From 5a'— 26 Sxy+Sx— 2 10 Sx—Sxy Aax—^x'y 

Subtract 2a'+56 3xy— 8a;— 7 — a:+3 — zy Sax—bxy* 
Remainder 3a'— 76 7 — 7a;— 2a;y 

From 6a+46-2c+7d From 'lla:y+2y'-16x' 
Take 3a+2fc+ c+5d Take - 4a;y+6y'-^18a;' 
Remainder 2a+26— 3c+2rf 

From 6a6y— 4a:y+4a:z From a:'+2xy+y' 
Take Sahy+5xz+Zxy Take a:'— 2a:y+y' 
Remainder 9a6y— xz—lxy 

From 3a''+ aa;+2a;'-14a'a;+19aa;'- 4a;'' +5aV 
Take 2a'— 4aa;+ a;''-15a'a;+llaa;'-15aV-4a;'' 

Subtraction may be proved as in Arithmetic, by adding the 

remainder to the subtrahend. The sum should be equal to the 

minuend. 

(44.) The term subtraction, it will be perceived, is used in 

a more general sense in algebra than in arithmetic. In arith- 
metic, where all quantities are regarded as positive, a number 
is always diminished by subtraction. But in algebra, the dif- 
ference between two quantities may be numerically greater 
than either. Thus, the difference between +a and —6 is a+6. 

The distinction between positive and negative quantities 
may be illustrated by the scale of a thermometer. The de 
grees above zero are considered positive, and those below zero 
negative. From five degrees above zero to five degrees be- 
low zero, the numbers stand thus : 

+6, +4, +3, +2, +1, 0, -1, -2, -3, -4, -5. 

The difference between five degrees above zero and five 
degrees below zero is ten degrees, which is numerically, the 
ntm of the two quantities. 
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(45.) In practice, it is often sufficient merely to indicate the 
subtraction of a polynomial, without actually performing the 
operation. This is done by inclosing the polynomial in a pa 
renthesis, and prefixing the sign — . 

Thus, 6a-3ft+4c-(3a-2fe+8c) 

signifies that the entire quantity Sa—2b+Sc is to be subtracted 
from 5a— 36+4c. The subtraction is here merely indicated. 
If we actually perform the operation, the expression becomes 

5a— 36+4c— 3a+26— 8c 
or 2a— i— 4c. 

(46.) According to the preceding principle, polynomials may 
be written in a variety of forms. 

^Thus, a— 6— c+d 
is equivalent to a— (6+ c— d), 
or to a— 6— (c— d), 
or to a+ d— (6+c). 

Transformations of this sort, which consist in decomposing 
a polynomial into two parts separated from each other by the 
sign — , are of frequent use in algebra. It is recommended to 
the student to write out polynomials like the above, contain 
ing both positive and negative terms, in all the possible modes, 
including several terms in a parenthesis. 

In the following examples, let the results all be reduced to 
their simplest form. 

Ex. 1. a+6-(2a-3i)-(5a+76)-(-13a+26)=. 

Ex. 2. 37a-5/-(3a-26-5c)-(6a-46+3A)=. 

Ex. 3. Sa'a:^— 56a;'y+17cxy'— 9y'— (a'a;y+36a:'y— 13ca:y*+ 
80y»)=. 

Ex. 4. 28aa;*-16aV+25a*a:-13a*-(18ai:*+20aV-24a*a: 
-7a*)=. 

(47.) It has already been remarked, in Art. 5, that algebra 
differs from arithmetic in the use of negative quantities, and it 
is important that the beginner should obtain clear ideas of their 
nature. 

In many cases, the terms positive and negative are merely 
relative. They indicate some sort of apposition between two 
classes of quantities, such that if one class should be added^ the 
other ought to be subtracted. Thus, if a ship sails alternately 
Dorthward and southward, and the motion in one direction is 
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called positive, the motion in the opposite direction should be 
considered negative. 

Suppose a ship, setting out from the equator, sails north* 
ward 50 miles, then southward 27 miles, then northward 15 
miles, then southward again 22 miles, and- we wish to deter- 
mine the last position of the ship. If we call the northerly 
motion +, the whole may be expressed algebraically thus : 

+50-27+15-22, 
which reduces to +16. The positive sign of the result indi- 
cates that the ship was 16 miles north of the equator^ 

Suppose the same ship sails again 8 miles north, then 35 

miles south, the whole may be expressed thus : 

+50-27+15-22+8-35, 
which. reduces to —11. The negative sign of the result indi- 
cates that the ship was now 11 miles south of the equator. 

In this example we have considered the northerly motion +, 
and the southerly motion — ; but we might with equal pro- 
priety have considered the southerly motion +, and the north- 
erly motion — . It is, however, indispensable that we adhere 
to the same system throughout, and retain the proper sign of 
the result, as this sign shows whether the ship was at any time 
north or south of the equator. 

In the same manner, if we consider easterly motion +, 
westerly motion must be regarded as — , and vice versa. 
And generally, when quantities which are estimated in differ- 
ent directions enter into the same algebraic expression, those 
which are measured in one direction being treated as +, those 
which are measured in the opposite direction must be regard- 
ed as — . 

So, also, in estimating a man's property, gains and losses 
being of an opposite character, must be affected with different 
signs. Suppose a man, with a property of 1000 dollars, loses 
300 dollars, afterward gains 100, and then loses again 400 
dollars, the whole may be expressed algebraically thus : 

+ 1000-300+100-400, 
which reduces to +400. The + sign of the result indicates 
that he has now 400 dollars remaining in his possession. Sup^ 
pose he further gains 50 dollars and then loses 700 dollars 
The whole may now be expressed thus : 

+ioap-30o+ioo-400+50-nQQ. 
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which reduces to —250. The — sign of the result indicaiM 
that his losses exceed the sum of all his gains and the property 
originally in his possession ; in other words, he owes 250 dol- 
lars more than he can pay, or, in common language^ he is 25Q 
dollars worse than nothing. 

This phraseology must not be regarded as wholly figurative ; 
for, in algebra, a negative quantity standing alone is regarded 
as less than nothing; and of two negative quantities, that 
which is numerically the greatest is considered as the leasts 
for if from the same number we subtract successively num- 
bers larger and larger, the remainders must continually di' 
minish. Take any number, 5 for example, and from it subtract 
successively 1, 2, 3, 4, 5, 6, 7, 8, 9, &c., we obtain 
5—1, 5—2, 5—3, 5—4, 5—5, 5—6, 5—7, 5—8, 6—9, &c., or 
reducing 

4,3,2, 1,0,-1,-2, -3,-4. 
Whence we see that — 1 should be regarded as smaller thAn 
nothings —2 less than —1 ; —8 less than —2, &c. 

EXAMPLES. 

1. From Sx^y^—Sxy+da'm take e^'y*- 10a;y+7a'm. 

Ans. 

2. From 1 5a*bx — 1 9p*q + 11 axy — 25 take 1 la*bx — 1 3p*q 
+9axy+7. Ans. 

3. From 10ac+ 19a Vy — 6a6' + 16gw take 4aa:— 13aVy 
+laV+Bgm. . * Ans. 

4. From 1 1 a'y — 1 4amn + 9gm + 1 3a' take 1 5a'y + lamn 

— 1 2gm — 8a*. Ans. 

5. From 13aa:y''— 6my+16a'6c+8a'take9axy'+2my+19a"ftc 
— 4a\ Ans. 

6. From 17a'c— ll6m + 3xy' + 14amn* take 15a'c — 21&m 
— 6a:y'+8a»in*. Ans, 

7. From 35am'-196a:+27y*-llat)' take 15am"-76a:+31y* 
— 23av'. Ans, 

8. From 12a&' — Sex- 4a:y' — 7a6c' take 8a6* — Oca:- 5a:y' 

— 12a&c*. Ans. 

9. From 40a' + 76V - 66' + 3axy take 12a' - AVc + 56' 
+4aa:y. Ans. 

10. From 7aa;'— 50a»in— 36y'+6m take 9aa:*— 2a»«+8fty* 
— 4«r. Ant. 
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MULTIPLICATION. 

(48.) Multiplication is repeating the multiplicand as many 
times as there are units in the multiplier. 

When several quantities are to be multiplied together, the 
result will be the same in whatever order the multiplication is 
performed. 

This may be demonstrated in the following manner : 

Let unity be repeated five times upon a horizontal line, and 
let there be formed four such parallel lines. 



Then it is plain that the number of units in the table is equal 
to the five units of the horizontal line, repeated as many times 
as there are units in a vertical column ; that is^ to the product 
of 5 by 4. But this sum is also equal to the four units of a 
vertical line repeated as many times as there are units in a 
horizontal line ; that is, to the product of 4 by 5. Therefore, 
the product of 6 by 4 is equal to the product of 4 by 6. For 
the same reason, 2X3X4 is equal to 2X4x3, or 4X3X2, or 
3X4X2, the product in each case being 24. So, also, if a, 6, 
and c represent any three numbers, we shall have ahc equal to 
bca or cab. 

It is convenient to consider the subject of multiplication un- 
der three Cases. 
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CASE I. 

(49.) When both the factors are monomtab. 

From Artick 14, it appears that, in order to represent the 
multiplication of two monomials, such as Sofrc and 5efef, we 
may write these quantities in succession without interposing 
any sign, and we shall have 

Zahcbdef. 

But, according to the principle stated in the preceding ai- 
tide, this result may be written 

SX5abcdeff or Ibahcdef. 
Hence we deduce the following \ 

RULE. 

Multiply the coefficients of the two terms together^ and to the 
product annex all the different letters in succession, 

EXAMPLES. 

Multiply 12a 5a lab laxy 6xyz 
By 36 6x ^ac Say ayz 

Product 26ab ~ !" 

From Article 48, it appears to be immaterial in what order 
the letters of a term are arranged ; it is, however, generally 
most convenient to arrange them alphabetically. 

(50.) We have seen in Art. 21, that when the same letter 
appears several times as a factor in a product, this is briefly 
expressed by means of an exponent. Thus, aaa is written a\ . 
the number 3 showing that a enters three times as a factor. 
Hence, if the same letters are found in two monomials which 
are to be multiplied together, the expression for the product 
may be abbreviated by adding the exponents of the same let- 
ters. Thus, if we are to multiply a' by a\ we find a' equiva- 
lent to aaa^ and c^ to aa. Therefore the product will be axiaxia^ 
which may be written a*, a result which we might have ob- 
tained at once by adding together 3 and 2, the exponents of 
the common letter a. 

Hence, since every factor of both multiplier and multipli- 
cand must appear in the product, we have the following 
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RULE FOE THE EXPONENTS. 

Powers of the same quantity may be multiplied by adding 
their exponents. 



• 




EXAMPLES. 




Multiply 


Sa'ic' 


2aVc ba*V<? 


2a'6V 


By 


^abcd' 


8abc' 7a'b*c'd 


5a'bc' 


Product 


66o'6V<f 

1- 


• 

CASE 11. 





(51.) IVhen the multiplicand is a polynomial. 

If a+b is to be multiplied by c, this implies that the sum ot 
the units in a and b is to be repeated c times ; that is, the units 
in b repeated c times must be added to the units in a repeated 
also c times. Hence we dt duce^^the following 



RULE. 

Multiply each term of the multiplicand separately by the mul" 
tiplier, and add together the products. 

EXAMPLES* 

Multiply 3a+26 a^+2x+l 3y'+5ary+2 2x*+xy+)ly 
By' 4a Ax • xy 6x^y 

Product I2a'+8ab 

CASE III. 

(52.) When both the factors are polynomials. 

If a+b is to. be multiplied by c+d^ this implies that the 
quantity a+b is to be repeated as many times as there are 
units in the sum of c and d; that is, we are to multiply a+b 
by c and d successively, and add the par:tial products. Hence 
we deduce the following 

RULE. 

Multiply each term of the multiplicand by each term of tne 
multiplier separately y and add together the products. 
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EXAMPLES. 

Multiply a+b Sx+2y ax+b Sa+ x 

By a+b 2a;+3y cx+d 2a+4x 

Product a*+2ab+V 

When several terms in the product are similar^ it is most 
convenient to set them under each other, and' then unite them 
by the rules for addition. 

(53.) The examples thus far given in multiplication have 
been confined to positive quantities, and the products have all 
been positive. We must now establish a general rule for the 
signs of the product. 

fHrstf if + a is to be multiplied by +ft, this signifies that +a 
is to be repeated as many times as there are units in 6, and ' 
the result is +ab. That is, a plus quantity multiplied by a 
plus quantity gives a plus result. 

Secondly, if —a is to be multiplied by +6, this signifies that 
—a is to be repeated as many times as there are units in b. 
Now —a taken twice is obviously —2a, taken three times is 
—3a, &c. ; hence, if —a is repeated b times, it will make — fca 
or —ab. That is, a minus quantity multiplied by a plus quan- 
tity gives minus. 

Thirdly, to determine the sign of the product when the mul- 
tiplier is a minus quantity, let it be proposed to multiply 8—5 
by 6—2. By this we understand that the quantity 8—5 is to 
be repeated as many times as there are units in 6— 2. If we 
multiply 8—5 by 6, we obtain 48—30; that is, we have re- 
peated 8 — 5 six times. But it was onl^y required to repeat the 
multiplicand four times, or (6—2). We must therefore dimin 
ish this product by twice (8—5), which is 16—10; and this 
subtraction is performed by changing the signs of the subtra- 
hend ; hence we have 

48-30-16+10, 
which is equal to 12. This result is obviously correct; for 
8—5 is equal to 3, and 6—2 is equal to 4; that is, it was re- 
quired to multiply 3 by 4, the result of which is 12, as found 
above. 

In order to generalize this reasoning, let it be proposed to 
multiply a—b by c— d 

// we multiply a—b by c, we obtain ac—be. But a— 6 was 
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only to be taken c— rf times; therefore, in this first operatifin. 
We have repeated it too many times by the quantity d. Hence, 
lo have the true product, we must subtract d times a— 6 from 
ac—bc. But d times a— 6 is equal to ad—bd^ which, subtract- 
ed from ac-^bc^ gives 

ac—bc—ad+bd. 
Thus we see that +a multiplied by — df gives — arf; and —ft 
multiplied by —J gives +bd. Hence a plus quantity multi- 
plied by a minus quantity gives minus, and a minus quantity 
multiplied by a minus quantity gives plus. 

(54.) The preceding results may be briefly expressed as fol- 
lows : 

+ multiplied by +, and — multiplied by — , give +. 

+ multiplied by — , and — multiplied by +, give — . 

Or, the product of two quantities having the same sign^ has 
the sign plus; the product of two quantities having different 
signSf has the sign minus. 

(56.) The whole doctrine of multiplication is therefore com 
prehended in the following 

RULE. 

MuUiply each term of the multiplicand by each term of the 
multiplier, and add together all the partial products, observing 
ihat like signs require + in the product, and unlike signs — 

EXAMPLE I. 

Multiply 5a*- 2a'b+ 4aV 
By g'- 4g'&+ 2b' 

Partial / ^^"" ^"'*+ ^'*' 
rariiai j -20a'ft+ 8aW-16aW 

Products ^^ +10a-y-4fly+8aV 

Result 5a^-22a*6+12aV- 6a*fe'-4aV+8aV. 

Ex. 3- Multiply 4a'-5a*i-8a6»+26' by 2a'-3fl*-46\ 

Ans. 8a'-22a*ft- 17a'y +48aV+26a6*-86'. 
Ex. 8. Multiply 3a"-56rf+c/ by -5a^+4bd-r-Sef. 

Ans. - 15a*+37a'6J-29gV-206"J''+446&/-8ey^ 
Ex. 4. Multiply x*+2x*+Bx^+2x+l by «*-2x+l. 

Ans. a:*— 2a:'+l 
Eap. 5. Multiply 14a*«— 6a"ftc+c" by I4rfe-V^*bc— c** 
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Ex. 6. Multiply 8a«+85a*6-17ay-18V by 8a'+26al»- 

67b\ 

(56.) Since in the multiplication of two monomials every 
factor of both quantities appears in the product, it is obvious 
that the degree of the product will be equal to the sum of the 
degrees of the multiplier and multiplicand. Hence, also, if 
two polynomials are homogeneous^ their product will be homo- 
geneous. 

Thus, in the first of the preceding examples, all the terms 
of the multiplicand being of the fourth degree, and those ot 
the multiplier of the third degree, all the terms of the product 
are of the seventh degree. For a like reason, in the second 
'Example, all the terms of the product are of the fifth degree ; 
in the third example, they are of the fourth degree ; and in the ' 
sixth example, they are of the fifth degree. 

This remark will enable us to detect any error in the mul- 
tiplication, so far as concerns the exponents. For example, if 
we find in one of the terms of a product which should be ho- • 
mogeneous, the sum of the exponents equal to 6, while in all 
the other terms it is equal to 7, a mistake has evidently been 
committed in the formation of one of the terms. 

(57.) When the product arising from the multiplication of 
two polynomials does not admit of any reduction of similar 
terms, the whole number of terms in the product is equal to the 
number of terms in the multiplicand, multiplied by the number 
of terms in the multiplier. 

Thus, if we have five terms in the multiplicand and four 
terms in the multiplier, the whole number of terms in the prod- 
uct will be 5X4, or 20. In general, if there be m terms in the 
multiplicand and n terms in the multiplier, the whole number 
of terms in the product will be mXn. 

(58.) If the product contains similar terms, the number of 
terms in the product when reduced may be much less ; but it 
is important to observe, that among the different terms of the 
product there are always two which can not be combined with 
any others. These are, 

1. The term arising from the multiplication of the two terms 
aflfected with the highest exponent of the same letter. 

2. The term arising from the multiplication of the two term^ 
^acted with the loudest exponent of the same letter. 
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For it is evident, from the rule of exponents, that these two 
partial products must involve the letter in question, the one 
with a higher, and the other with a lower exponent than any 
of the other partial products, and, therefore can not be similar 
to any of them. Hence the product of two polynomials can 
never contain less than two terms. 

(59.) For many purposes, it is sufficient merely to indicate 
the multiplication of two polynomials, without actually per- 
forming the operation. This is effected by inclosing the quan- 
tities in parentheses, and writing them in succession with or 
without the interposition of any sign. 

Thus, {a+b+c) (d+e+f) signifies that the sum of a, b, and 
c is to be multiplied by the sum of d, e, and /. 

When the multiplication is actually performed, the expres- 
sion is said to be expanded. 

(60.) The following Theorems are of such extensive appli- 
cation that they should be carefully committed to memory. 

THEOREM I. 

The square of the sum of two quantities is equal to the square 
of the first, plus twice the product of the first by the second, plus 
the square of the second. 

Thus, if we multiply a + b 

By a+ b 

a^+ ab 

We obtain the product a^+2a6+6'. 

Hence, if we wish to obtain the square of a binomial, we 
can write out the terms of the result at once according to this 
theorem without the necessity of performing an actual multi- 
plication. 

EXAMPLES. 

1. (2a+6)*=. 6. (5a*+7afe)'=. 

2. {a+Sby=. 1. (6a'-|-6)'=. 

3. (3^+36)"=. 8. (6a'-f8a'fe)*=. 

4. (4a+36)»=. 9. (1 + J)'=. 

5. (5a' -1-6)"=. 10. (3-|-i)'=:. 

. This theorem deserves particular attentioti^ foT ow^ o^^ \2cv^ 
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most commou mistakes of beginners is to call the square of 
a+b equal to a'+fc*. 

THEOREM 11. 

(61.) The square of the difference of two quantities is equal 
to the square of the firsts minus twice the product of the first and 
second, plus the square of the second. 

Thus, if we multiply a — b 

By a- b 

a"— ab 
- ab+V 
fVe obtam the product a*^2ab+b\ 

EXAMPLES. 

1. (a-26)'=. 6. (7a*-6)*=. 

2. (2a-36)'=. 7. (7a'-12fl*)'=:. 

3. (5a-4ft)*=. 8. (7aV-12fl*)*=. 

4. (6a'~a:)'=- 9- (2-^)'=. 

5. (6a'-3a:)'=. 10. (4-^)'=. 

Here, also, beginners often commit the mistake of puttmg 
tlie square of a— i equal to a'— ft\ 

THEOREM III. 

(62.) The product of the sum and difference of two quantities 
is equal to the difference of their squares. 

Thus, if we multiply a +b 

By a —6 

-ab-V 
We obtain the product a"— 6'. 

EXAMPLES. 

1. (2a+6) (2a-6)=. 

2. (3a+46) (3a-4ft)=. 

3. (7a+a:) (7a— x)=. 

4. {lab+x) (7a6— a:)=. 

5. (8a+6) (8a-6)=. 

6. (8a+76c) (8a-76c)=. 

7. (5a»+66') (5a'-6fe')= 

8. (toV+acy*) (toV-8ay)*»« 
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9. (3+1) (3-})=. 
10. (4+i) (4-4)=. 

The student should be drilled upon examples like those ap- 
pended to the preceding theorems until he can produce the re* 
suits mentally with as great facility as he could read them if 
exhibited upon paper. 

The utility of these theorems will be the more apparent, the 
more complicated the expressions to which they are applied. 
Frequent examples of their application will be seen hereafter. 

(63.) The same theorems will enable us to resolve many 
complicated expressions into their factors. 

I. Resolve a*+^ab+4:V into its factors. 

Ans. {a+2b) (a+2b). 

2. Resolve a"— 6a6+9i' into its factors. 

3. Resolve 9a*— 24afe+166' into its factors. 

4. Resolve a*— 6* into three factors. 

5. Resolve a*- 6* into its factors. 

6. Resolve a'- i' into four factors, 

7. Resolve 25^*- 60a'6'+366* into its factors. 

8. Resolve 7i'+27i+l into its factors. 

9. Resolve 4mV— 4mn+l into its factors. 

10. Resolve 49a*fc*-168aW+144a'6' into its factors. 

II. Resolve n'+2n'+n into three factors. ^ 

12. Resolve 1— ^V ^^^^ ^^^ factors. 

13. Resolve 4— ^V iQto two factors. 



MULTIPLIOATION BY DETACHED COEFPIOIBNTS. 

(64.) The coefficients of a product depend simply upon the 
coefficients of the two factors, and not upon the literal parts 
of the terms. Hence we may obtain the coefficients of the 
product by multiplying the coefficients of the multiplicand sev- 
erally by the coefficients of the multiplier. To these coeffi- 
cients the proper letters may afterward be annexed. This 
will be best understood from- a few examples. 

Thus, take the first example of Art. 62, to multiply a+b bv 
a+b. 
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The coefficients of the multiplicand are 1+1 
*• " multiplier 1+1 

I+I 
1+1 

Coefficients of the product 1 +2+1 

or, supplying the letters, we obtain a'+2afc+6% 

which is the same result as before ol tained. 

Ex. 2. Multiply Sa^+4ax—5x^ by 2a'— 6aa:+4a:" 
Coefficients of multiplicand 3+ 4— 5 

•• multiplier 2— 6+ 4 

6+ 8-10 
-18-24+30 

+ 12+16-20 
Coefficients of the product 6— 10—22+46—20 

It may seem difficult in this case to supply the letters ; but 
a little consideration will render it perfectly plain. Thus, 
3a'X2a' is equal to 6a* ; hence a* is the proper letter to be at' 
tached to the first coefficient. For the same reason, x* is the 
proper letter to be attached to the last coefficient. Moreover, 
we see that both the proposed polynomials are homogeneous, 
and of the second degree. Hence the product must be ho« 
mogeneous, and of the fourth degree. The powers of a must 
decrease successively by unity, beginning with the first term, 
while those of x increase by unity. Hence the required prod- 
uct is 

6a*- 10a"a:-22aV+46aa:'-20a:*. 

Ex. 3. Multiply x*+xy+xy^+y* by x—y. 
Ex. 4. Multiply a;*—3a:'+3a:—l by x'- 2s:+l. 
Ex. 5. Multiply 2a"-3a6'+5y by 2a-5ft. 

If we should proceed with this example precisely in the same 
manner as with the preceding, we should commit an error by 
attempting to unite terms which are dissimilar. The reason 
IS, that the multiplicand does not contain the usual complete 
series of powers of a. The term containing the second power . 
of a is wanting. This does not render the method inapplica- 
ble, but it is necessary to preserve dissimilar terms distinct 
firom each other ; and since, while we are are operating on the 
coefficients, we have not the advantage of the letters to indi- 
cate what are similar terms, we supply the place of the defi 
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cient term by a cipher. The operation will then proceed 
with entire regularity. 

2+ 0-3+ 6 

2- 5 

4+ 0-6+10 

-10-0+15-25 
4-10-6+25-25 
Hence the product is 

4a*- 10rt"6-6a'6'+25a6"-256*. 
Ex. 6. Multiply 2a"-3a6'+56" by 2a'-56'. 
Here there is a term in each polynomial to be supplied by a 
cipher. 

The preceding examples are intended to lead the student to 
consider the properties of coefficients by themselves, and pre- 
pare him for some investigations which are to follow, particu- 
larly in Section XX. The beginner, however, in attempting 
to apply the method, must be cautious not to unite dissimilar 
terms. 

MISCELLANEOUS EXAMPLES. 

1. Multiply 15a+Sb-2c+7d by 4a-36-5c+ll(f. 

Ans, 

2. Multiply Sz*-3xy+2y' by 4x*'-3xy-6y\ 

Ans. 

3. Multiply Sx'+Sxy— 5 by 4a:'— 7a:y+9. 

-4.715. 

4. Multiply 6a'—5ax'-Sx^ by 4a^—Sax+2x\ 

Ans. 

5. Multiply 5a;*+a;y+4y' by x*— 2a;y+3y". 

Ans, 

6. Multiply a;"— a:*y+a;y' by x^—xy^—y*. 

Ans, 

7. Multiply 7aV-3aV-5a;* by 4aV-2a"a:"-ai:*. 

-4.715. 

8. Multiply 7a*6*-5aV+36* by SaV+Sa'b'-2b\ 

Ans. 

9. Multiply 6a"-4a6'-8c" by 7a"-5ay-3c*. 

-4715. 
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DIVISION. 

(65.) The object of division in Algebra is the same 
Arithmetic, viz., The product of two factors being given^ mi 
one of the factors, to find the other factor. 

The dividend is the product of the divisor and quotient, thi 
divisor is the given factor, and the quotient is the factor !•• 
quired to be found. 

CASE I. 

(66.) When the divisor and dividend are both monomials^ 

Suppose we have 63 to be divided by 7. We must find such 
a factor as, multiplied by 7, will give exactly 63. We per- 
ceive that 9 is such a number, and therefore 9 is the quotient 
obtained when we divide 63 by 7. 

Also, if we have to divide ab by a, it is Evident that the 
quotient will be b ; for a multiplied by b gives the dividend ab. 
So, also, \2mn divided by 3m gives An; for 3m multiplied by 
4n makes 12mn. 

Suppose we have a* to be divided by a*. We must find a 
number which, multiplied by a% will produce a*. We perceive 
that a' is such a number ; for, according to Art. 50, we multi- 
ply a' by a', by adding the exponents 2- and 3, making 5. 
That is, the exponent 3 of the quotient is found by subtracting 
2, the exponent of the divisor, from 5, the exponent of the divi- 
dend. Hence the following 

KULB OF EXPONENTS IN DIVISION. 

In order to divide quantities expressed by different powen 
of the same letter, subtract the exponent of the divisor from tk$ 
tasponent of the dividend. 
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BXAMPLE& 

Divide a* of V c* A' a:* jT * 

By ^fl*!£!*l£!jC 

Quotient a* 

Let it be required to divide 35a* by 5a'. We must find a 
quantity which, multiplied by 5a% will produce ^ba\ Such a 
. *quantity is Ta' ; for, according to Arts. 49 and 50, la'Xba* is 
equal to 35a*. Therefore, 35a* divided by 5a* gives for a 
quotient 7a" ; that is, we have divided 35, the coefficient of the 
dividend, by 5, the coefficient of the divisor, and have sub- 
tracted the exponent of the divisor from the exponent of the 
dividend. 

' (67.) Hence, for the division of monomials, we have the fol- 
lowing 

RULE. 

1. Divide the coefficient of the dividend by the coefficient of the 
divisor, 

2. Subtract the exponent of each Utter in the divisor from the 
exponent of the satne letter in the dividend.* 

EXAMPLES 

1. Divide 20a:' by 4c. Ans. ba?. 

2. Divide 25a*xy* by 5ay\ 

3. Divide 72a6*a:' by I2b*x. 

4. Divide 77a*6*c* by llaVc\ 

5. Divide 272a"6Va:* by Ita^'Vcx*. 

6. Divide 250a;yz* by 5xyz\ 

7. Divide 48a*6Vd by Uab'c. 

8 Divide l50aVcd*'hy SOaVef. 

(68.) The rule given in Art 66 conducts, in some cases, lo 
negative exponents. 

Thus, let it be required to divide a* by a*. We are directed 
to subtract the exponent of the divisor from the exponent of 
the dividend. We thus obtain 

a* 
But a* divided by a* may be written -^ ; and since \hft ^^Ijm' 



34 DIVISION. 

of a fraction is not altered by dividing both numerator and de- 
nominator by the same quantity, this expression is equivalent 
1 

to -r. 

a 

Hence or* is the saipe as -r» 

and these expressions may be used indifferently for each other. 
So, also, if a* is to be divided by a\ this may be written 

a* a 
In the same manner we find 

That is, the reciprocal of a quantity is equal to the same quan 
tity with the sign of its exponent changed. 

So, also, rr-= — =dbr^cr-\ 

Ire c 

. , adr^ a 

And "I— =i:j4 

h hdr 

(69.) Hence any factor may be transferred from the numer . 
ator to the denominator of a fraction, or from the denominator 
to the numerator, by changing the sign of its exponent. 

a 
. Thus, -=ab'-\ 



ar" 

a*b-^ 
c d 

That is, the denominator of a fraction may be entirely le- 
moved, and an integral form be given to any fractional ex- 
pression. 

This use of negative exponents must be understood simply 
as a convenient notation, and not as a method of actually de- 
stroying the denominator of a fraction. Still this new nota 
tion has many advantages, and is often employed, as will be 
seen hereafter. 

When the division can not be exactly performed, it may be 
expressed in the form of a fraction, and this fraction may be 
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reduced to its lowest terms, according to a method to be ex- 
plained in Art, 83. 

(70.) It frequently happens that the exponents of certain let- 
ters in the dividend are the same as in the divisor. 

Let it be required to divide a' by a*. The quotient is ob- 
viously 1, for every number is contained in itself once. But 
if we apply the rule of exponents, Art. 66, we shall have 



a — or a\ 



Hence a*=l. 

Again, let it be required to divide oT by a*. Tne quotieui 
is obviously 1, as before; and applying the rule of exponents, 
we obtain 



^m—m Qj. ^0^ 



That is, every quantity affected with the exponent zero, is equal 
to unity. 

This notation has the advantage of preserving a trace of a 
letter which has disappeared in the operation of division. 
Thus, let it be required to divide a*b^ by a'ft*. The quotient 
will be ab^. This expression is of the same value as a alone, 
and is commonly so written. If, however, it was important to 
indicate that the letter b originally entered into the expression, 
this might be done without at all affecting the value of the re- 
sult by writing it 

ab\ 

(71.) The proper sign to be prefixed to a quotient is readily 
deduced from the principles already established for multipli- 
cation. The product of the divisor and quotient must be equal 
to the dividend. Hence, 



because +aX+b=+ab^ 
—aX+b='-ab I 



^+ab-7'+b=+a. 



-^^•ru—uu i the:e;ore ^ "^ ' -rp-- 

—aX—b=+abJ t+atH-— 6=— a. 

Hence we have the following 

RULS FOR THS QIQN8. 

When both the dividend and divisor have the same sign^ the 
quotient will have the sign + ; wtien they have different signs* 
the Quotient will have the sign — . « 
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EXAMPLES. 



Ex. 1. Divide — 15ay" by Say, 
Ex. 2. Divide — ISox'y by —tec. 
Ex. 8. Divide 160a"6c by — 5ac. 
Ex. 4. Divide 40a"6*c by —abc. 

CASE 11. 

(72.) When the divisor is a monomial^ and the dimdend « 
polynomial. 

We have seen, Art. 51, that when a single term is multi- 
plied into a polynomial, the former enters into every term of 
the latter. 

Thus, a{a+h)=(f+ab. 

Hence (a'+a6)-ra=a+i. 

Whence we deduce the following 

BULE. 

Divide each term of the dividend by the divisor^ as in ihejw* 
mer case. 

EXAMPLES. 

Ex. 1. Divide ^*+6x^+Bax—15x by 3x. 

Ans. x'+to+a^-fi. 
Ex. 2. Divide 3abc+l2abx'-9a^b by Sab. 
Ex. 3. Divide 40aV+60aW-17a6 by -oj. 
Ex. 4. Divide I5a^bc~-l0acx*+5ac'd^ by — 5aV. 
Ex. 5. Divide 6aVy*-12a"a:y+15aVy" by SaVy*. 
Ex. 6. Divide x"+'-a:-+«+af^-ar+* by aT. 
£a;. 7. Divide 12ay— 16ay+20ay-28ay by -4«y. 

CASE III. 

(73.) TFAen ^Ae divisor and dividend are both polynomials. 

Ldt it be required to divide 2ab+a^+V by a+b. 

The object of this operation is to find a third poijrnomial 
which, multiplied by the second, will reproduce the first. 

It is evident that the dividend is composed of all the partial 
products arising from the multiplication of each term of the 
divisor by each term of the quotient, these products being adit 
ed together and reduced. Hence« if we can discover a tann 
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of the dividend which is derived without reduction from the 
multiplication of a term of the divisor by a term of the quo- 
tient, then dividing this term by the corresponding term of the 
divisor, we shall be sure to obtain a term of the quotient. 

But from Art 58, it appears that the term a*, which contains 
the highest exponent of the letter 6t, is derived, without reduc' 
tion, from the multiplication of the two terms of the divisor 
and quotient which are affected with the highest exponent of 
the same letter. Dividing then the term a* by the term a of 
the divisor, we obtain a, which we are certain must be one 
term of the quotient sought. Multiplying each term of the di- 
visor by a, and subtracting this product from the proposed 
dividend, the remainder may be regarded as the product of 
the divisor by the remaining terms of the quotient. We shall 
then obtain another term of the quotient by (dividing that term 
of the remainder affected with the highest exponent of a, by 
the term a of the divisor, and so on. 

Thus we perceive that at each step we are obliged to search 
for that term of the dividend which is affected with the high- 
est exponent of one of the letters, and divide it by that term 
of the divisor which is affected with the highest exponent of 
the same letter. We may avoid the necessity of searching tor 
this term by arranging the terms of the divisor and dividend 
in the order of the powers of one of the ktters. 

The operation will then proceed as follows : 



The arranged dividend =a*+2a6+6 

«•+ ah 



a+h= the divisor. 



a+6= the quotient. 
ah+V=^ first remainder. 
db+V 


It is generally convenient in Algebra to place the divisor on 
the right of the dividend, and the quotient directly under the 
divisor. 

(74.) From this investigation we deduce the following 

RULE FOK THB DIVI8ION 07 POLYNOMIALS. 

i. Arrange the dividend and dimsor according to the power$ 
0fih$ iome UUer 



88 DIYI8I0V. 

2. Divide the first term of the dividend by thejiarst term qftkt 
divisor^ the result will be the first term of the quotient. 

S. Multiply the divisor by this term^ and subtract the product 
from the dividend. 

4. Divide the first term of the remainder by the first term oj 
the divisor^ the result will be the second term of the quotient 

5. Multiply the divisor by this term, and subtract the product 
from the last remainder. Continue the same operation till all 
the terms of the dividend are exhausted. 

If the divisor is not exactly contained in the dividend, the 
quantity which remains after the division is finished must be 
placed over the divisor in the form of a fraction, and annexed 
to the quotient. 

EXAMPLES. 

1. Divide 2a^b+V+2aV+a^ by a*+V+db. 

Ans. a+b, 

2. Divide x"— a'+3a*a;--3aa;* by x—a. 

Ans. a:*— 2aa:+<A 

3. Divide a*+%*+2aV by €^-^a%+%\ 

Ans. a*+a"z+a«*+x*I 

4. Divide a*— 16aV+64a:* by a^—Aax+^x*. 

5. Divide a*+6aV— 4a"x+«*— 4aa;" by a*— 2aa:+a;\ 

Ans. a'— 2aa:+a:*. 

6. Divide a:*+a:y+y* by x'+xy+y*. 

7. Divide 12x*-19l^by ar--6. 

Am. 4ai*+Ss?+\^+9^ 

8. Divide 6a:*-6y* by 2a:'-2y\ 

9. Divide a^+M^V-^'V-V by a*-3a'6+3ay-6*. 

Ans. a"+3a'6+3a6«+6'. 

10. Divide a"-6" by a-b. 

11. Divide a*-.6* by a-ft. 

If the first term of the arranged dividend is not divisible D) 
the first term of the arranged divisor, the complete division is 
impoifstble. 

(75.) Hitherto we have supposed the terms of the quotient 
to be obtained by dividing that term of the dividend afifected 
with the highest exponent of a certain letter. But, from th'e 
second remark of Art. 58, it appears that the term of the divi- 
dend affected with the lowest exponent of any letter is derivad< 
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Without reduction, from the multiplication of a term of the di- 
visor by a term of the quotient Hence we may obtain a term 
of the quotient by dividing the term of the dividend affected 
with the lowest exponent of any letter, by the term of the di- 
visor containing the lowest power of the same letter, and 
nothing prevents our operating upon the highest and lowest 
exponents of a certain letter alternately in the same example. 
(76.) From the examples of Art, 74, we perceive that a*—b* 
is divisible by a—b; and a*—b* is divisible by a—b. We shall 
find the same to hold true, whatever may be the value of the 
exponents of the two letters. That is, the difference of any 
two powers of the same degree is divisible by the difference of 
their roots. 

Thus, let us divide a^—b* by a—b, 

a*-b* 



a'-a'b 



a' 



a'b-V. 

The first term of the quotient is a\ and the first remaindei 
IS a*b—b^f which may be written 

Now if, after a division has been partially performed, the re- 
mainder is divisible by the divisor, it is obvious that the divi- 
dend is completely divisible by the divisor. But we have al- 
ready found that a*— ft* is divisible by a—b; therefore a*— ft* 
is also divisible by a—b ; and in the same manner it may be 
proved that a*—V is divisible by a—b, and so on. 

To exhibit this reasoning in a more general form, let us 
represent any exponent whatever by the letter n, and let ut 
divide a"— ft" by a—b. 



a'^-b'* 
a^—bet^ 



a—b 



oT^ 



First remainder = ba'*^—b\ 

Dividing a" by a, we have, by the rule of exponents, cT * loi 
the quotient. Multiplying a—b by this quantity, and subtract- 
ing the product from the dividend, we have for the first r^ 
jnainder fta"~^— ft", which may be written 

ft(a"-^~ft"-0. 
Now if this remainder is divisible bjf a— ft, it is obvious that 

the dividend is divisible by a— &. That \ii \o b«:^/\^ ^^ ^^Sk^' 

Si 
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eQce of the same powers of two quantities is divisible by thea 
difierence, the difference of the powers of the next higher ds- 
gree is also divisible by that difference. Therefore, since a^— 6^ 
is divisible by a— 6, a*— 6* must be divisible by a—b; alsa 
a^—Vj and so on. 

The quotients obtained by dividing the difference of tne 
powers of two quantities by the difference of those quantities, 
follow a simple law. Thus, 
(a'-y)-^(a-6)=a+6. 

(a*-6'^)-7-(a-6)=a*+a'6+aW+ay+6\ 

&c., &c., &c. 

(a"-6")-^(a-6)=a"-'+a"-"6+a^6«+ . . +a'ir-»+a6*-*+6^. 

The exponents of a decrease by unity, while those of b in- 
crease by unity. 

(77.) It may also be proved that the difference of two even 
powers of the same degree is divisibk by the sum of their roots. 

Thus,* 

(a'-b')'T-{a+b)=a-'b. 
la*-b')'7'la+b)=a*-a'b+ab'-b\ 

&c., &c., &c. 

AIso^ the snm of two odd powers of the sanu degr§i^ t$ divist' 
hk by the sum of their roofs 

Thus, 

(a'+6')-r- (a4-6) =a'-ai+6\ 
(a'+b')'^{a+b)=^a^-a'b+aV^ab*+b\ 
(a'+b')'T-(a+b)=a'-a'b+aV^aV+a'b*-ah''\'b\ 
&c., &c., &c. 

(78.) The preceding principles will enable us to riMoIve va 
rious algebraic expressions into their factors. 

1. Resolve a*~-b* into its factors. 

Ans. (a'+aJ+fc*) (-1- b) 

2. Resolve a*+b^ into its factors. 
8. Resolve a*—b* into four factors. 

4. Resolve a'— 86* into its factors. 

5. Resolve 8a'— I into its factors. 

^ Resoive 8a'— 8&' into three facton^L 
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7. liesolve 1+27^' into its factors. 

8. Resolve 8a" +276" into its factors. 

(79.) One polynomial can not be divided by another poly- 
nomial containing a letter which is not found in the dividend ; 
for it is impossible that one quantity multiplied by another 
which contains a certain letter, should give a product not con- 
taining that letter. 

A monomial is never divisible by a polynomial, because 
every pojynornial multiplied by another quantity gives a prod- 
uct containing at least two terms not susceptible of reduction. 

Yet a binomial may be divided by a polynomial containing 
any number of terms. 

Thus, a*— 6* is divisible by a*+a^h+aV+V^ and gives for a 
quotient a—h. 

So, also, a binomial may be divided by a polynomial of a 
hundred terms, a thousand terms, or, indeed, any finite num- 
ber. 

DIVISION BY DETACHED COBPFICIENTS. 

(80.) We have shown, in Art. 64, how multiplication may 
sometimes be conveniently performed by operating upon the 
coefficients alone. The same principle is applicable to Qivi- 
sion. Thus, tak^ the example of Art. 73, to divide a*+2a6+t" 
by a+h; we may proceed as foUovs: 



1+2+1 
1+1 



1+1 



1 + 1 



1+1 
1+1 

The coefficients of the quotient are 1+1. Moreover, cf-ra 
=a; and therefore a is the first term of the quotient, and h the 
second. 

Ex. 2. Divide a:*-3ar"-8aV+ 18a"a:-8a* by a:'+2ac-2a" 



1-3- 8+18-8 
1+2- 2 



1+2-2 



1-6+4 



-5- 6+18-8 
-5-10+10 



4+ 8-8 
4+ 8-8 
Th» coefficients of the quotient are 1— 6+4« «ui \1 t«oniEB»A& 
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supply the letters. Now a:*-T-a:*=a:' ; and a*-T-a*=a". Hence 
z', ax^ and a' are the literal parts of the terms, and therefore 
the quotient is 

x*— 5aa:+4a\ 

Ex. 3. Divide 6a*— 96 by 3a— 6. 

Here, as we have the fourth power of a without the lower 
powers, we must supply the coefficients of the absent terms, 
as in multiplication, with zero. 



6+ 0+0+0-96 3-6 


6-12 


2+4+8+16 


12 




12-24 


24 


24-48 





48-96 
48-96 
But a^-^a^a* ; hence the quotient is 

2a"+4a'+8a+16. 
Ex. 4. Divide 3y'+3xy*— 4a;*y— 4x' by x+y. 

Ans, ^y^^Aaf. 
Ex. 5. Divide 8a*— 4a*a:— 2aV+aV by 4a'— x". 

Ans. 2a"— a*a:. 
Ex. 6. Divide a*+4a*-8a*-25a*+85a'+21a-28 by a*+ 
5a+4. 

Ans. a*-a"-7a'+14a-7. 

MISCELLANEOUS EXAMPLES. 

1 Divide 3a*- 19a"6+25aV-25a6" by 3a'-4aft+66". 

Ans. a*— 6^ 

2. Divide a:*+2a:'-4xy+iai:y-15 by x*-2ary+5. 

Ans. a:"+2a;y— 8. 

3. Divide aV-4a'te+3acx+3a'6'+a6c— 10c' by ax-^^h 
+5c. Ans. ax—ab-'2c. 

4. Divide 20a*y-22aV+lla'^>'-3a6* by 4a'V-2ab*+b\ 

Ans. 5aV— 3a6*. 
6. Divide x*- a:y +2a:y — y* by x^—x^y-hy*. 

Ans. x*+x^y—j^. 
6. Divide 3a;' + 15xy - 22aa:* - 2x*y* - 10.ry + 14aa;y" 
'-bax^y^+la^x by x"+5a;y*— 7a. Ans. 8a;*— 2a:y"— ox. 
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FRACTIONS. 

(81.) When a quotient is expressed as dc cribed in Art 16 
by placing the divisor under the dividend with a line between 
them, it is called b, fraction; the dividend is called the numer- 
ator, and the divisor the denominator of the fraction. Alge- 
braic fractions do not differ essentially from arithmetical trac- 
tions, and the same principles are applicable to both. 

The following principles form the basis of most of the oper- 
ations upon fractions : 

1. In order to multiply a fraction by any number^ we must 
multiply its numerator^ or divide its denominator by that num- 
ber. 

ab 
Thus, the value of the fraction — is b. If we multiply tne 

a^b 
numerator by a, we obtain — or ab; and if we divide the de- 
^ a 

nominator of the same fraction by a, we obtain also ab ; that 

is, the original value of the fraction b has been multiplied by a. 

2. In order to divide a fraction by any number^ we must di- 
vide its numerator or multiply its denominator by that number. 

a^b . * 

Thus, the value of the fraction — is ab. If we divide the 

a 

numerator by a, we obtain — or 6 ; and if we multiply the de- 

nominator of the same fraction by a, we obtain — j- or 6; that 

18, the original value of Jthe fraction ab has been divided by a. 

3. The value of a fraction is not changed if we myMi^^^ or 
divide both numerator and denominator In/ the soumA uuwibw- 
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^, ab abx abxy , 

Thus, — = = — ^=J, 

a ax axy 

Every quantity which is not expressed under a fractional 
form, is called an entire quantity. 

An algebraic expression composed partly of an entire quan* 
tity and partly of a fraction, is called a mixed quantity. 

(82.) The proper sign to be prefixed to a fraction may be 
determined by the rules already established for division. The 
sign prefixed to the numerator of a fraction affects merely the 
dividend; the sign prefixed to the denominator affects merely 
the divisor ; but the sign prefixed to the dividing line x>f a 
fraction afiects the quotient. 

Thus, — = +6, for + divided by + gives +. 
— =—6, for — divided by + gives — . 
— =—6, for + divided by — gives — . 

— =+ft, for — divided by — gives +. 

ab 

So, also, =—6, for this shows that the former quotient 

a 

h is to be subtracted, which is done by changing its sign* 

=+6, because the former quotient —J is to be 

subtracted, whence it becomes +b. 

ab 

=+&> for the same reason ; 

— a 

and =— ft> also for the same reason. 

—a 

Hence we have the following equivalent forms : 

ab__—ab__ —ab^ ^^ — i i 

a — a a — a 

. — ab ab ab ^-ab 

also, = — = = =— 0. 

a — a a — a 

That is, of the three signs belonging to the numeratofy de- 
nominator, and dividing line of a fraction, any two may be 
changed from + to — or from — to +, without affecting the 
i/ue of the fraction. 



FRACTIONS. 4ti 

In the examples 6{ fractions here employed for illustration, 

both numerator and denominator have consisted of monomials. 

The same principles are applicable to polynomials; but It 

must be remarked, that by the sign of the numerator we un- 

jderstand the entire numerator as distinguished from the sign 

of any one of its terms taken singly. 

a+b+c . —a—h—c 
Thus, — IS equal to H -z . 

When no sign is prefixed either to the terms of a fraction oi 
to its dividing line, + is always to be understood. 

RBDUCTION OF FIIACTIDNS. 

PROBLEM I. 
(83.) To reduce a fraction to lotoer terms, 

RULE. 

Divide both numerator and denominator by any quantity 
which will divide them both without a remainder. 

According to Remark 3, Art, 81, this will not change the 
xHilue of the fraction. 

ax a 

Thus, r-=T' 

ox b 

c^bc c 
Also, ,,, =-7 (dividing both numerator and de- 

nominator by a"&.) 
And 



€Lx* ax 



ax'\'X^ a+x' 

If the numerator and denominator are both divided by their 
greatest common divisor, it is evident the fraction ,will be re- 
duced to its lowest terms. The method of finding the greatest 
common divisor is considered in Section XV. ; but in the fol- 
lowing examples the greatest common divisor is easily found, 
by resolving the quantities into factors according to methods 
already indicated. 

EXAMPLES. 
C«C"4"37* 

1 Reduce -r-i — »~ to its lowest terms. 
ac+ax 
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•2. Reduce — rr- to its lowest terms. 



la 

Ans. -=- 

5c 



3. Reduce -r — : to its lowest terms, 
a: —a 






4. Reduce ;r-i — ^r: ;; to its lowest terms. 



Ant. -. 



„ , 8a;*y+8a:y* . , 



An,. ^ 



6. Reduce -r — ^ , . ., to its lowest terms. 



a"-a:" 



7. Reduce -i — :: ; — : to its lowest terms. 

a"— 2aa;4-x 



PROBLEM II. 
(84.) To reduce a fraction to an entire or mixed quantuu. 

RULE. 

Divide the numerator by the denominator for the entire part, 
and place the remainder^ if any^ over the denominator for tht 
fractional part. 

27 
Thus, — =27-7-5=51. 
o 

., ax-\-d^ / .v «* 

Also, =(aa:+a')-ra;=aH — . 



EXAMPLES. 



ax—T? 



1. Reduce to an entire quantity. 
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2. Reduce — 7 — to a mixed quantity. 

3. Reduce — -^ — to a mix^d quantity. 



2a:" 
Ans, a+x-i- 



a—x 



.» -,.» 



4. Reduce — --^ to an entire quantity. 

X y 

5. Reduce r to a mixed quantity. 

OX 

^ o J 86'-166+7a'fe* . ^ . \ 

n Reduce gr to a mixed quantity. ^ 



PROBLEM III. 
(85.) To reduce a mixed quantity to the form of a fraction 

RULE. 

Multiply the entire part by the denominator of the fraction ; 
to the product add the numerator with its proper sign^ and place 
the result over the denominator. 

mL 00 3X5+2 15+2 17 
Thus, 3|=-y-=-^=-. 

This result may be proved by the preceding Rule. For 

17 

= 17+5=3}. 



5 



., b aXc+b ac+b 

Also, a+-= = . 

c c c 

EXAMPLES. 

a^—x* 
I. Reduce x-] to the form of a fraction. 



Ans. — . 

X 

aX'^x, 

2. Reduce xH — - — to the form of a fraction. 

za 

. Sax+X!* 
Ans. — ;: 

8» 
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2x— 7 

3. Reduce 5H — r — to the form of a fraction. 

Sx 

4. Reduce 1 H to the form of a iractibiL 

a 

x—S 

5. Reduce l+SxH — = — to the form of a fraction. 

5x 

6. Reduce 7H — ; — rr to the form of a fraction. 



PROBLEM IV, 
(86.) To reduce fractions to a common denominator. 

RULE. 

Multiply each numerator into all the denominatorSf except Ui 
ownffot a new numerator f and all the denominators together fm 
a common denominator. 

EXAMPLES. 

a c 

1. Reduce t and -3 to a common denominator. 

a 

ad be 

Here it will be seen that the numerator and denominator of 
the first fraction are both multiplied by d, and in the second 
fraction they are both multiplied by b. The value of the frac- 
tions, therefore, is not changed by this operation. 

2. Reduce j- and to equivalent fractions having a com- 
mon denominator. 

. ac ab+V 
Ans. T-; — 7 — . 
be be 

3x ib 

3. Reduce zr-^ -^^ and d to fractions having a common de- 

za oc 

nominator. 

4. Reduce 7, — , and a+—- to fractions having a common 

4 o 5 . 

denoixunaior. 
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5. Reduce -, -=-, and to fractions having a common 

2 7 a—x ^ 

denominator. 

6. Reduce -, — r--> and t-t — to fractions having a common 

o o 1+a; ^ 

denominator. 

-^ 2a a+2ic 

7. Reduce ^ and — ^ — to fractions having a common de- 
nominator. 

Following the Rule, we obtain 

Saz , 'Sax^+6x* 
12P ^"^ 12:r« • 
wnich fractions have a common denominator, and are equiva- 
lent to those originally proposed. Nevertheless, it may be ob- 
served, that these fractions are not reduced to their least com- 
mon denominator, for every term is divisible by x. The least 
common denominator is the least common multiple of the de- 
nominators of the proposed fractions. 

A common multiple of two or more numbers is any number 
which they will divide without a remainder ; and the kast com- 
mon multiple is the least number which they will so divide. 
Thus, I2x* is the least common multiple of 3x* and 4r; and 
the above fractions reduced to their least common denomina- 
tor are 

8a , 3ar+6x' 
■; and 



12a;* 12a:* 

The least common multiple of two numbers is their product 
divided by their greatest common divisor. 

8. Reduce — and — to equivalent fractions having the least 

common denominator. 

The product of the denominators is 294, which, divided by 
7 (their greatest common divisor), gives 42, the least common 
denominator, and the required fractions are 

9 ^ 10 
42^^42- 

7 11 

9. Reduce the fractions -rrr and — to others which have the 

10 lo 

letft comm<m denominator. 

l> 
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2a bd 

10. Reduce ^ and -^n-^ to equiyalent fractions halving the 

least common denominator. 

. 4ac - d 
Ans. ::7-zand 



etc* 66c»* 
11. Reduce •— r and ,_,, to equiyalent fractions havmg 



the least common denominator. 



^«- -^TftT and ^-^ 



PROBLEM V. 
(87.) To add fractional quantities together. 

RULE. 

Reduce the fractions to a common denominator; add the nu 
merators together^ and place their sum over the common denomr 
inator. 

The fractions must first be reduced to a common denomina- 
tor to render them like parts of unity. Before this redaction, 
they must be considered as unlike quantities. 

EXAMPLES. 

1. What is the sum of - and -? 

Reducing to a common denominator, the firactioni becoiiM 

Sx .2x 

Adding the numerators, we obtain -^. 

It IS plain that three sixths of x and two sixths of x make 
five sixths of x. 



a c 



2. Required the sum of t, ^ and > 



- adf+hcf+hd» 
^^' bdf 
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3. Required the sum of — rr and r. 

4. Required the sum of 6a:, ^-5, and —: — . 

2aj Sx 

5. Required the sum of 2a, 3a+— , and a+-^. 

o U 

J ^ 58a; 
Ans. oaH — jz-. 
4o 

• d €L~^X 

6. Required the sum of a+Xf — — , and . 

a — X a 

X* 

Ans. a+x+2-i — j 



a —ax 



Ans, a* 



7. Required the sum of —rr- and — — -. 



o T> • J *u r^ a— 2m , a+2m 

8. Required the sum of-, — - — ^ and — - — . 

2 4 4 

9. Required the sum of — ; — and — - — • 

Tn-rn m-rn 



PROBLEM VI. 
(88.) To subtract one fractional quantity from another. 

RULE. 

Jteduce the fractions to a common denominatorf subtract one 
numerator from the other^ and place their difference over the 
common denominator. 

EXAMPLES. 

2a? 3a; 

1. From -^ subtract — . 
o o 

Reducing to a common denominator, the fractions become 



Hence 



10a; , 9a; 
10a: 9a; x 



15 15 15' 

and it is plain that ten fifteenths of a;, diminished by nine fif< 
teenths of a;, equals one fifteenth of a;. 
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2. From -=- subtract -—-. 

7 5 

3. From — -— ^ subtract ^r-^. 

7 3 

It must be remembered, that the minus sign before the di- 
viding line of a fraction affects the quotient (Art 82) ; and 
since a quantity is subtracted by changing its sign, the result 
of the subtraction in this case is 

9z—4y 5zSy 
~7~'^ 3 ' 

which fractions may be reduced to a common denominatoi, 
and the like terms united, as in addition. 



__ ax ax 

4. From i subtract 



b—c b+c 



. 2acx 



5. From 2.+?:^ subtract x-^. 



. 855ar— 6 

Ans. — T-zr^ — 
168 



X x^^ a 

6. From ^+-ri subtract x — ^ . 

26 c 

_ a-\'b , a—h 

7. From —^ subtract — ^. 

^ „ 13«— 56 , 7a— 26 

8. From ; subtract — - — . 



25a- 116 
Ans. " 



12 



PROBLEM VII. 
(89.) To multiply fractional quantities together. 



RULE. 



Multiply all the numerators together for a new numeraiort 
and all the denominators together for a new denominator 

a c 
Let It be required to multiply r by ^ 
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First, let us multiply r- by c. According to Remark first of 

ac 



Art. 81, the product mast be y. 



c 
But the proposed multiplier was ^; that is, we have used a 

multiplier d times too great. We must therefore divide the 

ac 
result -T- hy d; and, according to Remark second oi Art 81, 

we obtain 

ac 
bd' 

which result conforms to the Rule above given. 



EXAMPLES. 



1. Multiply I by — . 



27 



9,. What is the continued product of -, — , and -jrr- ? 

<« o SI 

3. Multiply - by -v~. 

4. What is the continued product of — , — • and -rrri 

^ a c 2b 

Ans. 9ax. 

5. Multiply ft+- by -. 

6. Multiply -^ by -^^p^. 

7. What is the continued product of x, , and — -z-1 

'^ a a+h 



Ans. 
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a Multiply -,::y by ^:^. 

(90.) Ex. 1. Multiply -^ by ^. 

According to the preceding Article, the result must be -;. 

But, according to Art. 68, -^ may be written €r* ; -; may b* 

written a-* ; and -^ may be written at*. 

Therefore, ar^X€r*=cr*. 

That is, /Ae Hufe of Art. 50 t5 general^ and applies to nega 
tive as well as positive exponents. 
Ex. 2. Multiply -6-» by 6-». 

Ans. -&• *. 

3. Multiply a-* by a\ 

4. Multiply 6-* by b\ 
6. Multiply flf-" by en*. 

6. Multiply fr— by fe-. 

7. Multiply (a-by by (a-ft)"'. 



PROBLEM VIII. 
(9L) To divide one fractional quantity by another. 

RULE. 

Invert the divisor^ and proceed as in multiplication. 

If the two fractions have the same denominator, then the 
quotient of the fractions will be the same as the quotient of 
their ^numerators. 

... 3 9 

Thus it is plain that — is contained in — as often as 3 is 

!« IS 

contained in 9. 

But when the two fractions have not the same denominator* 

we must reduce theqa to this form by Problem IV. 

a c 
Let it. /e required to divide -r by -j. 
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Keducins: to a common denominator, we have i-; to be di- 

ba 

be 
^ided by ^. 

It is now plain that ihe quotient must be represented by the 
division of ad by ic, which gives 

ad 
be 
the same result as obtained by the above Rule. 
---, a c a d ad 

d b e be 



EXAMPLES. 



X fix 
1. Divide - by — . 



2a Ac 

2. Divide -r by -j. 

2a;' X 

3. Divide , , by 



Ans. li. 



a'+x '' x+a 

x+1 2x 
4. Divide -^ by — . 



. a:— 6 
6e^x 



^ ,v . J 2ar+a;' , a: 

b. Divide — = p by — — . 

e — X c — X 



. 2a+x 

Ans. -i" 



c*+cx+x* 



7. Divide — rrH r by t r-r. 



-4.715. Unity. 



(92.) Ex. 1. Divide -^ by -j. 

According to the Rule of the preceding Article, we have 
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But -J may be written tr^ ; -; may be written €r* ; and - 

is equal to a-*. 
Hence (r^-T-€r~^=€r*. 

That is, the Rule of Art, 66 is general^ and applies to negtk- 
tive as well as positive exponents. 

Ex. 2. Divide -ft-* by -&-*. 

-< Ans. Ir*. 

3. Divide a* by flf*. 

4. Divide 1 by ar^. 

5. Divide 6a" by —20-*. 

6. Divide ft-" by ft*. 

7. Divide 12ar^y-^ by — izy*. 

8. Divide {x—y)-^ by (a:— y)~". 

(93.) According to the definition, Art. 33, the reciprocal of 
a quantity is the quotient arising from dividing a unit by that 
quantity. 

Hence the reciprocal of r 

. , a , i 6 

IS l-7-7:=lX-=- 
a a 

That is, the reciprocal of a fraction is the fraction inverted. 

Thus the reciprocal of 7-; — is . 

^ b+x a 

1 \ 
The reciprocal of-r— is b+c. 

Hence, to divide by any quantity is the same as to muUipiy 
by its reciprocal, and to multiply by any quantity is the same 
as to divide by its reciprocal. 

(94.) The numerator or denominator of a fraction may be 
itself a fraction ; 

a 

As or — 

c 

' d 

Such expressions are easily reduced by applying the pre* 
coding principles. 





^ 
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W means --^c, 
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Thus, 



which, according to Remark second, Art. 81, equals t-. 

a 



Again, ^b\ means a—-, 



(!) 



ac 



wnich, according to Art. 91, equals -r-. 

(?) 

Also, -7— r means the same as f _:.£ 

G) ' • '^ 

which, according to Art. 91, equals -r-. 

9 
^ar. 1* Find the value of the fraction ?• 

* 

21 
Ex. 2. Find the value of the fraction -;r- 

f 



MISCELLANEOUS EXAMPLES. 

, p.. . , ^ , „ ^m a 21g'n-9na;+3 m 

1. Divide 7a'— 3a:H — by "— -. Ans. -tt 

Wo 00 n — an 

2. Divide 5a'+7 by m* r-^. -An*, rr^r-^ — . , . 

4 / 3 12m''— 4a:+4y 

-. T%. . •. , • 3a6 . a—h . tdcx^Sab 

3. Divide 15a: — — by x . Ans. 



5c c ' ' 5cx—'5a+5b 

^ T^ -J 2a:»-3y\ 3a:»+2y» . 2a;'y-3y' 

4. Divide ^- by ^. Ans. ^ , 



a; -^ y • 3a:'+2ary' 

7ezV, a"+y' . 49aV 



5. Divide ,.' . by ■ , , . -An*. ^ , . , ^ < 

6. Divide x^-\ 7 by r—y. Ans. —t tT" 

a— 6 ^ a— 6 ^ ab-^ay+by 



SECTION vn. 



SIMPLE EaUATIONS. 

(95.) An equation is a proposition which declares the equakh/ 
of two quantities expressed algebraically. 

Thus, X'-4=b—z, is a proposition expressing the equality 
of the quantities x—4 and b—x. 

The quantity on the left side of the sign of equality is called 
the first member of the equation; the quantity on the right, the 
second member. 

Equations are usually composed of certain quantities which 
are known, and others which are unknown. The known quan- 
tities are represented either by numbers or by the first letters 
of the alphabet, a, b, c, &c. ; the unknown quantities by the last 
letters, x, y, z, &c. 

An identical equation is one in which the two members are 
identical, or may be reduced to identity by performing the op- 
erations which are indicated in them. 

Thus, 2a:— 6=2a:— 5 

3a;+4a:=7a? 
(x+y) (a;-y)=ar*-y\ 

A root of an equation is the value of the unknown quantity 
m the equation. 

(96.) Equations are divided into degrees^ according to the 
highest power of the unknown quantity which they contain. 

Those* which contain only the first power of the unknown 
quantity are called simple equations^ or equations of the first 
degree. 

As ax+b=cx+d. 

Those in which the highest powet of the \uvlLtiQwii quantity 
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iS a square, are called quadratic equations, or equations of the 
second degree. 

As 4a;'— 2^=5— x\ 

Those in which the highest power is a cube, are called cubic 
equations, or equations of the third degree. 

As x*-\-px*=2q. 

So, also, we have biquadratic equations, or equations of the 

fourth degree ; equations of the ffth, sixth, nth 

degree. 

Thus, a;"+/>x"~^=r, is an equation of the nth degree. 

In general, the degree of an equation is determined by the 
highest of the exponents with which the unknown quantity is af- 
fected. 

(97.) Numerical equations are those which contain only par- 
ticular numbers, with the exception of the unknown quantity, 
w-hfch is always denoted by a letter. 

Thus, a:"-4-4«*=3^+12 is a numerical equation. 

Literal equations are those in which the known quantities^ 
are represented by letters, or by letters and num1)ers. 

To solve an equation is to find the value of the unknown 
quantity, or to find a number which, substituted for the un- 
known quantity in the equation, renders the first member 
identical with the second. 

The difficulty of solving equations depends upon their de- 
gree, and the number of unknown quantities. We will begin 
with the most simple case. 

SIMPLE BaUATIONS CONTAINING BUT ONE UNKNOWN aUAN- 

TITY. 

(98.) The various operations which we perform upon equa- 
tions in order to deduce th« valuo of the unknown quantities. 
are founded upon the following principles : 

1. If to two equal quantities the same quantity be added, the 
sums will be equal. 

2. If from two equal quantities the same quantity be sub- 
tracted, the remainders will be equal. 

3. If two equal quantities ^be multiplied by the same quan- 
titv« the products will be equal. 
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4. If two equal quantities be divided by the same qaiintity, 
the quotients will be equal. 

(99.) The unknown quantity may be combined with thi 
known quantities in the given equation by the operatioiii of 
addition^ subtraction^ multiplication^ or division* 

We shall consider these difierent cases in succession. 
I. The unknown quantity may be combined with known 
quantities by addition. 

Let it be required to solve the equation 

a:+6=24. 
If from the two equal quantities, x+6 and 24, we subtract 
the same quantity 6, the remainders will be equaU accordinfi; 
to the last Article, and we shall have 

a:+6-6=24-6, 
ora:=24— 6, 

= 18, the value of x required 
So, also, in the equation 
* x+a=bf 

subtracting a from each of the equal quantities, x+a uid bp the 
result is 

x=b—a, the value of a; required. 

(100.) II. The unknown quantitj may be combined mtti 
known quantities by subtraction. 
Let the equation be 

x— 6=24. 

If to the two equal quantities, x—6 and 24, the same quan- 
tity 6 be added, the sums will be equal, according to Art. 98 
and we have 

a:-6+6=24+6, 

or 2:=30, the value of x required* 
So, also, in the equation 

x—a=bf 

adding a to each of these equal quantities, the result is 

a;=6+a, the value of a; required. 

From the preceding examples, it follows that 

We may transpose any term of an equation from one mambeT 

to the other by changing its sign. 

We may change the sign of every teim of an equation vnik 

ou/ destroying the equality. 
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This is, in fact, the same thing as transposing every term in 
each member of the equation. 

If the same quantity appear in each member of the equation 
affected with the same sign, it may be suppressed, 

(101.) III. The unknown quantity may be combined with 
known quantities by multiplication. 

Let the equation be 

6a;=24. 

If we divide each of the equal quantities, 6x and 24, by the 
same quantity 6, the quotients will be equal, and we shall have 

24 

. =4, the value of 2; required. 

So, also, in the equation 

ax=bf 

dividing each of these equals by a, the result is 

x=-, the value of x required. 

From this it follows, that 

W?ien the unknown quantity is multiplied by a known quan- 
tity n the equation is solved by dividing both members by this 
known quantity, 

(102.) lY. The unknown quantity may be combined with 
known quantities by division. 

Let the equation be 

X 

X 

If we multiply each of the equal quantities, ~ and 24, by the 

same quantity 6, the products will be equal, and we shall have 

x=144, the value of x required. 
So, also, in the equation 

X 

a 
multiplying each of these equals by a, the result is 

x=ab, the value of a: required. 
From this it follows, that 
When the unknoum quantity is divided by a fciunou c[ua!«till»|^ 
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this equation is solved by multiplying both mernbers by this known 
quantity. 

(103.) y. Several terms of an equation may hefractionaL 
Let the equation be 

a: 2 4 
2 3^5 
Multiplying each of these equals by 2, the result is 

4' 8 

Multiplying each of these last equals by 3, we obtain 

24 
ar=4+— ; 

and multiplying again by 5, we obtain 

15a:=20+24, 
an equation free from fractions. 

We might have obtained the same result by multiplying the 
original equation at once by the product of all the denom- 
inators. 

Thus, multiplying by 2X3X5, we have 

30a;_6Q 120 
2 "^"3 ■*""5"' 

or reducing, we have 

15x=20+24, as before. 
So, also, in the equation 

x^b d 
a'-c'^e' 

multiplying successively by all the denominators, or by a e # 
at once, we obtain 

acez abce acde 

= + . 

ace 

Canceling from each term the letter which is common to its 
numerator and denominator, we have 

cex=abe-{-acdi 
an equation clear of fractions. 

Hence it appears that 

An equation may be cleared of fractions by multiplying each 
member into all the denominators, 

(104.) From the preceding remarks, we deduce the fol- 
lowing 
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RULE FOR THE SOLUTION OF A SIMPLE EQUATION CONTAINING 

ONE UNKNOWN QUANTITY. 

1. Clear ike equation of fractions^ and 'perform in both mem- 
bers aU the algebraic operations indicated, 

2. Transpose all the terms containing the unknown quantity 
to one side, and all the remaining terms to the other side of the 
equatUm, and reduce each member to its most simple form, 

3. Divide each member by the coefficient of the unknown quan- 
tity. 

EXAMPLES. 

1. Given 6a?+85=4a?+ 10, to find the value of x. 
Transposing 4a? to the first member of the equation, and 8 to 

the second member, taking care to ehange their signs {Art, 100), 
we have 

6a?— 4a:=10— 8. . 

Uniting similar terms, a? =2. 

In order to verify this result, put 2 in the place of x wherever 
it occurs in the original equation, and we shall obtain 

6x2+8=4x2+10. 
That is, 10+8=8+10, 

or 18=18, 

an identical equation, which proves that we have found tho cor- 
rect value of X. 

X X 

2. Given a?— 7=-+-, to find the value of x. 

5 3 

Multiplying every term of the equation by 6 and also by 3, in 
order to clear it of fractions {Art, 103), we obtain 

15a:— 105 = 3a?^ 5a:. 
Hence, by transposition, 

15a:— 3a?— 5a:=106, 
or 7a:=105, 

and therefore a?= ---= 15. 

7 

To verify this result, put 15 in the place of a? in the original 
equation, and we have 

15 15 



-■^ 
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Thatifl, 15-7=3+6, 

or 8=8, 

an identical equation. 

3. Given 3ax—^ab=2ab'-6acy to find the'Value of or in termi 
of b and c. 

Dividing every term by a, we have 

3a?— 46=2a?— 6c. 

By transposition, 

3a?— 2a:=46— 6c, 
or a?=46— 6c. 

This result may be verified in the same manner as the pre- 
ceding. 

4. Given 3a^— 10a?=8a7+d^, to find the value otx. 

Ans* ai=:9. 



5. Given -^-^ i=?ac+-T-, to find x. 



Ans. a?=-, 
c 



6. Given — r — l-6a?= — - — , to find x, 
4 5 



7. Given — =6c+d+-, to find a?. 

X X 



Ans. x=:9. 



2iP+6 lliT— 37 

8. Given 3a?H r — =6H , to find x. 

Ans, ir=7. 

9. Given Sop— 26+4&C5=2a?+5c, to find x. 

5c+2b 



Ans. x=, 



5a+46-2" 



10. Given x-\ — =12 — , to find the value of x. 

Ans. x=:5. 

%% n- At . 3^—11 5a?— 5 , 97— 7a? ^ ^ , 

11. Given2lH rr— =— S 1 7^ — , to find a:. 

lo o 2 

(105.) An equation may always be cleared of firactions by 
multipljing each member into all the denominators according 
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to Art. 103. But sometimes the same object may be attained 
by a less amount of multiplication. 

.Thus, in the preceding example, the equation may be cleared 
of fractions by multiplying each term by 16, instead of 16 x 8 
X 2, and it is important to avoid all useless multiplication. In 
general, it is sufficient to multiply by the least common multiple 
of all the denominators. See Art. 86. 

^. X — 4 5a?+14 1 ^ , 

12. Given 3a? -——4= — — , to find x. 

4 O Juv 

13. Given 3a?--a+ca?=— ^ — , to find x. 

, . 4a2-3i 

Ans. x= 



8a+3ac— 3' 



14. Giyen c+r=4r+rr> to find x, 

ah a 

. abed 

Am. x= 



3bd+ad'-4tabd'-2ab' 

€bC 

15. Given {a+x) (6+a?)— a(^+c)=-T-+^, to find x. 



. ac 

Ans, a?=-T-. 
o 

^. 17— ar 4af+2 7a:+14 ^ , 

16. Given — -= — =6— 6fl?H — , to find a?. 

5 3 o 

,^ ^; 3a?— 3 . 20a7 6a?— 8 , 4a?— 4 ^ - , 

17. Given a? 4=-- — | — , to find a?. 

5 » 7 5 

^. 7a7+16 a?+8 x 

18. Given — — 7t=:;j to find a?. 

21 4a?— 11 3' 

,« r.- ^+7 . 7a?-13 2a?+4 ^ ^ , 

19. Given-^+.^^^=^-,tofinda?. 

5 4 2 3 

20. Given ^6+t<zc— -ca?= jac+2a6— 6ca?, to find the value 

of a?. 

. 70ab—Sac 

AxtSm a?^ ' ' . 

320c 



SOLUTION OF PROBLEMS. 

(106.) The solution of a Problem by Algebra conaista of two 
distinct parts : 

% 
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1. To express the conditions of the problem algebraically; 
that is, ioform the equation. 

2. To solve the equation. 

The second operation has already been explained, but the 
first is often more embarrassing to beginners than the second 
Sometimes the statement of a problem furnishes the equation 
directly; and sometimes it is necessary to deduce from the 
statement new conditions, which are to be expressed algebraic- 
ally. The former are called explicit conditions; and those 
which are deduced from them, implicit conditions. 

It is impossible to give a general rule which will enable us to 
translate every problem into algebraic language. The power 
of doing this with facility can only be acquired by reflection 
and practice. 

The following directions may be found of some service. 

Denote one of the required quantities by x ; theriy by means cf 
this letter y with the algebraic signs, perform the same operations 
which would be necessary to verify its value if it was already 
known. 

Problem 1. What number is that, to the double of which if 
16 be added, the sum is equal to four times the required num- 
ber? 

Let X represent the number required. 

The double of this will be 2x, 

This increased by 16 should equal 4a?. 

Hence, by the conditions, 2a:+16=4a7. 

The problem is now translated into algebraic language, and 
it only remains to solve the equation in the usual way. 

Transposing, we obtain 

16=4a?— 2aP=2j?, 
and 8=0?, 

or . a?=8. 

To verify this number, we have but to double 8, and add 16 
to the result ; the sum is 32, which is equal to four times 8, ac- 
cording to the conditions of the problem. 

Prob. 2. What number is that, the double of which exceeds 
its. half by 6 ? 

Let a?=the number required. 

Then, by the conditions, 
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X 

Clearing of fractions^ 

4a7— a?=12, 

or 3a?=12. 

Hence a? =4. 

To verify this result, double 4, whioh makes 8, and diminish 
it by the half of 4, or 2 ; the result is 6, according to the condi- 
tions of the problem. 

Prob. 3. The sum of two numbers is 8, and their difference 
2. What are those numbers ? 

Let 07= the least number. 

Then a?+2 will be the greater number. 

The sum of these is 2a?+2, which is required to equal 8. 
Hence we have 

2a?+2=8. 

By transposition 2a? =8 —2 =6, 

and ' 07=3, the least number. 

Also, 07+2=6, the greater number. 

Verificatidn. 5+3 = 8 ) i- x ^i j^- 

fi q„o I according to the conditions. 

The following is a generalization of the preceding Problem. ' 

Prob. 4. The sum of two numbers is a, and their difference 
b. What are those numbers ? 

Let 07 represent the least number. 

Then 07+6 will represent the greater number. 

The sum of these is 2o7+6, which is required to equal a. 

Hence we have 

2x+b=a. 

By transposition, 2o7=a— 6, 

(z — b fl 6 , , , 

or 0?=— — ^= -— -, the less number. 
2 2 2' 

Hence 07+6=-— -+6=-+-, the greater number. 

As these results are independent of any particular value^ at- 
tributed to the letters a and b, it follows that 

Half the difference of two quantities^ added to fudf their sum, 
is egual to the greater; and 
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Half the difference subtracted from half the sum is equal to 
the less. 

The expressions jz+j: and -—-are cailed formulas^ because 

they may be regarded as comprehending the solution of a]I 
questions of the same kind ; that is, of all problems in which we 
have given the sum and difference of two quantities. 

Thus, let a=8) . ^, ,. ,, 

, _ J as m the precedmg problem. 

And -—-= ■ =3, the less number. 
2 2 2 ' 

= 10; their difference = 6; required the nuxaben. 
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Prob. 5. From two towns which are 54 miles diBtant, two 
travelers set out at the same time with an intention of meeting. 
One of them goes 4 miles and the other 5 miles per hour. In 
how many hours will they meet ? 

Let X represent the required number of hours. 

Then 4a7 will represent the number of miles one traveled, 

and 5a? the number the other traveled ; 
and since they meet, they must together have traveled the 
whole distance. 

Consequently, 4a7 + Sa? = 54 . 

Hence 9a? =54, 

or a? =6. 

Proof. In 6 hours, at 4 miles an hour, one would travel 24 

miles; the other, at 5 pailes an hour, would travel 30 miles. 

The sum of 24 and 30 is 54 miles, which is the whole distance. 

This Problem may be generalized as follows : 

Prob. p. From two points which are a miles apart, two bodies 

move toward each other, the one al\\ie T«Xe olmTDai'fc%^« Wax^ 
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tlie ether al the rate of n miles per hour. In how mtiiy hours 
will they meet ? 

Let X represent the required number of hours. 

Then mx will represent the number of miles dne body 
moresy 
• and 7207 the miles the other body moves, 
and we jahall obviously have 

mx+nafr±n. 
Hence a?=: 



m+n 

This is a general formula, comprehending the solution of all 
problems of this kind. Thus, 
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Required the time of meeting. 

We see that an infinite number of problems may be proposed, 
all similar to Prob. 5 ; but they are all solved by the formula 
of Prob. 6. We also see what is necessary in order that the 
answers may be obtained in whole numbers. The given distance 
(a) must be exactly divisible hj m+n, 

Prob. 7. A gentleman meeting three poor persons, divided 60 
cents among them ; to the second he gave twice, and to the 
third three times as much as to the first. What did he give to 
each ? 

Let a7=the sum given to the first. 

Then 20?= the sum given to the second, 
and da?=the sum given to the third. 

Then, by the conditions, 

a?4-2a?+3a?=:60. 

That is, 6^=60, 

or ' 37=10. 

Therefore he gave 10, 20, and 30 cents to them respectively. 
The learner should verify this, and all the subsequent results. 

The same problem generalized. 

Prob. 8. Divide the number a into three such parts, that the 
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second may be m times, and the third n times as great aa the 

first. 

a ma na 

1+m+n' 1+m+n' l+m+n 

What is necessary in order that the preceding values may be 
expressed in whole numbers ? 

Prob. 9. A bookseller sold 10 books at a certain price> and 
afterward 15 more at the same rate. Now at the last sale he 
received 25 dollars more than at the first. What did he receive 
for each book ? 

Ans, Five dollars. 

The same Problem generaUzed. 

Prob. 10. Find a number such that when multipUed success- 
ively by m and by w, the difference of the products shall be a. 

Ans. . 

m— n 

Prob. 11. A gentleman dying, bequeathed 1000 dollars to 
three servants. A was to have twice as much as B, and B 
three times as much as C. What were their respective 
shares ? 

Ans. A received $600, B $300, and C $100. 

Prob. 12. Divide the number a into three such parts that the 

second may be m times as great as the first, and the third n 

tunes as great as the second. 

. a ma mna 

JLns ^— ^— — ^^— * — — — ^— —^ • __^_^^__i__ 

1+m+mn' 1+m+mn^ l+m+mn 

Prob. 13. A hogshead which held 120 gallons was filled 
with a mixture of brandy, wine, and water. There were 10 
gallons of wine more than there were of brandy, and as much 
water as both wine and brandy. What quantity was there of 
each? 

Ans. Brandy 25 gallons, wine 35, and water 60 gallons. 

Prob. 14. Divide the number a into three such parts, that the 
second shall exceed the first by m, and the third shall be equal 
to the sum of the first and second. 

, a— 2/71 a+2m a 
Ans. — - — : — - — ; -. \ 
4 ' 4 ' 2 <\ 

Prob. 15. A person employed four workmen, to the first of 
wAom be gave 2 shillings more t][iaxi to \\i« %«cowd; to the 
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aecond 3 shillings more than to the third ; and to the tiiird 4 
shillings more than to the fourth. Their wages amoimt to 32 
shillings. What did each receive ? 

Ans, They received 12, 10, 7, and 3 shillings respectively. 

Prob. 16. Divide the number a into four such parts, that the 
second shall exceed the first by m, the third shall exceed the 
second by w, and the fourth shall exceed the third by jp. 

. (Z— 3m— 2n--p a+m—2n—p 
Ans. ^; ^ ^; 

a+m+2n^p a+m+2n+Sp 

4 ~': 4 ■• 

(107.) Problems which involve several imknown quantities 
may often be solved by the use of. a single unknown, letter. 
Most of the preceding examples are of this kind. In general, 
when we have given the sum or difference of two quantities, 
both of them may be expressed by means of the same letter. 
For the difference of two quantities added to the less must be 
equal to the greater ; and if one of the. two quantities be sub- 
tracted from their ^um, the remainder will be equal to the 
other. 

Prob. 17. At a certain election 36,000 votes were polled; 
and the candidate chosen wanted but 3000 of having twice as 
many votes as his opponent. How many voted for each ? 

Let a:=the number of votes for the unsuccessful candidate. 

Then 36,000— a7=the number the successful one had, 

and 36,000^^+3000=20?. 

Ans. 13,000 and 23,000. 

Prob. 18. Divide the number a into two such parts, that one 
part increased by b shall be equal to m times the other part. 

. ma—b a+b 
Ans. — —■ ; — — r. 
m+l m+\ 

Prob. 19. A train of cars moving at the rate, of 20 miles per 
hour, had been gone three hours, when a second train followed 
at the rate of 25 miles per hour. In what time will the second 
train overtake the first ? 

Let 3?= the number of hours the second train is in motion, 

37+ 3= the time of the first train. 
Then 25a7=the number of miles traveled by the second train^ 
20 (^+3)=rthe miles traveled Vjy \Yve fcwX. X^wml, 

4» 
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But at the time of meeting they must both haTe traveled tiie 
same distance. 

Therefore 25a? = 20a7 + 60. 

By transposition, 5j?=60, 

and a7=12. 

Proof. In 12 hours, at 25 miles per hour, the second train 
goes 300 miles ; and in 15 hours, at 20 miles per hour, the first 
train also goes 300 miles ; that is, it is overtaken by the second 
train. 

Prob. 20. Two bodies move in the same direction from two 
places at a distance of a miles apart ; the one at the rate of n 
miles per hour, the other pursuing at the rate of m miles per 
* hour. . When will they meet ? , 

c Ans, In hours. 

This Problem, it will be seen, is essentially the same as 
Prob. 10. 

Prob. 21. Divide the number 197 into two such parts, that 
four times the greater may exceed ^ve times the less by 60. 

Ans, 82 and 115. 

Prob. 22. Divide the number a into two such parts, that m 
times ther greater may exceed n times the less by 6. 

. ma—h na+6 
Ans. — — - ; — ; — . 
m+n m+n 

When n=l, this Problem reduces to Problem 18. 
When 6=0, this Problem reduces to Problem 24. 

Prob. 23. A prize of 2329 dollars was divided between two 
persons, A and B, whose shares were in the ratio of 5 to 12. 
What was the shariB of each ? 

Beginners almost invariably put x to represent one of the 
quantities sought in a problem ; but a solution may often be 
very much simpUfied by pursuing a different method. Thus, in 
the preceding problem, we may put x to represent one fifth of 
A's share. Th^n 5x will be A's share, and 12a7 vrill be B's, and 
we shall have the equation 

5a?+ 12a? =2329, 
and 07=137, 

consequently their shares were 685 and 1644 dollars. 



Prob. S4. Divide ih^ maoak^ a into two «UGh piaitiB, that the 
first part may be to the second as m to n. 

Ans. "^ "^ 



m+n m+n 

Prob, 25. What number is that whose third part exceeds its 
fourth part by 16? 
Let 12a?=the number. 

Then 4a?-3a:=l6, 

or a?=16. 

Therefore the number =12x16=1 92. 

Prob. 26. Find a number such that when it is divided sue* 
cessively by m and by n, the difference of the quotients sfaaH 
be a, 

. TJinu 
Arts, 



n—m 



Prob. 27. What two numbers are as 2 to 3, to each of which, 
if four be added, the sums will be as 5 to 7 ? 

A strict adherence to system would have required this exam- 
pie to be placed after the subject of Proportion, which is treated 
of in Section XIII. It is, however, only necessary to assume 
one simple principle which is employed in Arithmetic, viz., If 
four quantities are proportional, the product of the extremes is 
equal to the product of the means. 

Thus, if a\b::c\d. 

Then ad=hc. 

In the preceding Problem, let 2x and 3a? be the numben. 
Then 2a?+4 : 3a?+4: : 5: 7, 

and by the last principle, 

14ii?+ 28=1537+20. 

Prob. 28. What two numbers are as m to n, to each of which, 
if a be added, the sums shall be as jp to j ? 

Ans ^^l^Pzli). Mp-i) 
mq-r-np ' mq—np' 

Prob. 29. A gentleman divides a dollar among 12 childrei^, 
giving to some 9 cents each, and to the rest 7 cents. How 
many were there of each class t 

Prob. 30. Divide the number a inW Vwo «vxdtv ^^^ak^^vx"^ 
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the first is multiplied by m and the second by n, the eum of tiie 

products shall be b, 

. b—na ma^b 

Ans. ; . 

m — n m — n 

Prob. 31. If the sun moves every day one degree, and the 
moon thirteen, and the sun is now sixty degrees in advance of 
the moon, when will they be in conjunction for the first time, 
second time, and so on ? 

Prob. 32. If two bodies move in the same direction upon the 
circumference of a circle which measures a miles, the one at 
the rate of n miles per day, the other pursuing at the rate of m 
miles per day, when will they meet for the first time, second 
time, &c., supposing them to be b miles apart at starting? 

Ans. In ; ; , &c., days. 

m—n m—n m^n ^ 

It will be seen that this Problem includes Prob. 20. 

Prob. 33. Divide the number 12 into two such parts, that the 
difference of their squares may be 48. 

Prob. 34. Divide the number a into two such parts, that the 
difference of their squares may be 6. 

Ans. — - — ; ^ . . 
2a ' 2a 

Prob. 35. The estate of a bankrupt, valued at 21,000 dollars, is 
to be divided among three creditors according to their respect- 
ive claims. The debts due to A and B are as 2 to 3, while B's 
claims and C's are in the ratio of 4 to 5. What sum must each 
receive ? 

Prob. 36. Divide the number a into three parts, which shall 
be to each other as m : n :jp. 

. ma na pa 

Ans. : ; — ^ . 

m-{-n-{-p m+n+p 7n+n+p 

Whenp=:l, Prob. 36 reduces to the same form as Prob. 8. 

Prob. 37. A grocer has two kinds of tea, one worth 72 cents 
per pound, the other 40 cents. How many pounds of each must 
be taken to form a chest of 80 pounds, which shall be worth 60 
cents ? 

Ans. 50 pounds at 72 cents, and 30 pounds at 40 cents. 

Prob. 38. A grocer has two kinds of tea, one worth a cents 
per j>ouDd, the other b cents. How many i^\mdA of ««jd\ tnus^ 
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be taken to form a mixture of n pounds, which shall be worth 
c cents? 

Ans. -^ — j-^ pounds at a cents, 

and -^ — r- pounds at b cents. 

Prob. 39. A can perform a piece of work in 6 days ; B can 
perform, the same work in 8 days ; and C can perform the 
same work in 24 days. In what time will they finish it if all 
work together ? 

Prob. 40. A can perform a piece of work in a days, B in 6 

days, and C in c days. In what time will they perform it if all 

work together ? 

. abc , 

Ans. -T =- days. 

ao+aC'\'bc "^ 

Prob. 41. There are three workmen. A, B, and C. A and 
B together can perform a piece of work in 27 days ; A and C 
together in 36 days; and B and C together in 54 days. In 
what time could they finish it if all worked together ? 

A and B together can perform ^V of the work in one day. 
AandC " . 3V " one " 

BandC " A " one " 

Therefore, adding these three results, 

2A+2B+2C can perform tV+ A+zV ^^ one day. 

=i^j in one day. 

Therefore, A, B, and C together can perform j^ of the work 
in one day ; that is, they can finish it in 24* days. If we put x 
to represent the time in which they would all finish it, then they 
would together perform I part of the work in one day, and we 
should have 

Prob. 42. A and B can perform a piece of labor in a days ; 

• A and C together in b days ; and B and C together in c days. 

In what time could they finish it if all work together ? 

- 2abc , 

Ans, -r- =- days. 

ab+ac+bc "^ 

This result, it will be seen, is of the same form as that of 
ProM^in 40, 
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Prob. 43. A broker has two kinds of change. It takes 20 
pieces of the first to make a dollar, and 4 pieces of the second 
to make the same. Now a person wishes to have 8 pieces 
for a dollar. How many of each kind must the broker give 
him? 

Prob. 44. A has two kinds of change ; there must be a pieces 
of the first to make a dollar, and h pieces of the second to make 
the same. Now B wishes to have c pieces for a dollar. How 
many pieces of each kind must A give him ? 

Ans. — — ^ of the first kind ; ^ — r^ of the second. 
a—o a— 6 

Prob. 45. Divide the number 45 into four such parts, tirat 
the first increased by 2, the second diminished by 2, tiie lliiid 
multiplied by 2, and the fourth divided by 2, shall all be 
equal. 

In solving examples of this kind, several unknown quantities 
are usually introduced, but this practice is worse than superflu- 
ous. The four parts into which 45 is to be divided, may be rep- 
resented thus : 

The first =07—2, 

second =07+2, 

third =1, 

fourth =2a7; 

for if the first expression be increased by 2, the second dimin- 
ished by 2, the third multiplied by 2, and the fourth divided by 
2, the result in each case will be x. The sum of the four parts 
is 4|t, which must equal 45. 

Hence a7=10. 

Therefore the parts are 8, 12, 5, and 20. 

Prob 46. Divide the number a into four such parts, that 
the first increased by m, the second diminished by m, the third 
multiplied by m, and the fourth ' divided by m, shall all be 
equal. 

J Tna ma ^ a m^a 

Prob. 47. A merchant maintained himself for three years at 
an expense of $500 a year ; and each year augmented that part 
of Ma stock which was not thus expended by one third thei«o£ 
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A.t the end of the third year his original stock was doubled. 

WTiat was that stock ? 

Prob. 48. A merchant supported himself for three years at an 

expense of a dollars per year ; and each year augmented that 

part of his stock which was not thus expended by one third 

thereof. At the end of the third year his original stock was 

doubled. What was that 3tock ? 

, 148a 
Arts. ^^. 

Prob. 49. A father, aged 54 years, has a son aged 9 yesun. 
Ir how many years will the hge of the father be four times that 
of the son ? . 

Prob, 50. The age of a lather is represented by a, the age of 
hU son by b. In how many y^ars will the age of the father be 
n >imes tliat of the son ^ \ 

- a—nb 

Ans. T-» 

n— 1 



SECTION YIII. 



SIMPLE EaUATIONS CONTAINING TWO 
OR MORE UNKNOWN QUANTITIES. 

(108.) In the examples which have been hitherto given, each 
problem has contained but one unknown quantity; or, if there 
have been more, they have been so related to each other that 
all have been expressed by means of the same letter. This, 
however, can not always be done, and we are now to consider 
how equations of this kind are resolved. 

If we have two equations, with two unknown quantities, we 
must endeavor to deduce from them a single equation^ con- 
taining only one unknown quantity. We must, therefore, make 
one of the unknown quantities disappear, or, as it is termed, 
we must eliminate it. There are three different methods of 
elimination which may be practiced. 

The first is by substitution, 
** second " comparison, 
** third ** addition and subtraction. 



ELIMINATION BY SUBSTITUTION. 

(109.) Let it be proposed to solve the system of equations 

x+y=l2 I 
x-y= 6. \ (^'^ 
From the second equation, we find the value of £ in terms 
of y, which gives 

x=y+6. 

Substituting the expression y +6 for x in the first equation, 
it becomes 

y+6+y«18| 
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from which we find that y=S; and since we have already 
seen that a:=y+6, we find that a:=3+6=9. 

To verify these values, substitute them for x and y in thn 
original equations, and we. shall obtain 

9+3=12 
9-8= 6. 

Again, take the equations 

2x+Bi/=lB ) 
5a;+4y=22. ) ^^'^ 

From, the first equation we find 

13-2a; 

Substituting this value of y in the second equation, it becomes 

^ ; 13-2a; 
5Z+4X — g — =22, 

an equation containing only a;, which, when solved, gives 

x=^2f 
ai^d this value of x^ substituted in either of the original equa- 
tions, gives 

y=3. 
The method dius exemplified is expressed in the following 

RULE. 

Pind an expression for the valtie of one of the unknown Quan- 
tities in one of the equations; then substitute this value in the 
place of its equal in the other equation. 

BLIMINATION BY CGMPABISGN. 

(110.) To illustrate this method, take equations (1.) of the 
preceding Article. Derive from each equation an expression 
for X in terms of j^, and we shall have 

2:=12-jr, 

x=. 6+y. 

These two values of x must be equal to each other, and bv 
comparing them we shall obtain 

18-y=6+y, 

BD equation involving only one unknown quantity; 
whence y^S* 
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Substituting this value of y in the expremion 2;=6"hyff«Bl 
we find x=9f as before. 
Again, take equations (2.) of the preceding Article. 
From equation first, we find 

18-2a: 

y=-8— ' 

and from equation second, 

22— 6a: 

Putting these values of y equal to each other, we have 

13— 2x22— 5a; 
3 " 4 ' • 

an equation containing only x, whence we obtain 

z=2. 
Substituting this value of x in either of the preceding ex« 
pressions for y, we find 

y=3. 
The method thus exemplified is expressed in the following 

RULE. 

Find an expression for the value of the same unknown quan* 
tity in each of the equations^ and form a new equation by put* 
ting one of these values equal to the other. 

BLIMINATION BY ADDITION AND SUBTBAOTION. 

(111.) To illustrate this method, take equations (1.) of Aft 
109. Since the coefficients of y in the two equations are 
equal and have contrary signs, we may eliminate this letter by 
adding the two equations together, whence we obtain 

2a:=18, 
or x= 9. 

We may now deduce the value of y by substituting the 
value of X in one of the original equations. Taking the first 
for example, we have 

9+y=12, 
whence y= 3. 

Since the coefficients of x are equal in the two oii|g^Md 
equations^ we might have e\\mma\ed lVi\« \^\.\at b^ «ubcmctiqg 
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one equation from the other. Subtracting the first from the 
second, we obtain 

or y===8. 

Let us apply the same method to equations (2.) of Art, 109. 
We perceive that if we could deduce from the proposed equa- 
tions two other equations, in which the coefficients of y should 
be equal, the elimination of y might be effected by subtracting 
one of these new equations from the other. 

It is easily seen that* we shall obtain two equations of the 
form required, if we multiply all the terms of each equation by 
the coefficient of y in the other. Multiplying, therefore, all 
the terms of equation first by 4, and all the terms of equation 
second by 3, they become 

8a;+12y=52, 
lto+12y==66. 

Subtracting the former of these equations from the latter, we 
find 

• 7a:=14, 
whence z= 2. 

In like manner, in order to eliminate x, multiply the first of 
the* proposed equations by 5, and the second by 2, they will 
become 

10a;+15y=65, 
lQx+ 8y=44. 

Subtracting the latter of these two equations from the for- 
mer, we have 

7y=21, 
whence y= 3. 

This last method is expressed in the fcdkywing 

KULB. 

Multiply or divide the equations^ if necessary^ in such a man- 
tier, that one of the unknown quantities shall have the same corf" 
ficient in both. Then subtract one equation from the other, if 
the signs of these coefficients are the same, or add them together 
if the signs are different. 

F 



82 BIIULB BOUATIONS 



EXAMPLES. 



(112.) Ex. 1. Given 5x+4y=5S i to find the values of x 

ar+7y=67 ) and y. 

By the first method. 

From the second equation we find 

3a:=67— 7y. 

Therefore a:= — ^-^. 

Substituting this value of a; in the first equation, « 

67-7y 
6X — ^-^+4y=68. 

Hence 335— 35y + 12y= 174. 

By transposition, 335— 174=35y— 12y, 
or 161=23y. 

Therefore y='7. 

Substituting this value of y in the expression for the value 
of X given above, it becomes 

67-7x7 67-49 18 ^ 

— 3 — =-3— =T=^- 

Thus we have y=7, and x=6. 

By the second method. 

From the first equation we find 

5a:=58— 4y, 

58-4y 
whence x= — =— ^. 

5 

From the second equation, a:=- — r-^. 

o 

mu r 58-4y 67— 7y 

Therefore — — -^= — 5-^. 

5 o 

Clearing effractions, 174— .12y=335— 35y, 

By transposition, 35y— 12y=335— 174, 
or 23y=16L 

Therefore y=7, 

whence, as before, x=^Q. 
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By the third method. 

Multiplying the second equation by 5 and the first by 3, we 
obtain ' 

l&i:+35y=335, 
and 15a;+12y=174. 

By subtraction, 23y= 161, 

or y= 7. 

Whence, from equation first, 

ea:=58—4y=68— 28=30, 
and therefore a;=6. 

Thus the same example may be solved by either of the three 
methods, and each method has its advantages in particular 
cases. Generally, however, the first two methods give rise to 
fractional expresisions which occasion inconvenience in prac- 
tice, while the third method i& not liable to this objection. 
When the coefficient of one of the unknown quantities in one 
of the equations is equal to unity, this inconvenience does not 
occur, and the method by substitution lAay be preferable ; the 
third will, however, commonly be found most convenient 

Ex. 2. Given 



A^^fj ^ 4 I ^^ ^^^ *'^® values of a; and y. 



Multiplying the first equation by 7. and the second by 3, we 

obtain 

77a:+21y=700, 
12a;— 2ly= 12. 
Therefore, by addition, 89a:=712, 
or x= S. 

From equation first, 3y=100— 11a:, 

=100-88=12, 
and y=4. 

These values of x and y may be easily verified by substitijh 
tion in the original equations. 

Thus, 11X8+3X4=100 ; or 88+12=100. 
And 4X8-7X4= 4; or 32-28= 4. 

Ex. 3. Given |+|='7 

Y to find the values of x and y* 

-+^=8 
3^2 

Alls. «^%% >j»Vl' 
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X+2 . ^ «, ^ 

8y=31 



Ex. 4. Given — — h 

y to find the Yaluea of x andy 



y+5 



HOa;= 



=1»2 



^x. 5. Given 2y-^=7 4-^:^^ I ^^ ^^ ^^^ ^^^ ^ 




8— y 2x+l f xandy. 

4x 3^=2^4 " ^ 

JE?a;. 6. Given — h-=m 

^ ^ to find the values of x and y. 



« y 



. bc-^ad bc^ad 



Thut, a, a', 


a", 


a'", 


a"" 


a'", 


a^ 


a^ 


^(4) 


fll, 


(h, 


039 


04 


«/> 


«//f 


^///» 


^//// 



(113.) When a problem involves a larg^ number of qnantir 
ties, it is common to designate a part of them by diflbreni let- 
ters, and for the remaining quantities to employ the sam* let- 
ters accented or numbered. 

. 4. 

are used to denote different quantities, though they generally 
imply some connection between the quantities which they rep- 
resent, a' is read a prime; a!'^ a second; a"\ a thirds &c. 
We must carefully distinguish between 03 and o* \ between o« 
and o^ &c. In the one case, the numerals are exponents, and 
denote powers of o ; while in the other case, the numerals are 
only used for the sake of convenience to denote distinct quan- 
tities. Examples showing the convenience of this notation wi& 
be found in Sections XIX. and XX. 

Ex. 7. Given ax +hy =zc ( ^ . . , ^ 

a'x+Vy=d \ ^^ *"^ ^® ^™* of X and y 

The symmetry of these expressions is well calculated to fix 
them in the memory, 
i^. 8. What fraction is that^to the numeratorof whicbfif 4 
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be added, the value is one half; but if 7 be added to the de- 
nominator, its value is pne fifth ? 

Let - represent the fraction required. 

Then, by the first condition, 

— , — =-; whence 2a?+ 8= y. 
y 2 ^ 



By the second condition. 



X 1 , 

;=-; whence 5a?=y+7. 



y+7 5 

Subtracting the first equation from the second, we have 

307-8=7, 
whence 3^=15, 

or x=b. 

Therefore, y=ar+8=l6+8=18, 

and the fraction is ^. 

Proof. - ^+* ^ 



and 



18 2 
5 1 



18+7~5* 

Ex. 9. A certain sum of money, put out at simple interest, 
amounts in 8 months to $1488, and in 15 months it amounts to 
$1530. What is the sum and rate per cent. ? 

Ex. 10. A sum of money put out at simple interest amounts 
in m months to a dollars, and in n months to h dollars. 

Required the sum and rate per cent. 

Ans. The sum is r : the rate is 1200 x r. 

71—771 na^mo 

Ex. 11. There is a number consisting of two digits, the 
second of which is greater than the first ; and if the number be 
divided by the sum of its digits, the quotient is 4 ; but if the 
digits be inverted, and that number be divided by a number 
greater by two than the difference of the digits, the quotient is 
14. 

Required the number. 

Let X represent the left hand digit, 
and y ^' right hsuid digit. 

liken, since x stands in tiie place of tens, the number will be 
repcMented by \Ox+y. 
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Hence, by the first conditioD, 

10a?+y 
x+y " 

By the second condition, 

y-x+2-^^- 

Whence a:=4, y=8, 

and the required number is 48. 

Ex. 12. A boy expends thirty pence in apples and pears, 
buying his apples at 4 and his pears at 5 for a penny, and 
afterward accommodates his friend with half his apples and 
one third of his pears for 13 pence. How many did he buy of 
each? 

Ex. 13. A father leaves a sum of money to be divided among 
his children, as follows : the first is to receive $300 and the 
sixth part of the remainder ; the second $600 and the sixth part 
of the remainder ; and, generally, each succeeding one receives 
$300 more than the one immediately preceding, together with 
the sixth part of what remains. At last it is found that all the 
children receive the same sum. What was the fortune left and 
the number of children ? 

Ans. The fortune was $7500, the number of children 6., 

Ex. 14. A sum of money is to be divided among several per- 
sons, as follows : the first receives a dollars together with the 
nth part of the remainder ; the second 2a together with the 
nth part of the remainder ; and each succeeding one a dollars 
more than the preceding, together with the nth part of the 
remainder ; and it is found, at last, that all have received the 
same sum. What was the amount divided, and the number of 
persons ? 

Ans. The amount =a(n— 1)^ the number of persons =:n— 1. 

EQUATIONS WHICH CONTAIN THREE OR MORE UNKNOWN 

QUANTITIES. 

(114.) Let us now consider the case of three equations in- 
volving three unknown quantities. 

Take the system of equations, 

3a?+2y+ a?=16, (1.) 

ar+2y+2ir=18, (2.) 

2«+3vV z^Yt* (8.) 
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In order tu <siiminate z between equations (1.) and (2.), we 
will divide both members of the second equation by two ; we 
thus obtain 

x+j/+z=9. 

Subtracting this from the first equation, we find a new equa- 
tion containing but two unknown quantities, 

2x+y=7. (a.) 

In order to eliminate z between equations (1.) and (3.), sub- 
tract the former from the latter, which gives 

-x-^y=l. (f3.) 

From the two equations (a.) and (0.), one may be deduced 
containing only ope unknown quantity. For, by subtracting 
the one from the other, we have 

Sx=6y or x=2. 

Substituting this value ofx in equation (0,)^ we obtain 

y=3. 
Substituting these values of x and y in equation (1.), we ot>- 
tain 

3X2+2X3+z=16. 
Hence z~4. 

These values of x, j/, and z may be verified by substitution 
ui the original equations. 

We have effected the elimination in this case by method 
third, Art. Ill ; but either of the other methods might have 
been employed. Hence, to solve three equations containing 
three unknown quantities, we have the following 

f^ULE. 

(115.) From the three equations^ deduce two containing only 
two unknown quantities ; then from these two deduce one cot • 
taining only one unknown quantity, 

Ex. 15. Given x+ y+ z=29 (1.) \ 

x+2y+3z=62 (2.) i to find x, y, and z. 
ix+iy+iz^lO (3.) ) 

Subtract equation (1.) from (2.), and we obtain 

y+2t«83 ; (a.) 

desiring equation (3.) of fractions, we have 

6a?-4-4vfSz-«120* ^ 

5 
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Multiplying equation (1.) by 6, 

ai;+6y+6%=174. ^'i.^ 

Subtracting (4.) from (5.), 2y+32=54. (0.) 

We have thus obtained two equations, (a.) and (i3.), contain- 
ing two unknown quantities. 
Multiplying (a.) by 2, we have 2y+4z=66. - (6,) 

Subtracting (3.) from (6.), 2=12. 
Substituting this value of z in (/?.), we obtain 

• 2y+36=54. 
Whence y=9. 

Substituting these values of y and z in equation (1.), 

a:+9+12=29. 
Whence a:=8. 

These values may be verified as in former examples. 
Ex. 16. Given 2x+4y— 3z=22 \ 

4x--2y+5z=18 > to find a:, y, and x. 
6x+7y— 2=63 ) 

Ans. x=% y=7, «=4. 
Ex, 17. Given a:+y=a \ 

x-^r z=b > to find X, y, and z. 
y+z=c ) 
Ex. 18. Given a;+Jy+i2=32 ^ 

^a;+{y+]z=15 > to find x, y, and z. 
ia:+ly+*2:=12 ) 
(116.) If we had four equations involving four unknown 
quantities, we might, by the methods already explained, elim- 
inate one of the unknown quantities. We should thus obtain 
three equations between three unknown quantities, which might 
be solved according to Art. 114. So, also, if we had five 
equations involving five unknown quantities, we might, by the 
same process, reduce them to four equations involving four 
unknown quantities ; then to three^ and so on. By following 
the same method, we might resolve a system of any number 
of equations of the first degree. Hence, if we have m equa- 
tions involving m unknown quantities, we proceed by the fol- 
lowing 

RULE. 

1. Combine successively any one of the equations toith each 
of the others^ so as to eliminate the same unknown quantity ; ws 
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thus obtain m— 1 new equations containing m— 1 unknown 
quantuies. 

2. Eliminate another unknown quantity by combining any 
ofhJ of these new equations with the others; there will result 
m— 2 equations containing m— 2 unknown quantities, 

3. Continue this series of operations until there results a 
single equation containing but one unknown quantity , from 
which the value of this unknown quantity is easily deduced. 
Tlien by going backy step by stepy to one of the original equa^ 
tionsy the values of the other unknoion quantities may be tuc- 
cessively determined. 

■Ex. 19. Given 7a;— 22+3^=17^ 

4y—2z+ t=ll 

6y— 3a;— 2m= 8 > to find^, y, z, u, and t, 
4y— 3M-f2/= 9 
3z+8m=33^ 

Ans. x=2, y=4, «=3, u=Sy t=l. 

Either of the unknown quantities may be selected as the 
one to be first exterminated. It iis, however, generally best to 
begin with that which has the smallest coefficients ; and if each 
of the unknown quantities is not contained in all the proi>osed 
equations, it is generally best to begin with that which is found 
in the least number of equations. 

Ex. 20. A person owes a certain sum to two creditors. A^ 
one time he pays them 9530, giving to one four elevenths of 
the sum which is due, and to the other 930 more than one 
sixth of his debt to him. At a second time he pays them $420, 
giving to the first three sevenths of what remains due to him, 
and to the other one third of what remains due to him. What # 
were the debts ? 

Ex. 21. If A and B together can perform a piece of work 
in 12 days, A and C together in 15 days, and B and C in 20 
days, how mapv days will it take each person to perform the 
same work alone ? 

This Problem is readily solved by first finding in what time 
tbey could finish it if all worked together. 

Ex. 22. If A and B together can perform a piece of work 
in a days, A and € together in 6 days, and B and C in c days, 
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how many days will it take each person to perform-the ^ame 
work alone ? 

- . 2ahc , 

Ans. A requires — --T-3-r days, 

_ ^^ 2abc 

ah-^-hc-^ac ^ * 

^ 2ahc 

days. 



ab-hac—bc 

(117.) Hitherto we have supposed the number of equations 
equal to the number of symbols employed to denote the un- 
known quantities. This must be the case with every problem, 
in order that it may be determinate ; that is, that it may not 
admit of an indefinite number of solutions. 

Suppose, for example, that a problem involving two un- 
known quantities (x and y) leads to the single equation 

X— y=3. 

Now if we make y=l, then x=4 ; 

y=2, then x=5; 

y=3, then x=6 ; 

y=4, then x=7, 

&c., &c. ; 

and each of these systems of values, 1 and 4, 2 and 5, 3 and 6 
&c., substituted for x and y in the original equation, will sat- 
isfy it equally well. Hence the problem is indeterminate ; that 
is, admits of an indefinite number of solutions. 

(118.) If we had two equations involving three unknown 
quantities, we could, in the first place, eliminate one of the un- 
known quantities by means of the proposed equations, and 
thus obtain one equation containing two unknown quantities, 
which would be satisfied by an infinite number of systems of 
values. Therefore, in order that a problem may ^ be determ- 
inate^ its enunciation must contain as many different condi- 
tions as there are unknown quantities, and each of these con- 
ditions must be expressed by an independent equation. 

Equations are said to be independent when they express 
conditions essentially different; and dependent when they ex- 
press the same conditions under different forms. 

Thus, x+y= 7) . _ _ ^ 

fi:r-4- — ift 1 ^^® independent equations. . 
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But z+ y= '7 \ . , , 

2a:+2y= 14 i *^'® ^^' mdependent, 

because the one may be deduced from the other. 

(119.) If, on the contrary, the number of ir/f'yendent equa 
tions exceeds the number of unknown quantities, these equa 
tions will be contradictory. 

For example, let it be required to find two numbers such 
that their sum shall be "i, their difference 1, and their product 
100. 
From these conditions we derive the following equations • 

a:+y= 7, 
x-y= 1, 
xy=100. 
From the first two equations we easily find 

x=4, and y=3. 

Hence the third condition, which requires that their product 
»ihall be equal to 100, can not he fulfilled* 



SECTION IX. 



DISCUSSION OF EQUATIONS OF THE 
FIliST DEGREE. INEaUALITIES. 

(120.) To discuss a problem or an equation is to determine 
the values which the unknown quantities assume for particolar 
hypotheses made upon the values of the given quantities, and 
to interpret the peculiar results obtained. The term,' there- 
fore, is not strictly applicable, except to problems which are 
stated in the most general form, like some of those in Arts. 106 
and 107. If the sum of two numbers is represented by a and 
their difference by 6, the greater number will be expressed by 

-H — , and the less by -—-. Here a and b may have any 
2 2 -^2 2 "^ ^ 

values whatever, and still these formulae will always hold true. 
It frequently happens that, by attributing different values to .the 
letters which represent known quantities, the values of the un- 
known quantities assume peculiar forms which deserve con- 
sideration. 

(121.) We may obtain five species of values for the unknown 
q lantity in a problem of the first degree. 
I. Positive values. 

II. Negative values. 

III. Values of the form of zero, or -r. 

A 

IV. Values of the form of — . 

V. Values of the form of-. 
We will consider these five casea in. successioiu 
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I. Positive values are generally answers to problems in the 
sense in which they are proposed. Nevertheless, all positive 
values will not always satisfy the enunciation of a problem. 
If, for example, a problem requires an answer in whole num- 
bers, and we obtain a fractional value, the problem is impossi- 
ble. Thus, in Problem 17, page 71, it is implied that the value 
of X must be- a whole number, although this condition is not 
expressed in the equations. It would be easy to change the 
data of the problem so as to obtain a fractional value of x^ 
which would indicate an impossibility in the problem pro- 
posed. Problem 43, page 76, is of the same kind ; also Ex. 
11, page 85. 

If the value obtained for the unknown quantity, even when 
positive, does not satisfy all the conditions of the problem, the 
problem is impossible in the form proposed. 

(122.) II. Negative values. 

Let it be proposed to find a number, which, added to the 
number ft, gives for a sum the number a. 

Let X = the required number. 

Then, by the terms of the problem, 

x+b=a, whence x=a—b. 

This formula will give the value of x for every case of the 
proposed problem. 

For example, let a=7, and 6=4. 

then a;=7-4=3. 

Again, let a=6, and &=8. 

Then a:=6-8=-3. 

We thus obtain for x a negative valuQ. How is it to be in- 
terpreted? 

By referring to the problem, we see that it is proposed to 
find a number which, added to 8, shall make it equal to 5. 
Considered arithmetically, the problem is plainly impossible. 
Nevertheless, if in the equation 8+a;=5, we substitute for +« 
its value —3, it becomes 

8-3=5, 
an identical equation ; that is, 8 diminished by 3 is equal to 5. 

The negative solution a;=— 3, shows, therefore, the impossi- 
bility of satisfying the enunciation of the problem as above 
stated ; but, taking this value of x with a contrary sign, we see 
that it satisfies the enunciation "when modi^ei. «a ScNvcv^^\ 
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To find a number which, subtracted from 8, gives a differ* 
ence of 5 ; an enunciation which differs from the former only 
in this, that we put subtract for add, and difference for sum. 

If we wish to solve this new question directly, we shall 
have 

Whence a:=8— 5, or a;=3. 

(123.) For another example, take Problem 50, page 77 
The age of the father being represented by a, and tliat of the 

son by /; ; then — -^ will represent the number of years be- 
fore the age of the father will be n times that of th< son. 
Thus, suppose a=54, 6=9, and w=4. 

^, 54-36 18 

Then x= — - — ^—z=e, 

tj 3 

That is, the father having lived 54 years and the son 9, in C 
years more the father will be 60 years old and the son 15. 
But 60 is 4 times 15 ; hence this value, x= 6, satisfies the enun- 
ciation of the problem. 

Again, suppose a=45, 6=15, and w=4. 

^. 45-60 -15 

Then x= — - — =— r— =— 5, 

3 3 

Here again we obtain a negative solution. How are we to 
interpret it ? 

By referring to the problem, we see that the age of the son 
is already more than one fourth that o/ the father, so that the 
time required is already /?fl5/ by five years. The value of x 
just obtained, taken with a contrary sign, satisfies the following 
enunciation : 

A father is 45 years old, his son 15; how many years since 
the age of the father was four times that of his son ? 

The equation corresponding to this new enunciation is 

46— a; 
15— a;= — - — . 
4 

Whence 60— 4a;=45— a;; and re =5. 

(124.) Reasoning from analogy, we deduce the following 
general principles: 
/. JEvery negative value found for the uukuoxDu quantity in a 
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problem of the first degree, indicates an absurdity in the condi- 
tions of the problem, or at least in its algebraic statement. 

2. This value, taken with a contrary sign, may be regarded 
as the answer to a problem, whose enunciation only differs from 
that of the proposed problem in this, that certain quantities 
which were added should have been subtracted, and recipro- 
cally. 

(125.) In what case would the value of the unknown quan- 
tity in Prob. 20, page 72, be negative ? 

Ans. When n>m. 
-Thus, let m=20, n=25, and a=t>0 miles. 

Then ,= _^=^=-12. 

20-25 -5 

To interpret this result, observe that it is impossible that tne 
second train, which moves the slowest, should overtake the 
first. At tlie time of starting, the distance between them was 
60 miles, and every subsequent hour the distance increases. 
If, however, w& suppose the two trains to have been moving 
uniformly along an endless road, it is obvious that at some 
former time they must have been together. 

This negative solution then shows an absurdity in the con- 
ditions of the problem. The problem fhould have been stated 
thus : 

Two trains of cars, 60 miles apart, are moving in ,the same 
direction, the forward one 25 miles per hour, the other 20. 
How long since they were together ? 

To solve this problem, let x = the required number of hours 

Then 25x = the distance traveled by the first train, 

20x = " " second train. 

And since they are now 60 miles apart, 

25x=20a;+60. 

Hence 5x=60, 

and a;= + lSJ. 

We thus obtain a positive value of a;. 

In order to include both of these cases in the same enuncia 
tion, the question should have been asked. Required the time of 
their being together, leaving it uncertain whether the time was 
pa»t or future. 

In what case would the value of oae of tb^ \)x^Ttf>'«xi ^^\^ 

5^ 
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titles in Problem 34, page 74, be negative ? Why should it be 
negative / and how could the enunciation be corrected for this 
case ? 

In what case would the value of one of the unknown quan- 
" tities in Problem 4, page 07, be negative? 


(126.) III. Values of the form ofxeroyor -j. 

In what case would the value of the unknown quantity in 
Problem 20, page 72, become zero, and what would this value 
signify ? 

Ans, This value becomes zero when fl=0, which signifies 
tha* the two trains are together at the outset. 

In what case would the value of the unknown quantity in 
Problem 50, page 77, become zero, and what would this value 
signify ? 

Ans, When a=nh^ which signifies that the age of the fa 
ther is now n times that of the son. 

In what case would the values of the unknown quantities in 
Problem 38, page 75, become zero, and what would this sig- 
nify? 

When a problem gives zero for the value of the unknown 
quantity, this value is sometimes applicable to the problem, 
and sometimes it indicates an impossibility in the proposed 
question. 

(127.) IV. Values of the form of^. 

In what case does the value of the unknown quantity in 
Problem 20, page 72, reduce to —? and how shall we inter- 
pret this result ? 

Ans, When m=n. 

On referring to the enunciation of the problem, we see thai 
it is absolutely impossible to satisfy it ; that is, there can be ' 
no point of meeting, for the two trains being separated by the 
distance a, and moving equally fast, will always continue at 

the same distance from each other. The result - may then 

^ 

be res^arded as indicating an impossihility. 



V 



OF THE FIRST DEORBB. 97 



a 



The symbol — is sometimes employed to represent infinity ; 

m 

and for the following reason : 

When the difference wi— w, without being absolutely nothing, 

is very small, the quotient is very large. 

For example, let m—n=O.Ol. 

Then x=— ^=-— =100a, 

m—n .01 

Let »i— w=0.0001, 

a a 



= 10000a. 



m—n .0001 

Hence, if the difference in the rates of motion is not zero, 
the two trains must meet, and the time will become greater 
and greater ad this difference is diminished. If, then, we sup' 
pose this difference less than any assignable quantity, the time 

a 
represented by will be greater than any assignable quan- 
tity, or infinite. 

Hence w;e infer, that every expression of the form -r-, found 

for the unknown quantity, indicates the impossibility of satis- 
fying the problem, at least in finite numbers. 
In what case would the value of the unknown quantity in 

Problem 10, page 70, reduce to the form — ? and how shall 
we interpret this result ? 

(128.) V. Values of the form of -, 

In what case does the value of the unknown quantity m 
Problem 20, page 72, reduce to - ? and how shall we interpret 

this result? 

Ans. When a=0, and m=n. 

To interpret this result, let us recur to the enunciation, and 
observe that, since a is zero, both trains start from the same 
point ; and since they both travel at the same rate, they wilt 
always remain together, and therefore the required point of 
meeting will be any where in the to^ V.'MbVc^!^ o^tst* ^V 

G 
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problem, then, is entirely indeterminate, or admits of an infinite 



number of solutions, and the expression - may represent any 

finite quantity. 

We infer, therefore, that an expression of the form - found 

for the unknown quantity, generally indicates that it may have 
any value whatever. In some cases, however, this value is 
subject to limitations. 

In what case would the values of the unknown quantities in 

Problem 44, page 76, reduce to - ? and how would they satisfy 

the conditions of the problem ? 

Ans, When a=6=c, 

which indicates that the coins are all of the same value. B 

might therefore be paid in either kind of coin ; but there is a 

limitation, viz., that the value of the coins must be one dollar. 

In what case do the values of the unknown quantities in 


Problem 38, page 75, reduce to -? and how shall we interpret 

this result ? 
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(129.) From Art. 127, it is seen that in Algebra we some- 
times have occasion to consider infinite quantities. It is nec- 
essary, therefore, to establish some general principles respect- 
ing them. 

An infinite quantity is one which exceeds any assignable limit 
It is often expressed by the character oo . Thus, a line pro- 
duced beyond any assignable limit is said to be of infinite 
length. A surface indefinitely extended, and also a solid of 
indefinite extent in any one of its three dimensions, are ex- 
amples of infinity. 

An infinite quantity does not mean an infinite number of 
terms. Thus, the fraction \ reduced to a decimal, is .333333 
&c., without end, but the value of this series is less thanr 
unity. 

Infinite quantities are not all equal among themselves. 
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Thus the series 1 + 1 + 1 + 1 + 1 +, &c., 

2+2+2+2+2+, &c., 
3+3+3+3+3+, &c., 

continued to an infinite number of terms, will each be infinite, 
although the second series will be double, and the third treble 
the first. 

So, also, a line may be infinitely extended both ways ; or it 
may be infinitely extended in one direction, and limited in the 
other. In either case, the line is said to be infinite. 

A quantity less than any assignable quantity is called an in- 
finitesimal, and is sometimes represented by 0. 

Thus, take the series of fractions yV, y^^, y oV<f» tt^tt* &c. 
By increasing the denominator, we diminish the value of the 
fraction ; and if the denominator be made infinitely great, the 
quotient will be infinitely small. 

(130.) We have seen, in Art. 127, that 7:=ao , where a may 

represent any finite quantity. That is, 

If a finite quantity be divided by zero, the quotient ts infinite 

From the same equation we deduce — =0. That is, 

If a finite quantity be divided by infinity, the quotient is zero 
From the same equation we deduce a=OXao . That is. 
If zero be multiplied by infinity, the product is a finite qtcan' 
tity. 

If a finite quantity be multiplied by a proper fraction, it will 
be diminished, and the smaller* the multiplier, the less the prod- 
uct. Hence, if the multiplier be infinitely small, the product 
will be infinitely small, or aXO=0. That is. 

If a finite quantity be multiplied by zero, the product will hti 
zero. 


From this equation we deduce a=- ; that is, 

If zero he divided by zero, the quotient may be any finjtc 
quantity. 

The greater the multiplier, the greater will be the product. 
Hence, if a finite quantity be multiplied by infinity, the product 
yaill he infinite ; that is, 

aXoo = QD . 
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From this equation we deduce a= — ; that is, 

If infinity he divided hy infinity^ the quotient may he anif 
finite quantity. 

An infinite quantity can not be increased by the addition of 
a finite quantity, or diminished by its subtraction ; that is, 

So, also, a finite quantity is not altered by the addition, or 
subtraction of zero ; that is, a±0— a. 
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(131.) In discussing algebraical problems, as shown in Arts. 
120-128, it is frequently necessary to employ inequalities, or 
expressions of two quantities which are not equal to each olh 
er. Generally, the principles already established for the trans 
formation of equations are applicable to inequalities also. 
There are, however, some important exceptions to be noted, 
arising chiefly from the use of negative expressions as quau' 
tities. 

Two inequalities are said to subsist in the same sense when 
the greater quantity stands at the left in both, or at the right 
in both ; and in a contrary sense when the greater quantity 
stands at iUe right in one, and at the left in the other. 

Thus, 9>7 and 7>6. 

As also 5<8 and 3<4, 

are inequalities which subsist in the same sense ; but the me 
qualities 

10>6 and 3<7, 

subsist in a contrary sense. 

(132.) I. If we add the same quantity to hoth members of an 
inequality^ or subtract the same quantity from hoth members, th€ 
resulting inequality will always subsist in the same sense 

Thus, 8>3. 

Adding 5 to each member, 

8+5>3+6; 
und subtracting 5 from each member, 

8-5>3~6. 

Again, take the inequality — 3<— 2. 
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Adding 6 to each member, we have 

-34-6<~2+6, or 3<4; 
and subtracting 6 from each member, 

-3-6<~2~6, or -9<-8. 
The student must here bear in mind what was stated in Art. 
47, of two negative quantities, that is the least whose numer- 
ical value is the greatest. 

This principle enables us to transpose any term from one 
member of an inequality to the other by changing its sign 
Thus, u'^h'>Sb*'-2a\ 

Adding 2a* to each member of the inequality, it becomes 

a''+b*+2a'>2b\ 
Subtracting b* from each member, 

a''+2a'>Sb*-b\ 
or 'Sa*>2b\ 

(133.) II. If poe add together the corresponding members of 
two or more inequalities which subsist in the same sense^ the re^ 
suiting inequality will always subsist in the same sense. 
Thus, 5>4 

4>2 

7>3 

Adding, we obtain 16>9. 

III. But if we subtract the corresponding members of two or 
more inequalities which subsist in the same sense, the resulting 
inequality will not always subsist in the same sense. 

Take the inequalities 4<7 

2<3 
Subtracting, we have 4— 2<7— 3, or 2<4, 
where the resulting inequality subsists in the same sense. 

But take 9<10 

and ' . ^ 6< 8. 

Subtracting, the result is 9— 6> (not <) 10—8, or 3>2, 
where the resulting inequality subsists in the contrary sense. 

We should therefore avoid as much as possible the use of 
this transformation, or when we employ it, determine in what 
sense the resulting inequality subsists. 

(134.) IV. If we multiply or divide the two members of an in- 
equality by a positive number, the resulting inequality will Muh" 
riit in the same sense. 
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Thus, if a< b. 

Then ma<^mb. 

a h 

And — <—• 

m m 

. Also, if — a>— 6. 

Then —na>^nh. 

a b 

And — > — . 

n n 

This principle will enable us to clear an inequality of frac- 
tions. Thus, suppose we have 

2d ^ 3a ' 
Multiplying both members by 6adf it becomes 

3a(a'-6')>2(/(c*-£f). 

V. If we multiply or divide the two members of an inequality 
by a negative number j the resulting inequality will subsist in a 

9 

contrary sense. 

Take, for example, 8>7. 

Multiplying both members by —3, we have the opposite in- 
equality, 

-24<-21. 

So, also, 15>12. 

Dividing each member by —3, we have 

~5<-4. 

Therefore, if we multiply or divide the two members of an 
inequality by an algebraic quantity, it is necessary to ascer- 
tain whether the multiplier or divisor is negative, for in this 
case the inequality subsists in a contrary sense. 

VI. If we change the signs of both members of an inequality, 
we must reverse the sense of the inequality, for this transforma- 
tion is evidently the same as multiplying both members by 
-1. 

(135.) VII. If both members of an inequality are positive 
numbers, we can rai^e them to any power without changing the 
sense of the inequality. 

Thus, 5>3, 

goaUo, 5^>3\or 25>9. 
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And if fl >&, 

then will . aryiT. 

VIII. If both members of an inequality are not positive num- 
bers, and they be raised to any power, the resulting inequality 
will not always subsist in the same sense. 

Thus, . -2<+3, 

gives <-2)'<3% or 4<9, 

where the resulting inequality subsists in the same sense. 

But -3>-5, • 

gives (--3)'<(-5)% or 9<25, 

where the resulting inequality subsists in a contrary sense. 

IX. In extracting the root of both members of an inequah' 
ty^ it is sometimes necessary to reverse the sense of the ine* 
quality. 

Thus, from 9<26, 

by extracting the square root, we obtain 
either 3<5, 

>T -3>-5. 

EXAMPLES. 

1. Given 7a:— 3<25, to find the limit of a;. 



Ans. x<^4. 



X 

2. Given 2a;+-— 8<6, to find the limit of a:. 



Ans. X '6 



^^ o^ ^j^ ^^ ^s* 

3. Given «+«+t+7;+t2^— '7>9, to find the limit of ar. 

2 3 4 6 12 - 

. ^' 6a; ab^ 

4. Given -^+cx— ac<— | 

thr—hrl ^' ^^ ^^^ ^^® limits of a:. 

ex-\ — >6e j 

5. A man being asked how many dollars he gave for hif 
watch, replied. If you multiply ^the price by 4, and to the 
product add 60, the sum will exceed 256 ; but if you multiply 
the price by 3, and from the producl ^vjJaXx^eX ^Si, >5w^ x^- 
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mainder will be less than 113. Required the price of the 
watch. 

6. What number is that whose half and third part added 
together are less than 105» but its half diminished by its fifth 
part is greater than 33 ? 

7. The double of a number diminished by 6 is greater than 
24, and triple the number diminished by 6 is less than double 
the number increased by 10. Required the number. 
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INVOLUTION AND POWERS. 

(136.) According to Art. 20, the products formed by the suC" 
ressive multiplication of the same nrmiber by itself are called the 
powers of that number. 

Thus, the first power of 3 is 3. 

The second power of 3 is 9, or 3X3. 

The fourth power of 3 is 81, or 3X3X3X3, 
&c., &c., &c. 

According to Art. 21^ the exponent is a number or letter wnt^ 
ten a little above a quantity to the rights and denotes the number 
of times that quantity enters as a factor into a product 

Thus, the first power of a is a\ where the exponent is 1, 
which, however, is commonly omitted. 

The second power of a is aXa, or a% where the exponent 2 
denotes that a is taken twice as a factor to produce the pow- 
er aa. 

The third power of a is aXaXa, or a", where the exponent 
^ denotes that a is taken three times as a factor to produce 
he power aaa. 

The fourth power of a is aXaXaXa, or a*. 

Also, the nth power of a is aXaXaXa . . . repeated 
«8 a factoi* n times, and is written a". 

Exponents may be applied to polynomials as well as to mo- 
Qomials. 

Thus (a+b+cY is the same as 

(a+b+c) x{a + b+c)x (a+b+c), 
or the third power of the entire expression a + b + c. 

(187.) According to the rule for the multiplication of mono- 
mials, Arts, 49 and 50. 
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(3ahy=Sah^ X 3a6"=9(i"6*. 

So, also, (4aV)cy=4a'bc* x 4a*bc'= 1 6a*6 V. 

Hence it appears that, in order to square a monomial^ we must 
square its coefficient^ and multiply the exponent of each of the 
letters by 2. 



EXAMPLES. 

1. Tlequired the square oflaxy. 



Ans. 490^^*. 



2. Required the square of lla*bcd*. 

3. Required the square of I2a^xy. 

4. Required the square of 15a6Va;*. 

5. Required the square of ISx'yx". 

According to Art. 63, + multiplied by +, and — multiplied by 
— , give +. Now the square of any quantity being the product 
of that quantity by itself, it necessarily follows that whaieter 
may be the sign of a monomial, its square must be affected with 
the sign +. 

Thus the square of +Sax or of — 3aa; is +9aV. 

(138.) The method of involving a quantity to any power, is 
easily derived from the preceding principles. 

Let it be required to form the fifth power of 2aV. 

A ccording to the rules for multiplication, 

^2a'by=2a*b' X 2a'b' X 2a V X 2a'ft* X 2aV 
=32a"6". 

Where we perceive 

1. That the coeflicient has been raised to the fifth power. 

2. That the exponent of each of the letters has been multi- 
plied by 5. 

In like manner, 

(3a''6"c)'=3aWcX 3aWcX 3aWc 
= 3"a*+»+«iH-»+»c*+*+' 
=27aVc'. 
Hence, to raise a monomial to any power, we have the fol- 
lowing 

RULE. 

Raise the numerical coefficient to the given power, and mttfii- 
ply the exponent of each of the letters by the exponent of the, 
potoer required. 
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EXAMPLES. 

1. Reiiuired the fourth power of 4a6V. 



Ans. 256a*6"c". 



2. Required the fifth power of 3ax'y*. 

3. Required the third power of 6xyh*. 

4. Required the sixth power of 2a(Pi/*v. 

5. Required the seventh power of 2a^bc*. 

6. Required the sixth power of 5i/>*xy V. 

(139.) Let us now consider the sign with which the power 
should be affected. 

We have seen. Art 137, that whatever may be the sign of a 
monomial, its square is always positive. It is obvious, from the 
same considerations, that the product of an even number of 
negative factors is positive, but the product of an odd number 
of negative factors is negative 

Thus, -aX-a=+a' 

— aX — aX — «= —a* 

—aX —aX — aX --a^+a* 

^aX—aX—aX—aX—a^—a* 

&C.| &C., '&C. 

The product of several factors which are all positive, is in 
variably positive. Hence, 

Every even power is positive, hut an odd power has the same 
sign as its root. 



EXAMPLES. 

r. Required the square of —2a;*. 



Ans. +4z^. 



2. Required the square of —3a:". 

3. Required the cube of —3a". 

4. Required the fourth power of — 3a"&*A. 

5. Required the fifth power of — 2a*X3a;'y. 

(140.) A fraction is involved by involving both the numeraun 
and denominator. 

1. Thus, the square of t is vXt;- which, by Art. 89, is 

a" 
equal to tj, which, by Art. 68, may be vyiiUeii rflr* • 
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2. Required the cube of -— . 

Sa*b* 8 



3. Required the nth power of — ;;. 

(141.) Hence, expressions with negative exponents an. v 
volved by the same rule as those with positive exponents. 
Thus, let it be required to find the square of a~*. 

This expression may be written -j, which, raised to the 

second power, becomes -j or flr**, the same result as would he 

obtained by multiplying the exponent —3 by 2. 
Ex. I. Required the square of 3a'^*. 
Ex. 2. Required the square of la-'^b*cr^dz~\ 
Ex. 3. Required the cube of —Qalr^dy \ 
Ex. 4. Required the fourth power of 3a~""ft. 
Ex. 6. Required the fifth power of --2a6--'c'. 
(142.) A polynomial is involved by multiplying it into itseff 
as many times less one as is denoted by the exponent of th$ 
power. 

Ex. 1. Required the fourth power of a+6. 

a-f-ft 
a +& 
a^-\-ab 
-hab+b^ 

(a+6)"=aM-2a6T^, the second power of a+6. 






(a+&)"=a*+3a'6+3a6'+6*, the third power. 

g+ft 

d*+8a«64-3a'6'+ «6* 
+ a'&+3g'6'+3gy+6* 

(a+i)*=a*+4a"*+6a'6'+4ay+6*, the fourth power. 
Ex. 2. Required the fourth power of a— ft. 

Ans. a*-4a'ft+6a'ft'-4aft'+ft* 
Bit. 3. Required the cube of 2a— !• 



INVOi^UTION AND POWERS. 109 

Ex. 4. Required the fourth power of 3a— A. 

Ex. 5. Required the square of a+6+c. 

Hence it appears that the square of a trinomial is composed 
)f the sum of the squares of all the terms, together with twice the 
mm of the products of all the terms multiplied together two and 

iDO 

Ex. 6. Required the cnhe o{2ah-\rcd. 

Ex. 7. Required the fourth power pt a'+ft*. 

Ex. 8. Required the cube of a+-. 

V 

Ex. 9. Required the cube of a:+^. 

Ex. 10. Required the square of a+6+c+d+e. 

From this example we infer that the square of anp polyKomuu 
is composed of the sum of the squares of all the terms, together 
with twice the sum of the products of all the terms multiplied to^ 
fether two and two, and this proposition may be rigorously 
demonstrated. 

It is obvious that this rule for a polynomial includes the pre 
reding rule for a trinomial, and that in Art. 60 for a binrvnial. 
Ex. 11. Required the fourth power of 2a;— 3y. 

Ans. 16a;*-96a:V+216a;y-21toy*+81y*. 
Ex. 12. Required the square of a+m— w. 

Ans. a"+2a»i— 2an+m"— 2m«+n\ 
Ex^ 13. Required the cube of a-hb—x. 
Ans. a'+i•-a:"+8a6"+3ax•+3a»6-3a'a:^-8ix•-36•x-ea^* 

Ex. 14. Required the cube of ^ :. 

^ m— n 

8a' + 3gg'6 + 54a6' +211 V 

m" — 3wi'n +3mn' — w* 

^€ix — by 

Ex. 15. Required the square of r^. 

^ ^ ay—bx 

a^x^'-2abxy-\'Vy^ 

' ay — 2a6a:y+6'a: " 

a'— 6 
Ex. 16. Required the cube of ^,, . 

a"-3a*^^-{-3a*5'-y 
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EVOLUTION AND RADICAL aUANTITIES. 

(143.) The square root of a quantity is a factor which^ tnuhu 
plied hy itself once, will produce that quantity. 

Thus, the square root of a' is a, because a when multiplied 
by itself produces a". 

The square root of 144 is 12 for the same reason. 

According to Art. 22, the square root is indicated by the 

sign V 

Thus, 's/c^=a^ 

and Vl44a"=12a. 

(144.) According to Art. 137, in order to square a mcmomial, 
v/e must square its coefficient, and multiply the exponent of . 
each of its letters by 2. Therefore, in order to derive the 
square root of a monomial from its square, we must 
I. Extract the square root of its coefficient. 
XL Divide each of the exponents by 2. 
Thus we shall have 

V64^'=SaV. 
This is manifestly the true result, for 

(&a*by=Sa'b'XSaV=64a'b\ 
So, also, 

\/625a'6V=25a6V. 
For, (25ab*cy=25ab*c'X25ab*c\ 

=625a'6V. 

1. Required the square root of 196a'6V£?*. 

2. Required the square root of 225a'*6* V. 
(145.) According to Art. 140, a fraction is involved by in- 

volving both the numerator and denomvaator \ hence it is ob- 



K 
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vious that the square root of a fraction is equal to the root of 
the numerator divided by the root of the denominator. 

Thus the square root of n is r. 

1. Find the square root of ^ ^ . 

vx y 

9a*b* 

2. Find the square root of g^, . 

(146.) It appears, from Art. 144, that a monomial can not 
be a perfect square unless its coefficient be a square number^ and 
the exponents of its letters all even numbers. 

Thus, lab* is not a perfect square, for 7 is not a square num- 
ber, and the exponent of a is not an even number. Its square 
root may be indicated by the usual sign, thus, Vlf(d)*. Ex- 
pressions of this nature are called surds, or radicals of the sec 
ond degree. 

(147.) We have seen, Art. 137, that whatever may be the 
sign of a monomial, its square must be affected with the sign 
+. Hence we conclude that 

If a monomial be positive, its square root may be either posU 
tive or negative. 

Thus, V9q*= + Sa\ or - Sa% 

for either of these quantities, when multiplied by itself, pro- 
duces 9a*. We therefore always affect the square root of a 
quantity with the double sign ±:, which is read plus or minus. 

Thus, >/4?=±2a* 



V2da'b^—±:5ab\ 

(148.) If a monomial be affected with a negative sign, the 
extraction of its square root is impossible, since we have just 
seen that the square of every quantity, whether positive or 
negative, is necessarily positive. 

Thus, \/^, >/^, v'— 5a, • 

are algebraic symbols representing operations which it is im- 
possible to execute. Quantities of this nature are called in^ 
aginary or impossible qusmtities, and are symbols of absurdity 
which we frequei&lly meet with in resolving quadratic equa 

tiODS. 
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Such quantities may be represented by the form 

V—a, which equals 
VaX — 1= Va V^. 



So tnat VaV — l is a general form for all imaginary qqao^ 
titles of the second degree. Thus, 

V^ =V4 X-l= 2 \^h[, 

V^ =Vd X-l= 3 V"^, 

V— 5a=V5aX— l='/5a'/^. . 

That is, the square root of a negative quantity may always be 
represented by the square root of a positive quantity multiplied 
by the square root o/" — 1. 

(149.) According to Art. 138, in order to raise a monomial 
to any power, we raise the numerical coefficient to the giveD 
power, and multiply the exponent of each of the letters by the 
exponent of the power required. Hence, reciprocally, to ex- 
tract any root of a monomial, we obtain the following 

RULE. 

I. Extract the root of the numerical coefficient 
II. Divide the exponent of each letter by the index of Ae ro- 
quired root. 

Thus, ^Q4aV =4a^b. 

4^i6ft"c"=26V. 

From Art. 145, it is obvious that to extract ant root of a 
fraction, we must divide the root of the numerator by the root 
of the denominator. 

rru .u u * n27aV. Sa'b 
Thus the cube root of —-r-r is - — ;; 

Szy 2xy* 

3 

which may be written --a^bx^^y-*. 

(150.) Let us now consider the sign with which the root 
should be affected. We have seen. Art. 139, that every cw» 
power is positive, but an odd power has the same sign as its 
root. 

Thus — a, when raised to d^erent powers in succession 
\nll give 

—a, +«', — a% +a\ — a% +a% — a%&c. ; 
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and +af in like manner, will give 

+a, +a% +a\ +a\ +a', +a\ +a\&c. 

Since every even number may be expressed by 2n, every even 
power may be considered as the square of the nth power, or 
a*»=fc'(a")«, and must, therefore, be positive ; and, in like manner, 
since an odd number may be expressed by 2n+l, every power 
of an uneven degree may be considered as the product of the 
2nth power by the original quantity, and must, therefore, have 
the same sign with the monomial. 

Hence it appears, 

I. An odd root of any quantity must have the same sign as tne 
quantity itself. 

Thus, 4/+8a*=+2a. 

y-&a»=-2a. 



-V-32a"6'=-2a'&. 

y+32a"6*=+2a'&. 
II. An even root of a positive quantity is ambiguous. 

Thus, y81a*6"=±3a6». 

^64a"=±2a'. 
in. An even root of a negative quantity is impossibk. 
For no quantity can be found which, when raised to an even 
power, can give a negative result. 

Thus, V— a, V—bf are symbols of operations which can 
not be performed, and they are therefore called impossible or 

imaginary quantities, as >/— a, in Art. 148. 



Ans. ±3a' 



EXAMPLBS. 

1. Find the fourth root of 81a'. ' 

2. Find the fifth root of — 243a"6»cr-''. 

3. Find the cube root of — 126a"ar-*y*. 

4. Find the square root of — j-;. 

• \fx y 

22a^^lr^ 
6. Find the fifth root of —----—. 

243 
(151.). According to the rule of Art 149, we perceive that, 
in order that a monomial may be a perfect power of any degcee^^ 
'ts coefficient must be a perfect powei oi \\vaX A^^t^^^^ssv^ ^^ 
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exponent of each letter must be divisible by the index of the 
root. 

When the quantity whose root is required is fud a perfect 
power of the given degree, we can only indicate the operation 
to be performed. Thus, if it be required to extract the cube 
root of 4a^b^, the operation may be indicated by writing the 
expression thus, 

Expressions of this nature are called surds, or irrational 
quantities, or radicals of the second, third, or nth degree, ac- 
cording to the index of the root required. 

(152.) The method of extracting the roots of polynomials 
will be considered in Section XVII. There is, however, one 
class so simple and of so frequent occurrence that it may prop- 
erly be introduced here. In Arts. 60 and 61 we have seen that 

the square of a+b is a"+2a6+6", 

and the square of a—b is a*—2ab+b^. 

Therefore, the square root of a*^2ab+V is a±6. 

Hence a trinomial is a perfect square when two of its terms 
are squares, and the third is the double product of the roots of 
these squares. 

Whenever, therefore, we meet with a quantity of this de- 
scription, we may know that its square root is a binomial; and 
the root may be found by extracting the roots of the two terms 
which are complete squares, and connecting them by the sign of 
the other term. 

Ex. 1. Find the square root of a^+4ab+4V. 

The two terms, a^ and 4ft' are complete squares, and the 
third term 4ab is twice the product of the roots a and 2b; 
hence a+26 is the root required. 

Ex. 2. Find the square root of dd'—24ab+16b\ 
Ex. 3. Find the square root of 9a*— 30a'6+25a'ft% 
Ex. 4. Find the square root of 4a^+14ab+9V. 

(153.) No binomial can be a perfect square. For the square 
of a monomial is a monomial ; and the square of a binomfal 
consists of three distinct terms, which do' not admit of being 
reduced with each other. 

Thus such an expression as 
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is not a square ; it wants the term =i=2a6 to render it the square 
of adtzb. This remark should be continually borne in mind 
as beginners often put the Square root ofd'+V equal to a+b/ 
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(154.) A rational quantity is one which can be expressed m 
finite terms, and without any radical sign ; as a, 5(f, &c. 

Irrational quantities^ or surds, are quantities affected with a 
radical sign, and which have no exact root, or a root which can 
be exactly expressed in numbers. 

Thus, -v/3 is a surd, because the square root of 3 can not be 
expressed in numbers with perfect exactness. 

In decimals it is 1.7320508 nearly. 

(155.) We have seen, Art. 144, that in order to extract the 
square root of a monomial, we must divide each of its expo- 
nents by 2. 

Thus the square root of a' is a* or a ; that of a* is a' ; that 
of a* is a', and so on ; and as this principle \9 general, the square 

root of a" must necessarily be a , and that of a* must be a^ ; 

1 
and, in the same manner, we shall have ci^ for the equare root 

of a'. Whence we see that 



a^ is equal to ^/a, 

3 

a^ is the same as ^fa\ 

n ^ _ 

a^ is equivalent to yf(t, 
&c., &c. 

We have also seen. Art 149, that in ord6r to extract any 
root of a monomial, we must divide the exponent of each letter 
by the index of the required root. 

Thus, the cube root of a* is a\ or a ; the cube root of a* is 
a' ; the cube root of a' is a*, and so on. So, also, the cube^ 

root of a* is a^ ; the cube root of a* is cr ; the cube root of a, 

QT a% is c^. Whence it appears that 

a^ is the same as Va, 

€^ is equivalent to Va*» 
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c? is equivalent to V?, 

lu the same manner, the fourth root of a is a^, which expres- 
sion has therefore the same value as Va ; the fifth root of a 

will be a% which is, consequently, equivalent to Va, and the 
same principle may be extended to all roots of a higher de- 
gree. 

(156.) Other fractional exponents are to be understood in 

he same way. Thus, if we have a^,this means that we must 
first take the fifth power of a, and then extract its fourth rodt; 

so that a is the same as Va*. 

m 

So, also, to find the value of a**, we must first take the mth 
power of a, which is a"*, and then extract the nth root of that 

power X so that a" is the same as Va"*. 

Hence the numerator of a fractional exponent denotet the 

power^ and the denominator the root to be extracted. 

1 
Again, let it be required to extract the cube root of -j. 

In the first place, —=0-"*. Now, to extract the cube root 

a 

of ar*f we must divide its exponent by 3, which gives us 

4 

But the cube root of -7 may also be represented by -7. 



1 . . 
Hence T is equivalent to a ^. 



1 -JL 

So, also, "T is equivalent to a *, 
a^ 

i -i 

L is equivalent to a ", 

i. -=* • 

• is equivalent to a ". 

a" 
Thus we see that the principle of Art. 69, that a fector maj 
be transferred from the numerator to the denominator of a 
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fraction, or from the denominator to the non^rator by chang 
ing the sign of its exponent, is applicable also io fractional ex- 
ponents. 

We may therefore entirely reject the radical signs hitherto 
made use of, and employ, in their stead, the fractional expo- 
nents which we have just explained ; and, indeed, many of the 
difficulties in the reduction of radical ;]uantities disappear when 
fractional exponents are substituted for the radical signs. 



PROBLEM I. 

To reduce surds to their most simple forms. 

(167.) Surds may frequently be simplified by the application 
of the following principle: the square root of the product of two 
or more factors . is equal to the product of the square roots of 
ikose factors, 

OTf in algebraic language, 

For each member of this equation squared will give the 
same quantity. 

Thus, the square of Vab is ab. 

And the square of y/aX y/b is (\/a)*X(\/5)'=a6. 

Hence, since the squares of the quantities Vab and y/aX Vb 
are equal, the quantities themselves must be equal. 

Let it be required to reduce \/4a to its most simple form. 

This expression may be put under the form \/4X \/«- 

But x/4 is. equal to 2. 

1 

Hence, \/4a=x/4X x/a=2v/a=2a^. 

2\/a is considered a simpler form than '/4a, for reasons whicA 
will be better understood hereafter. 

Again, reduce x/48 to its most simple form. 

-v/48 is equal to V^16X3= y/lQX v/3=4x/3. 

Therefore, in order to simplify a monomial radical of the 
second degree, separate it into two factors^ one of which w a 
perfect square ; extract its root ; and prefix it to the other factor 
with the radical sign between them. 

In the expressions 2y/a and 4^/3, the quantities 2 and 4 are 
called the coefficients of the rcuHcqL 
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EXAMPLES. 

1. Reduce 2x/32 to its most simple form. 



'2. Reduce Vl25a* to its most simple form. 



8 Reduce y/9Sab* to its most smiple form. 



Ans. 8>/2. 



Ans. &aV5a 



Ans. W yf2a. 



<. Reduce \/294a6'' to its most simple form. 

5. Reduce 7\/80a6c* to its most simple form. 

6. Reduce -/oSaVy" to its most simple form. 

7. Reduce '/45a'6Vdf to its most simple form. 

8. Reduce '/864a'6V* to its most simple form. , 

(158.) Surds of any degree may be simplified by the appu- 
cation of the following principle, which is merely an extension 
of that already proved in the preceding Article. 

The nth root bf the product of any number of factort is equal 
to the product of the nth roots oftk^&efmctors. 
Or, in algebraic language, 

V^=VaxV6. 

For, raise each of these expressions to tht utfc fOlver, aoid we 

shall obtain the same result. 

Thus, the nth power of Vab is ab. 
And the nth power of VaX Vb is (Vo)"X(V6)"»aft 
Hence, since the same powers of the quantities V3b ap4 
VaX Vb are equal, the qujintities themselves must be equal. 

Let it be required to reduce V8a' to its most simple form. 
This is equivalent to V8x V«% which is equal to 2 Vo". 
Ag*ain, take the expression 

V487. 



This is equivalent to V 16a*X V3a, which is equal to 2a VSa. 
Hence, to simplify a monomial radical of avty degree^ w* 
have the following 

RULE. 

Sg^arate the quantity into two factors, one of which is an ex 
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act power of the same name with the root ; extract its root; and 
prefix it to the other factor with the radical sign bettoeen them. 

In the expressions 2Va^ and 2a VSa^the quantities 2 and 2a 
placed before the radical si^ are called the coefficients of tlie 
radical, 

EXAMPLES. 



1. Reduce V56a*6" to its most simple form. 

Ans.2aVVl(f. 



2. Reduce V54a*6*c' to its most simple form. 



Ans. SabV2ac\ 



3. Reduce V48a*Z>V" to its most simple form. 



Ans. 2aVcVSac^. 



4. Reduce Vl92a'6c" to its most simple form. 

5. Reduce Vl92a*&V to its most simple form. 

6. Reduce 9V81&" to its most simple form. 

(159.) There is another principle which can frequently be 
employed to advantage in simplifying radicals. 

The square of the cube of a is equal to the sixth power of a. 
For the square of the cube of a is a*Xa% 
which equals a*+*=a". 

So» also, the fourth power of the cube of a is equal to the 
twelfth power of a. 

For («')*= a^Xa^Xa^X a" 



=a". 



And, in general, the wth power of the nth power of any 
quantity is equal to the mnth power of that quantity. 
That is (ar)"»=a"^. 
Hence, conversely. 

The winth root of any quantity is equal to the mth root of the 
nth root of that quantity. 

Thus, the fourth root = the square root of the square root ; 
** the sixth root = the square root of the cube root, or 

the cube root of the square root ; 
** the eighth root = the square root of the fourth root, or 

the fourth root of the square root ; ^. 
* the ninth root = the cube root o^ lYve cviSa^ x^^\- 

6* 
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Jlence, when the index of a root is the product of two or more 
factors, we may obtain the root required by extracting in suc- 
cession tlie roots denoted by those factors, 

Ex. 1. Let it be required to extract the sixth root of 64. 

The sixth root is equal to the cube root of the square root 

The square root of 64 is 8, 
and the cube root of 8 is 2. 

Hence the sixth root of 64 is 2. 

Ex. 2. Let it be required to extract the eighth root of 256. 

The eighth root is equal to the fourth root of the square root; 
or to the square root of the square root of the square root 

The square root of 256 is 16, 
and the fourth root of 16 is 2. 

Hence the eighth root of 256 is 2. 

When one of the roots can be extracted, and the other can 
not, a radical may be simplified by extracting one of the roots. 

Thus, the fourth root of 9 is equal to the square root of the 
square root of 9 ; that is, the square root of 3^ 

Or, algebraically, V9= VS. 

Ex. 8. Reduce V4a' to its most simple form. 

Ans. V2a. 

Ex. 4. Reduce VS6aV to its most simple form. 

Ex. 5. Reduce "Va" to its most simple form. 

Ex. 6. Reduce V25a*iV to its most simple form. 

PROBLEM n. 

(160.) To reduce a rational quantity to the form of a surd. 
The square root of the square of a is obviously a ; that is, 

So, also, the cube root of the cube of a is a ; 

3 

that is, a= Va"=a^. 

Hence, to reduce a rational quantity to the form of a surd, 
we have the following 

RULE. 

"Raise the quantity to a power of the same name with the given 
rootf and then apply the corresponding radical sign. 
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EXAMPLES. 

1. Reduce 3 to the form of the square root. 

Here SX3=3'=9; whence 3= -/Q. Ans. 
a. Reduce ax to the form of the square root. 

Ans. VaV, or (a'x*)'. 

3. Reduce 2x^ to the form of the cube root. 

Ans. VSx\ 

4. Reduce 5+b to the form of the square root. 

5. Reduce —3a; to the form of the cube root. 

6. Reduce — Jx" to the form of the fourth root. 

7. Reduce a"6* to the form of the square root 

8. Reduce cT to the form of the nth root. 

It will be observed, that this Problem is nearly the reverse of 
the preceding, and, consequently, brings quantities into a less 
simpk form ; nevertheless, this form is sometimes better suited 
to subsequent operations, as will be seen hereafter. 

PROBLEM III. 

(161.) To reduce surds which have different indices to others 

of the same value having a common index. 

1 1 

Ex. 1. Reduce c? and a' to surds having the same radical 

sign. 

From the preceding Article, it is obvious that the square 

root of a is equal to the sixth root of the cube of a; 

that is, a*=a*= Vo". 

So, also, a^z=a^=z y^. 

Thus, the quantities a' and a^ are reduced to Va" and Va\ 
which are of the same value, and have the common mdex 6. 

Ex. 2. Reduce 3^ and 2^ to a common index. 

3*=3*=(3»)^=27^ 

2*=2*=r(y)*=4* 

Hence V27 and V4 are the quantities required. 
^ Whence we derive the following 
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RULE. 

Reduce the fractional exponents to a common denaminator ; 

raise each quantity to the power denoted by the numerator of its 

reduced exponent ; and take the root denoted by the coaimtm i^ 

nomincUor. 

I 1 

Ex. 3. Reduce 2^ and 4^ to a common index. 

Ans. V4 and V8. 



1 



Ex. 4. Reduce a' and a^ to a common index. 
Ex. 5. Reduce a^ and h^ to a common index. 

3 3 , 

Ex. 6. Reduce 5^ and 7^ to a common index. 

1 _!. 

Ex. 7. Reduce a* and 6* to a common index. 



PROBLEM IV. 

To add surd quantities together. 

(162.) Two radicals are similar when they have the same 
index^ and the same quantity under the radical sign. 

Thus, 3 Va and 5 Va are similar radicals. 

So, also, HVb and 10 Vb are similar radicals. 

But Va and Va are not similar radicab ; for, although they 
have the same quantity under the radical sign, they have not 
the same index. 

Ex. I. Find the sum of 2 Va and SVa. 

As these are similar radicals, we may unite their coefficients 
by the usual rule ; for it is evident that twice the square root ol 
a and three times the square root of a make five times the 
square root of a. Hence the following 

RULE. 

When the radicals are similar^ add the coeficientSf and annex 
the radical part. 

But if the quantities are dissimilar^ and can not be made sim- 
ilar by the reductions in the preceding Articles^ they can only he 
connected together by ike sign of addition. 

Ex. 2. Add V6U>2V6. 

An$.9'^% 
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Ex. 3 Add 5Va and — 2Vtf. 



Ans. 8V^ 
4ns. 43 V 3. 



-Ba:. 4. Add aVb+c and x-Zft+c. 

If the radical parts are originally different, they must, if pos- 
sible, be noade alike by the preceding methods. 

Ex. 5. Add V27 to V48. 

Her© V27= V 9X3=3 VS, 

and V48= \/l6X3=4V3. 

Whence their sum • =7 V3. 

Ex. 6. Add together V500 and Vlos. 
JEa:. 7. Add together 4^147 and 3'/75. 

^a;. 8. Add together 3 V f and 2 V^. 

Here 3v'| =3v/|| =| vlO, 

and 2W7=2n/t'A= W\/10 - 

Whence their sum =; j -/lO. 

JSar. 9. Add together -v/72 and v/128. 

Ex. 10. Add together ^/180 and v/405. 

JEx. 11. Add together V40 and Vl35. 

Ex. 12. Add together 8 V32 and 5 V2. 

PROBLEM V. 

To find the difference of surd quantities. 

(163.) It is evident that the subtraction of surd quantities 
may be performed in the same manner as addition, except that 
the signs in the subtrahend are to be changed according to 
Art. 43. 

Ex. I. Required to find the difference between v*^^ and 
v'llS. 

Here v/448= V64X7=8^/7, 

and VU2= Vl6X7=4v/7. 

Whence the difference = 4 v^ 7. 

Ex. 2. Find the difference between VI 92 and V24. 

Here Vl92= V64X3=4V3, 

and V24 ==: V^"8X3=2 V8. 

Whence the diflbrence =2 V8. 
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Ex. 3. Find the difference between 5^/20 and By/4b. 

Here 5^20=5^4X5=10^5, 

and 3V45=3V9X6=_9V5. 

Whence the difference = V5. 

Ex. 4. Find the difference between 2\/50 and v^l8. 

Ex. 5. Find. the difference between 24^320 and '\'S^40. 

Ex. 6. Find the difference between VSOa*x aii.4i \/20rf?. 

Ex. 7. Find the difference between 2 V72aland VTe2a\ 



PROBLEM VI. 

To multiply surd quantities together. 

(164.) Let it be required to multiply Va by VJ. 

The product will be Vah. 

For if we raise each of these quantities to the power of n, 
we obtain the same result, ah; hence these two expressions 
ar© aqual. We therefore have the following 

RULE. 

When the surds have the same index^ multiply the quantities 
undet (he sign by each other, and prefix the common radicdi 
sign. If there are coefficients, these must he multiplied separ- 
ately. 

Ex I. Required the product of 3'/8 and 2V6. 
Here 3V 8, 

multiplied by 2 V 6, 

gives 6V48=6V16X3=24V3. Ans 

Proof. Square 3>/8, and we obtain 9X8=72. 
Square 2v/6, and we obtain 4X6=24. 
72 multiplied by 24= 1 728. 

Also, 24v'3 squared =576X3=1728. 

Ex. 2. Required the product of 5 \^8 and 3 Vb. 

Ans. SO'/lO. 
Ex. 3. Required the product of 7^18 and 6^4. 

Ans. 70^0 
Ex. 4. Required the product of |v^6 and /^y 17. 
Ex. 5. Required the product of J-^18 and 54^20. 
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In the preceding examples, let all the results be reduced to 
their simplest form. 

If the surds have not the same index, they must first be re- 
duced to a common index, by Art 161. 

Ex. 6. Required the product of y/2 and \^^. 

Here ^2=2^=(2")^= V 8, 

and y3=:3^=: (3y=V 9 . 

Whence the product = Vl2, 

(165.) We have seen, in Art. 50, that powers of the same 
quantity may be multiplied by adding their exponents. The 
same principle may be extended to roots of the same quantity. 

Let it be required to multiply Va by Va, or cr by a . 

13 1 J * 

We have seen, in Art. 161,^that cP^c^^ and a'=a . 
But a^=a^Xa^Xa^f 

3 11 

and n^^a^Xa^. 

1 1 1 J 1 f 
The product, therefore, is a^Xa^Xa^Xa^Xa^=a^. 

Hence, roots of the same quantity may be multiplied by adct- 
ing their fractional exporients, 

Ex. 1. Multiply 5a^ by 3a\ 

Ans. 15a'. 

Ex. 2. Multiply Sa^ by 21a*. 

Ex. 3. Multiply 3a;V by 4a;V- 

Ex. 4. Multiply. (a+&)" by (a+J)-. 

(166.) If the rational quantities, instead of being coefficients 
of the radical quantities, are connected with them by the signs 
+ or — , each term of the multiplier must be multiplied into 
each term of the multiplicand. 

1. Let it be required to multiply 8+ y/5 
by 2— V5 

6+2v/5 
— 3v/5— 5 . 
We obtain the product 6— \/5— 5, 

which reduces to l^r- y/5. 
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% Multiply 7+2 v/6 by 9-5-/6. 

Ans. 8— ITv'fi. 

3. Multiply 9+2 v/ 10 by 9-2 v/ 10. 

Ans. 41. 

PROBLEM VII 

To divide one surd quantity by another. 

(167.) Let it be required to divide y/a* by V«*. 

The quotient must be a quantity which, multiplied by the 
divisor, shall produce the dividend ; we thus obtain Va ; for, 
according to ArL 164, Va'X Va— Va* ; 

Va* . 
that is, jr^~ ^^* 

Hence the following 

RULE* 

Quantities under the same radical sign may be divided Kke, 
rational quantities^ the quotient being affected with the Qommon 
radical sign. If there are coefficients^ they must be divided 
separately. 

If the radicals have not the same index, we must first reduce 
them to a common index. 

EXAMPLES. 

1. It is required to divide 8^/108 by 2v'6. 
Here -^ — =4^/18=4'/9X2=12^/2. Ans. 

2. Divide8V512by4V2. 

8V512 — . 

Here -^^=2V256=2V64X4=8V4. Ans. 

8. Divide6V54by 3V2. 

Ans. 6. 

4. Divide4V72by2Vl8. 

5. Divide 4 V 60^ by 2 VSy. 

Ans. 2a V 2. 

6. Divide 16(a"5)= by 8(ac)- .. 

7. Divide 4V12 by 2^/3. 
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As the radicals in this last example have not the same in- 
dex, they must be reduced to a common index. 

4V12=4(12)*=4(12)*=4(144)^. 

2y/S =2(3)^ =2(8)* =2(27)'. 
1 

Hence ^^^^=2(VV)*=2(y)*=2 W- 
2(27)* 

(168.) We have seen, in Art. 67, that, in order to divide 

quantities expressed by the same letter, we must subtract the 

exponent of the divisor from the exponent of the dividend. 

The same principle may be extended to fractional exponents. 

Thus, let it be required to divide a^ by a'. 
According to the preceding Article, 

a a 
Hence a root is divided by another root of the same letter or 
quantity i by subtracting the exponent of the devisor from that 
of the dividend. 

Ex. 1. Divide (aby by (ab)K 

Ans. {dby. 

Ex. 2. Divide a* by a^. 

Ex. 3. Divide a^ by a^. 

IX 

Ex. 4. Divide a" by aT. 

Ex. 5. Divide 4y^ab by 2Vab. 

Ans. ft¥^. 

PROBLEM VIII. 

(169.) To raise surd quantities to any power. 

Let it be required to find the square of a'. 
The square of a quantity is found by multiplying it by itself 
once. 

1 * 1 4-44 * 

Hence the square of a^ is equal to d^Xa^=a^^=^a\ 

That is, {a^y=aK 
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Again, let it be required to find the cube of a . 

The cube of a quantify is found by multiplying it by itself 

twice. 

1 Ilia 

Hence the cube of a* is equal to a'Xa^Xa^=a ; 

(1\ 3 3 

• i_ ■ 
In the same manner we should find the nth power of a*=<r. 

Hence we have the following 

# 

RULE. 

Radical quantities are involved by multiplying tJieir fractional 
' exponents by the exponent of the required power, 

Ex. 1. Required the fourth power of |a^ 

Ex. 2. Required the cube of |v^3. 

Ans. iy/d. 
• Ex. 3. ' Required the square of 3 Vs. 

Ex. 4. Required the cube of 1 7^/2 1. 

Ex. 5. Required the fourth power of J^/6. 

•-Aim. A- 

(170.) If the radical quantities are connected with others by 
the signs + and — , they must be involved by a multiplication of 
the several terms. 

Ex. 1. Required the square of 3+ y/5. 

9+3^^6 
3VJ+5 

The square is 9+6^/6+6 

or 14+6^/5. Ans. 

Ex. 2. Required the square of 3+2 >/ 5. 

These two examples are comprehended under the rule in 
Art. 60, that the square of the sum of two quantities is equal 
to the square of the first, plus twice the product of the first by 
the second, plus the square of the second. 

Ex. 3. Required the cube of y/x+3y/y. 

Ex. 4. Required the fourth power of v'3— y/2. 

Ans. 49— 20V6. 
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PROBLEM IX. 

2b find the roots of surd quantities, 

(171.) A root of a quantity is a factor whic^i, multiplied by 
itself a certain number of times, will produce the given quan- 
tity. But we have seen that a radical quantity is involved by 
multiplying its exponent by the exponent of the required pow- 
er. Hence, 

To find the roots of surd quantities, 

Divide the fractional exponent hy the index of the required 
root. 

Thus, the square root of a^ is ayz=a^. 

For, by Art, 169, We obtain the square of a* by multiplymg 
the exponent '^ by 2 ; 
that is, {ay=a^—a\ 



B!XAMPLES. 

1. Find the square root of 9(3)*. 

Here (9(3)*)*^9^X 3*^=3(3)^=3 V3. Ans. 

2. Required the cube root of |-v/2. 

i Ans, iV2 

3. Required the square root of lO*. 

4. Required the cube root of y\a*. 

a 

5. Required the fourth root of |f a^. 

6. Required the cube root of^a\ 

*y. Required the cube root of f>/f. 

Ans. V|. 

PROBLEM X. 
To find multipliers which shall cause surds to become rational* 
(172.) I. When the surd is a monomial. 
The quantity y/a is rendered rational by multiplying it bv 
y/a. 

For y/aX v^a=tf*X c^^a. 
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So, also, a^ is rendered rational by multiplying it by a*. 

For JxJ=J=a. 

Also, a^ is rendered rational by multiplying it by ir. 

13 4 

For a:^Xa^=dr=a. 



» • 



In general, a" is rendered rational by multiplying it by « ■ . 

For arxa"" =a " =€r=a. 

Hence we deduce the following 

RULE* 

Multiply the surd hy the same quantity having such an ex 
poneni as^ when added to the exponent of the given surd, shall h 
equal to unity, 

(173.) 11. When the surd is a binomial. 

If the binomial contains only the square root, multiply the 
given binomial by the same expression with the sign of one of to 
term^ changed, and it will give a rational producU 

Ex, 1. The expression y/a+y/b 
Multiplied by v/a— y/b 

a+ Vab 

— Vab—b 
Gives a product a — &, which is rational. 

JEx. 2. Find a multiplier which shall render 5+ y/S rational 

Given surd, 5+ v/3 

Multiplier, 5— v^3 

Product, 26—3=22, as required. 

These two examples are comprehended under the Rule id 
Art, 62, the product of the sum and difference of two quantities 
is equal to the difference of their squares. 

Ex, 3. Find a multiplier that shall make y/5+ y/d rational 
and determine the product. 

Ex, 4. Find a multiplier that shall make >/6— >/a: ratiwial 
nhd determine the product. 

Ex, 5. Find a multiplier that shall make Va— Vabc n 
tional. 



^ 
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in. When the surd is a trinomial^ it may be reduced, by 
saccessive multiplications, first to a binomial surd, and then to 
a rational quantity. 

Ex. 1. Find multipliers that shall make y/b+^^—^2 ra- 
tional. 

Given surd, v/5+ v/3— y/2 

First multiplier, ^/6+ ^9+ y/2 

+ v/15+ 3— v^6 

4-v/10+v/6--2 

First product, 2^/15+ 6 

Second miultiplier, 2\/15— 6 



60+12v'15 
--12v/15-36 
Second product, 60—36=24, a rational quantity. 

Ex.2. Find multipliers that shall make v/a+v^^+v/c ra- 
tional, and determine the product. 



PROBLEM XL 

(174.) To redttce a fraction containing surds to another hav- 
ing a rational numerator or denominator. 

RULE. 

Multiply both numerator and denominator by a factor which 
will render either of them rational, as the case may require. 

Ex. 1. If both terms of the fraction —r be multiplied by 
v/a, it will become — r^ in which the numerator is rational. 

Or if both terms be multiplied by s/b, it will become — r— , in 

which the denominator is rational. 

2 
Ex. 2. Reduce the fraction — -r to one that shall have a ra- 

v3 

tional denominator. 

2x^3 



Ans. 



Z 
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Ex. 3. Reduce — -ri to a fraction having a rational de- 

nominator. 

Ans. 3— 

Ex. 4. Reduce -r to a fraction having a rational de- 

nominator. 

. 3^/2+2 

Ans. — — , 

7 

Ex. 5. Reduce — ; — r to a fraction having a rational de- 

nominator. 

4 

Ex. 6. Reduce /o-i-i *^ ^'^ expression having a 

rational denominator. 

J.715. 2+v^2— v'C. 

JSx. 7. Reduce y/5+y/2 to a fraction having a rational 
numerator. 

(175.) The utility of the preceding transformations may be 
illustrated by computing the numerical value of a fractional 
surd. 

Ex. 1. Suppose it is required to find the square root of |; 

that is, it is required to find the value of the fraction ^^. 

If we make the denominator rational, we shall have ^ — . in 

7 

which it is only necessary to extract the square root of the 
numerator, and the value of the fraction is found to be 0.6546. 

7^/5 



Ex. 2. It is required to find the value of the fraction 



Vll + ^3' 



Making the denominator rational, we have y the 

8 

value of which is 3.1003. 

^/6 



Ex. 3. Required the value of the expression 



v^7+^8' 
Ans. 0.5595. 



^ 
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£lx. 4. Required the value of the expression 

^/3 
2^/8+3^/6-7^/2' 

Ans. 0.7025. 

jEx. 5. Required the value of the expression - — ■. 

Ans. 5.7278. 



PROBLEM XII. 
(176.) To free an equation from radical quantities. 

This may generally be done by successive involutions. For 
this purpose, we first free the equation from fractions. If there 
is but one radical expression, we bring that to stand alone on 
one side of the equation, and involve the whole equation, to a 
power denoted by the index of the radical. 

Ex. I. Free the equation 

a+ V2ax+x* 

from radical quantities. 
Clearing of fractions, and transposing a, we obtain. 

V2ax+x*=ab—a. 

The square of this equation is 

2eia:+x'=aV-2a'&+a', 
which is free from radical quantities. 

Ex. 2. Free the equation 

2a' 

x+Va^+x*^ . , , , 

Va+x 

from radical quantities. 

If the equation contains two radical expressions, combined 
with other terms which are rational, it will generally be best 
to bring one of the radicals to stand alone on one side of the 
equation before involution. One of the radicals will thus be 
made to disappear, and, by repeating the operation, the re- 
maining radical may be exterminated. 

Ex. 3. Free the equation 

Va+x4- Vb+y=c 
from radir,al quantities. 
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« 

Transposing one of the radicals, we obtain 

Va4-x=c— Vb+y. 
Squaring, we have 

a+x=c*— 2c Vb+y+b+y. 
Transposing, so as to bring the radical to stand aloncu we 
have 

2c V64-y=c*+&+y— a—x, 
which may be freed from radicals by squaring a second time. 

Sometimes the two radicals may be of such' a form that it 
IS best to bring both to the same member of the equation be- 
fore involution. 

When an equation contains several radical quantities, it may 
generally be freed from them by successive involutions, but 
the best mode of procedure can only be determined by trial. 

Ex. 4. Free the equation 

V2xT^'h Va2:-18= V7X+1 
from radical quantities. 

Ans, 6a:'— 15x-126=a:'+12a:+36. 
When an equation contains a fraction involving radical 
quantities in both numerator and denominator, it is sometimes 
best to render the denominator rational by Problem XI. 

Ex, 5. Free the equation 

Vx-h Vx—a an* 



Vx— Vx^a ^"~^ 
from radical quantities. 

Multiply both terms of the first fraction by ^x+ Vx—Of and 
we have 

{Vx'{'Vx—ay_ an* 
x—{x-'a) x—a! 

a n 



or (Vx+ y/xr-aY^ 

^ x—a 

Extracting the square root, we obtain 

an 

Vx-\-Vx—a= 



Clearing of fractions, we have 

Vx^—ax+x—a^^an^ 
which Is easily freed from radicals. 
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JSbs. 6« Free the equation 

X— -v/a;"" 4 
from radical quantities. 

Ex. 7. Fri^ the equation 



Ahs. x*^4a:+4a=x 



x-'^/x+\ 5 



x+^/x+\ 11 
from radical quantities. 

Ex. 8. Free the equation 



Ans. 9a:'=64a;+64. 



Va'-a;*-Vfc"+a:» m 



from radical quantities. 

(177.) The preceding rules for the reduction of radicals, are 
exact so long as we treat of absolute numbers^ but require 
8ome modifications when we consider imaginary expressions^ 
such as V— 3, V— «, &c. 

Let it be required, for example, to determine the product of 

^— a by V— a. 
By the rule given in Art. 164, 






Now, V+a'=±fl5, so that there is apparently a doubt as to 
the sign with which a ought to be affected in order to answer 
the question. However, the true result is —a, because any 
quantity must be equal to the square of its square root. 

That is, V—aX V—a is the same as (V—ay, and, conse- 
quently, is equal to —a. 

Again, let it be required to determine the product of V—a 

by V^. 
By the rule in Art. 164. 



V—aX V-6=V'-aX-rfc 

:^V+ab 
=dt^ab. 
The result, however, is not properly ambiguous, and should 
be — Voft ; for we have, according to Art 148^ 

7 



1 
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V— a=Va.V — 1, ♦ 

and V^= Vb. V"^. 

Hence 



V-aX V-i= Vab(V^iy 

= Va6x-l 

In the name manner we shall find for the different powen 
of V — 1 tie following results. 

V — l = V — 1, the first power. 

( V — 1)*=— 1, the second power. 

= — V—l, the third power. 

( V^*= ( \/^)' X ( V=T)* 
= -lX-l 

=+1, the fourth power. 
Since the four following powers will be found by multiply- 
ing +1 by the first, the second, the third, and the fourth 
powers, we shall again find for the four next powers 

+ V^, -1, -V^, +1; 

so that all the powers of V — 1 will form a repeating cycle of 
these four terms. 

Whenever the student is at a loss to determine the product 
of two imaginary quantities, it is best to resolve each of them 
into two factors, one the square root of a positive quantity, and 
the other V^, Art. 148. 

EXAMPLES. 

1. Let it be required to multiply V— 9 by V— 4. 
Here we have V— 9=3V— 1, 

and _ V^=2V^, 

Therefore, \^-9X V— 4=3 V — 1X2 V—l 

=6V"(^)' 
= -6. 

2. Multiply 1 + V-i by l-V^. 

Ans. 2b 

2. Multiply Vl8 byj/-2. 

4. Multiply 5+2 V -3 by 2- V-3. " 



SECTION xa 



EaUATIONS OF THE SECOND DEGREE. 

(178.) According to Art. 96, quadratic equations, or equa* 
Hons of the second degree^ are those in which the highest power 
of the unknown quantity is a square. 

Quadratic equations are divided into two classes. 

I. Equations which involve only the square of the unknown 
quantity and known terms. These are called pure quadratics. 
Of this description are the equations 

aa;'=6; 3a:'+l2=160-a;', &c. 

They are sometimes Cfalled qtuzdratic equation^ of two terrm^ 
because, by transposition and reduction, they can always be 
exhibited under the general form 

ax*^b. 

II. Equations which involve bofh the square and the first 
power of the unknown quantity, together with a known term. 
These are called affected or complete quadratics. Of this de- 
scription are the equations 

5^* X 3 
a2:'H-&B;=c.; «*— 10a:=7; -- — -+-=8. 

t> 2 4 

They are sometimes called quadratic equations of three 
terras^ because, by transposition and reduction, they can al 
ways be exhibited under the general form 

ax*+hx=^c. 

PUBJU aUADBATIO BaUATIONS. 

(179.) The equation 
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is easily solved. Dividing each member by a, it becomei 

a 



Whence x 



-v^- 



If - be a particular number, either integral or fractional, we 

can extract its square root either exactly or approximately by 
the rules of arithmetic. 

It is to be remarked, that since the square both o£ +i7i and 
—HI is +wi', so, in like manner, the square of +\/— and that 

of — \/- are both H — . Hence the above equation is suscep- 
tible of two solutions, or has two roots ; that is, there are two 
quantities which, when substituted for x in the original equation, 
will render the two members identical. ' These are 



+ 



V- and — V- 



For, substituting each of these values in the original equatioo [ 
ox' =6, it becomes 

aX(+\/-J =6, or aX-=b; i. e., ft=ft, 
and «X(— \/- ) =6, or aX-='b; i. e., 6=6. 



EXAMPLE I. 

Find the values of a; which satisfy the equation 

Transposing terms, 4x'— 3a;'=9+7. 
Reducing, a;'=16. 

Extracting the square root. 

Hence the two values of x are +4 and —4, and they may 
both be verified by substitution in the original equation. 

TbuSf taking the first value, we have 
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4X (+4)*-7=3X (+4)»+9, 
or 4X16-7=^3X16+9; 

that is, 57=57. 

Taking the second value of x^ we have 

4X (-4)'-7=3X (-4)'+9, 
or 4X16—7=3x16+9, as before. 

From the preceding examples we deduce the following 

RULE. 

Reduce the equation to the form ax'=b ; then divide by the 
coefficient of x^, and extract the square root of both members of 
the equation, 

Ex. 2. Given a;'- 17=130— 2a:', to find the values of x. 

By transposition, 3x' = 1 47 ; 

therefore, a:' =49, 

and X ==t7. 

Ex, 3. Given a:'+«6=5a:% to find the values of a;. 

By transposition, «6=4a;' ; 

therefore, i Vab=2xy 

dtVab 
and a:=- 



2 



2a* 



Ex* 4. Given x+ Va^+x^='~j====f==9 to find the values a r 

va+x 

Clearing effractions, we obtain a;Va''+a;'+a'+a:'=2a'. 

By transposition, x Va^ +a;''=a'— a:'. 

Squaring both sides, aV+a;*=a*— 2aV+a;* ; 
therefore, 3aV=a*, 

and 3a:'=^' ; 

whence a"' 

therefore, x=± « 



vs: 



4a;' +5 
Ex.'b. Given — ^—=45, to find the values of x. 

Ex, 6. Given oa:'- 5c=6a:'— 3c+d, to find ih^ 'T^.Vma^^ 
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X* 5 7' 299 

Ex. 7. Given ■5~ 3+t^«'=52— 3;*+-^2"» *^ ^"^^ *• values 

of a;. 

Ex, 8. Given — . ^ . ,o =l» to fij^d the values of «. 

a; +2+18 

X 

Ans. :r=±3. 

Clearing of fractions and transposing, we find in each menv* 
ber of this equation a binomial factor, which being canceled, 
the equation is easily solved. 



PROBLEMS. 

Prob. 1. What two numbers are those whose sum is to the 
greater as 10 to 7 ; and whose sum, multiplied by the less, pro- 



duces 270 ? 




Let 


10a:=a their sum. 


Then 


Ix— the greater number. 


and 


3^;= the less. 


Whence 


30a;»=270, 


and 


a:*=9; 


therefore, 


a;=db3, 



and the numbers are =t:21 and =t:9. 

Prob. 2. What two numbers are those whose sum is to the 
greater as m to 7i ; and whose sum, multiplied by the less, is 
equal to a ? 

Ans. db \/— ; .. — : and =fc SJ— -• 

V m(m— 7i) V m 

Prob. 3. What number is that, the third part of whose 
square being subtracted from 20, leaves a remainder equal 
to 8? 

Prob. 4. What number is that, the mth part of whose square 
being subtracted from a, leaves a remainder equal ioh? 

Ans* dc'\/m{a^h) 

12 3 

Prob. 6. Find three numbers in the ratio of-, -, and -r. the 

2 3 4 

MOW of whose squares is 724. 
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Prob, 6. Find three numbers in the ratio ofm, n, and/?, the 
sum of whose squares is equal to a. 
Ans, 



V ^?+n»+»'' "^Vm'+n'+v'' ^^^ "^V ^ 



ap* 



Prob. 7. Divide the number 49 into two such parts, that the 
qctotient of the greater divided by the less, may be to the quo- 
tient of the less divided by the greater, as f to |. 

Ans. 21 and 28. 

Prob. 8. Divide the number a into two such parts, that the 
quotient of the greater divided by the less, may be to the quo- 
tient of the less divided by the greater, as m to n. 

. ay/m - ay/n 

Ans, — - — : and 



y/m+ y/n y/m-h y/n 

Prob. 9. There are two square grass plats, a side of one of 
which is 10 yards longer than a side of the other, and their 
areas are as 25 to 9. What are the lengths of the sides ? 

Prob. 10. There are two squares whose areas are as m to w, 

and a side of one exceeds a side of the other by a. What are 

the lengths of the sides ? 

. ay/m . ay/n 

Ans, —: and 



^m — y/n y/m — y/n 

Prob. 11. Two travelers, A and B, set out to meet each other, 
A leaving I^artfbrd at the same time that B left New York. 
On meeting, it appeared that A had traveled 18 miles more 
than B, and that A could have gone B's journey in 15f hoars, 
but B would have been 28 hours in performing A's journey. 
What was the distance between Hartford and New York ? 

Ans. 126 miles. 

Prob. 12. From two places at an unknown distance, two 
bodies, A and B, move toward each other, A going a miles more 
than B. A would have described B's distance in n hours, and 
B would have described A's distance in m hours. What was 
the distance of the two places from each other ? 

y/ m+y/n 

Ans. aX r"* 

y/m— y/n 

Prob. 13. A vintner draws a certain cjuantilY of wine ont of 
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a full vessel that holds 256 gallons ; and then, filling the vessel 
with water, draws off the same quantity of liquor as before, 
and so on for four draughts, when there were only 81 gallons 
of pure wine left. How much wine did he draw each time ? 

Ans. 64, 48, 36, and 27 gallons. 

Prob. 14. A number a is diminished by the nth part of it- 
self, this remainder is diminished by the nth part of itself and 
so on to the fourth remainder, which is equal to b. Required 
the value of n. 

^'"- Va-Vb' 

Prob. 15. Two workmen, A and B, were engaged to work 
for a certain number of days at different rates. At the end of 
the time. A, who had played 4 of those days, received 75 shil- 
lings, but B, who had played 7 of those days, received only 
48 shillings. Now had B only played 4 days, and A played 7 
days, they would have received the same sum. For how 
many days were they engaged ? 

Ans. 19 days. 

Prob. 16. A person employed two laborers, allowing them 
different wages. At the end of a certain number of days, the 
first, who had played a days, received m shillings, and the 
second, who had played b days, received n shillings. Now if 
tlie second had played a days, and the other b days, they 
would both have received the same sum. For how many days 
were they engaged ? 

- by/m — a^/n , 

Ans. — : »- — days. 

y/m— y/n ^ 

COMFLBTE aUADBATIC EaUATIONa 

(180.) Suppose we have the equation 

a;"-6a;+9=l, 
in which it is required to find the value of x. 

Since each member of the equation is a compkte square, if 
we extract the square root, we shall obtain a new equation 
involving only the first power of «, which may be easily 
solved. 
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We thus have a:— 3=±1, 

and, by transposition, 

a;=3=t:l=4, or 2. 

In order to verify these values, substitute each of them in 
place of X in the given equation. Taking the first value, wo 
shall have 

4'-6x4+9=l ; 
that is, 16--24+9=l, an identical equation. 

Taking the second value of 2;, we obtain 

2"-6X2+9=l ; 
that is, 4—12+9=1, an identical equation. 

Hence we see that a complete quadratic equation is readily 
solved, provided each member of the equation is a perfect 
square. But equations seldom occur under this form. Take, 
for example. 

a;"— 6a:=— 8. 

The preceding method seems to be inapplicable, because the 
first member is not a complete square. We may, however 
render it a complete square by the addition of 9, which must 
also be added to the second member to preserve the equality. 
The equation thus becomes 

a:'--6a;+9=9-8=l, 

which is the equation first proposed. 

The peculiar difficulty, then, in resolving complete equa- 
tions of the second degree, consists in rendering the first mem- 
ber an exact square. 

(181.) In order to discover a general method of solution, let 
us take the equation 

ax"+6x=c, 

which is the general form of equations of the second degree. 
We begin by dividing both members by a, the cocfficiecit o'( x" 
The equation then becomrs 

hx c 
x^-\ — =-. 
a a 

b c 

For convenience, let us put j9=- and ^=-; we shall then 

have 

x*+px=q. 

7* 
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We hstve seen that if we can by any transformation render 
the first member of this equation the perfect square of a bino- 
mial, we can reduce the equation to one of the first degree by 
extracting the square root. 

Now we know that the square of a binomial, x+Of or 0:*+ 
2ax+a% is composed of the square of the first term, plua twice 
the product of the first term by the second, plus the square of 
the second term. 

Hence, considering x*+px as the first two terms of the 
square of a binomial, and, consequently, px as being twice the 
product of the first term of the binomial by the second, it is 

P 
evident that the second term of this binomial must be ^, for 

2X^Xx=px. 

In order, therefore, that the expression x*+px may be ren- 
dered a perfect square, we must add to it the square of this 

second term ^ ; that is, the square of half the coefficient of the 
first power of :r; it thus becomes 

x^+px+^. 



P P 

which is the square of a;+^. But since we have added ^ to 

the left-hand member of the equation, in order that the equality 
may not be destroyed, we must add the same quantity to the 
right-hand member also ; the equation thus transformed will 
become 

P' P' 

.x^+px+j=q+—. 

Extracting its square root, we have 



X 



+l=-v/»+f 



Whence x=''^zhy^q+^. 

We prefix the double sign :!=, because the square both of 
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+yq+^9 and also of — y ?+x is +(?+ 4 )» and every 

quadratic equation must therefore have two roots. 

(18I&.) From the preceding discussion we deduce the follow- 
mg general 

BULU FOB THB SOLUTION 07 A COMPLETE aUADBATIG EaUATION. 

1. Trcmspose all the known quantities to one side of the equa^ 
tioUf and all the terms involving the unknovm quantity to the 
other side, and reduce the equation to the form ax*+bx=c. 

2. Divide each side of the equation by the coefficient of x', and 
add to each member the square of half the coefficient of the first 
power of X. 

3. Extract the square root of both sideSy and the equation wiU 
be reduced to one of the first degree, which may be solved in the 
usual manner. 

EXAMPLE 1. 

Solve the equation «*— 10a;= — 16. 

Completing the square by adding to each member the square 
of half the coefficient of the second term, we have 

a;'- lf)a;+26=25- 16=9. 

Extracting the root, a:— 6= ±3. . 
Hence x=5^S. 

Ans. i ^=5+8=8. 
I a:=5— 3=2. 

Thua X has two values, either 8 or 2. * To verify them, sub* 
ititute in the original equation, and we shall have 

S*- 10X8= -16, i. c, 64-80= -16 ; 
also, 2'— 10X2= -16, 1, e., 4-20=-16, 

both (^ which are identical equations. 

EXAMPLE 2. 

Solve the equation a:"+6a;=— 8. 
Completing the square, a;"+6a:+9=9— 8=1. 
Extracting the root, x +3==i=l. 
Hence x =— 3±1. 

a:=-3+l=-2. 



. fa:=-8+l=-: 
Ans, i o 1 



TT 
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Proof. (-2)»+6X-2=-8,x. c, 4-12=— 8; 
also, (-4)»+6X-4=-8, i. c, 16-24=-8. 

Hence x has two values, both negative. In verifying thenoif 
it is to be observed, that the square of —2 is 4-4»and —2 mul- 
tiplied by +6 gives —12. 

EXAMPLE 3. 

Solve the equation a:'+6a;=27. 

Completing the square, a;'+6a;+9=27+9=36. 
Extracting the root, x +3= ±6. 
Hence x =— 3±6=+3,or —9. 

EXAMPLE 4. 

Solve the equation a:'— 2a;=24. 

Here x =:lzfc6=+6, or —4. 

EXAMPLE 5. 

Solve the equation «' — 8a; = — 1 8. 
Completing the square,a;*— 8a;+16=16— 18=— 2. 

Hence x =4± V —2. 

Here both values of a; are imaginary. 

EXAMPLE 6. 

Solve the equation a;'— 6a;=— 9. 

Completing the square, a;'— 6a; +9= 9— 9=0. 

Extracting the root, x — 3=±0. 

Hence * x =3±0. 

Here the two values of a; are equal to each other. 

Ex. 1. Given 2a;'+8a;-20=70, to find the values of a;. 

Arts. x=5f or —9. 

Ex. 8. Given 3a;'— 3a;+6=5^, to find the values of a;. 

Ans. a;=|, or \. 

(183.) The Rule given on page 145 for solving a complete 
quadratic equation is applicable to all cases ; nevertheless, a 
modification of this method is sometimes preferable^ 

The object is to render the first member of the equation a 
perfect square. After the equation has been reduced to th« 
form 
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the square may be completed by multiplying the equation by 
four times the coefficient of x^, and adding to both sides the 
square of the coefficient of x. 

Thus the above equation multiplied by 4a becomes 

4aV+4«6a:=4ac. 

Adding V to both members, we have 

4aV+4a6a;+6'=4ac+6". 

Extracting the square root, 

2ax+b—^V4ac+b\ 

Transposing b and dividing by 2a, 

-bdbVlac+V 

x= , 

2a ' 

which is the same result as would be obtained by the formei 
Rule ; but by this new method we have avoided the introduc- 
tion of fractions in completing the square. 

When the coefficient of «' is unity, the above Rule becomes. 
Multiply the equation by four, and add to each member the 
square of the coefficient of x. 

Either of these methods of completing the square may be 
practiced at pleasure ; but the first method is to be preferred, ex- 
cept when its application would involve inconvenient fractions. 

Ex. 9. Given ^a;'— Ja:+20J=42|, to find the values of a;. 

Ans. a;=7, or — 6|. 

Ex. 10. Given a;"—x— 40=170, to find the values of a:. 

Ans, a;=15, or —14 
Ex. 11. Given 3a:*+2a;-^9=76, to find the values of x. 
Ex. 12. Given ia;'— Ja;+7J=8, to find the values of x. 

n ,« /^. « 6a;'-40 3a;-10 ^ ^ j ,^ 

Ex. 13. Given 3a: — ; — r— =2, to find the values 

2a;— 1 9— 2a; 

of a;. 

We nmst first clear this equation of fractions, which is done 

by multiplying by the denominators ; we thus obtain 

-12x"+60a;'-27a;+12a:"-54a;'+360-80a;-6a;'+23a;-10 
=40a;-8a;»-18. 

Here the two terms cpntaining x* balance each other, and, 
uniting similar terms, we obtain 

8a;*-y84a;=-368., 
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Dividing by 8, we have 

«•— 15ia;=— 46. 

Completing the square, 

.«-15ix+(-) =-46+ (-)=—. 

bxtracting the root, x — --=±— . 

31 . 15 ,, 
Hence ic=-r=*=T=lli» or 4. Ans. 

4 4 

90 90 27 

JEa:. 14. Given —- r7;=0, to find the values oi x. 

X x+\ x+2 

(184.) The preceding rules will enable us to solve not only 
quadratic equations, but all equations which can- be reduced to 
the form 

x^+p7f=^q ; 

that is, aU equations which contain only two powers of the un 
known quantity 9 and in which one of the exponents is doubh of 
the other. 

For if, in the above equation, we assume y=si^f then y =x^* 
and it becomes 

y'+py^q. 

Solving this according to the rule, we find 



^•=y=^f=^\/?+T- 



2 V ^ • 4 
Extracting the nth root of both sides. 



-;/-^vA+$. 



EXAMPLE 1. 

Given a;*— 25a:'=— 144, to find the values of «• 
Assuming 2:'=y, the above becomes 

y»-26y=r-144. 

Whence y= 16, or 9. 

But, since a:'=y, x=dt^y. 

Therefore, «= ± v^l6, or ± ^9. 

Thus X has four values, viz*, +\ — 4, +8» — S. 
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To verify these values : 

1st value, (+4)*-25X(+4)*=-144, i. c, 256-400= -144. 
2d value, (-4V-25X(-4)'=-144, i. c, 266-400= -144. 
Sd value, (+3)*-26X(+3)"=-144, i. e,, 81 -225= -144. 
4th value, (-8)*-26X(-8)*=- 144, i. e., 81-226=-144. 

EXAMPLE 2. 

Given x*—7x*=8, to find the values of a;. 
Assuming x'=y, we have • 

y'-7y=8. 
Whence y =8, or —1. 

Therefore, a:=± V8, or =t V — 1, the two last of which roots 
are imdginary. 

EXAMPLE 3. 

Given a:'— 2a:'=48, to find the values of «. 
Assuming a;'=y, the above becomes 

y»-2y=48. 
Whence y =8, or —6. 

And since a5*=y, therefore a:= Vy. 

Hence two of the roots of the above equation are 2 and— V6. 
This equation has four other roots, which can not be de- 
termined by this process. 

EXAMPLE 4. 

Given 2a;— 7x/a;=99, to find the values of a:. 
Assuming >/x—y^ this equation becomes 

2y'— '7y=99. 

Whence y=9, dr — ^. 

And since '•a:=y, therefore a;=y\ 

^r^ ot 121 

Whence a:=81, or -r— . ^ 

4 

Although the square root of 8 J is generally ambiguous, and 

may be either +9 or —9, still, in verifyii^ the preceding 

values, >/x can not be taken equal to —9, because 81 was oI>- 

tained by multiplying +9 by itself. For a like reason, y/x 

11 ' 
can not be token equal to +— . A similar remark is applica- 
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ble to Exs. 13 and 14 on the next page, and also to jKc. 7, 
page 186. 

EXAMPLE 5. 



Given Vx+12+ Vx+12=6, to find the values of «. 
Assuming x+12=y, this equation becomes' 

y*+y*=6, 

which evidently belongs to the same class as the previous 
amples. Completing the square, we shall have 

y^=2, or —3. 

Raising both sides of the equation to the fourth power* 

y=16, or 81. 

Therefore, z or (y— 12)=4, or 69, 

EXAMPLE 6. 

Given 2a:*+ V2a:*+l=ll, to iSnd the values of a:. 
Adding 1 to each member of the equation, it becomes 

2a:«+l+\/2^+i = l2. 
Assuming 2a;*+l=y, then 

y+y^= 12. 

Completing the square, we find 

y*=3, or -4; 



that is, V2a:*+1=3, or —4. 

Therefore, 2a;"+l=9, or 16, 

and x*=4, or — • 

Hence a:=+2, -2, +\/-2-, - VT* 

'It may be remarked, that in equations of this kind it is gen- 
erally unnecessary to substitute a new letter, y, which has been 
done in the preceding examples simply for the sake of per« 
spicuity. 

Ex. 7. Given a:*+4a;'=12, to find the values of «• 

Ans. aj=db^2, or db V^ 
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E%, 8. Given a;*— 8a:'=513, to find the values of a?. 

Ans. a;=3, or — Vl9. 

6 3 

Ex. 9. Given x^+a;^=756, to find the values of a;. 

Ans. x=243, or — v/28*. 

Ex. 10. Given ia;*— Jx'=— ^V* to find one value of a;. 

Ans. x=|V2. 

9 1 

Ex. 11. Given 2a:'+3a:^=2, to find the values of x. 

Ans. x=|, or —8. 

Ex. 12. Given a:*— 12a:"+44a:"— 48a;=9009, to find the values 
ofx. 

This equation^ may be expressed as follows : 

(a:"-6a;)«+8(a;«-6a;)=9009. 

Ans. x=13, or —7, or 3± V— 90. 

Ex. 13. Given ^a;— J>/x=22J, to find the values of x. 

361 
Ans. x=49, or -^. 



jBx. 14. Given VlO+x— Vl0+x=2, to find the values of x 

Ans. x=6, or —9 

Ex. 15. Given x*+20x"— 10=59 to find the values of x. 

Ans. x= V3, or V— 23. 

Ex. 16. Given Sx*"— *x"+3=ll, to find the values of x. 

Ans. x= V2, or V^. 

JEx. 17. Given x"— x>/3=x— ^>/3, to find the values of x 

, >/3+3 ^/3-l 

-Ans. — r — , or — - — . 



£x.l8. Given Vl+x—x"— 2(1 +x—x*)=i, to find the values 
ofx. 

Ans. i=b J -/IT, or ^dbx vTT. 

(185.) We have seen that every equation of thb 'second de- 
gree has two roots, or that there are two quantities which, when 
substituted for x in the original equation, will render the two 
members identical. In like manner, we shall find that every 
equation of the third «legree has three roots ; an equation of th« 
fourth degree has your roots ; and, in general, an equation kmi 
a many roots as it has dimensions. 
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Before determining the degree of an equation, it should be 
freed from fractions, from negative exponents, and from the 
radical signs which afiect its unknown quantities. Examples 
4, 5, 13, and 14 are thus found to furnish equations of the sec- 
ond degree, while examples 6 and 18 furnish equations of the 
fourth degree. 

The above method of solving the equation x^+paf'=q will 
not always give us all of the roots, and we must have recourse 
to different processes to discover the remaining roots. The 
subject will be resumed in Section XX. 

PROBLEMS PEODUCINa aUADRATIG EaUATIONS. 

Prob. 1. It is required to find two numbers, 9uch that their 
difference shall be 8, and their product 240. 

Let X = the least number. 
Then will x+S = the greater. 
And by the question a:(a;+8)=a;*+8x=240. 
Therefore, x=12, the less number, 

x+8=;=20, the greater. 

Proof. 20— 12=8, the first condition. 

20X12=240, the second condition. 

Prob. 2. The Receiving Reservoir at Yorkville is a rectan- 
gle, 60 rods longer than it is broad, and its area is 5500 square 
rods. Required its length and breadth ? 

Prob. 3. What two numbers are those whose difference is 
2a, and product b 7 

Ans. adz'^a*+b, and — a±Va'+6. 

Prob. 4. It is required to divide the number 60 into two such 
parts that their product shall be 864. 

Let X = one of the parts. 

Then will 60— a: = the other part. 

And by the question, a;(60— a;)=60x— a:*=864. 

The parts are 36 and 24. Ans. 

Prob. 5. In a parcel which contains 52 coins of silver and 

£opper, each silver coin is worth as many cents as there are 

copper coins, and each copper coin is worth as many ceoits as 

there are silver coins, and the whole are worth two dollars 

How many are there of eacht 
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Prob. 6. What two numbers are those whose sum is 2a, and 
product b? 

- Ans. a+ Va*— 6, and a— Vo*— ft. 

Prob. 7. There is a number consisting of two digits whose 
sum is 10, and the sum of their squares is 58. Required the 
number. 

Let X = the first digit. 

Then will 10— x = the second digit 
And a:"+(10-x)«=2a:»-20x+100=58. 

That is, x'-10a:=-21, 

a*-IOx+25=4, 

a:=6±2=7, or 3. 
Hence the number is 73, or 37. 

The two values of x are the required digits whose sum is 
10. It will be observed that we put x to represent the fiist 
digit, whereas we find it may equal the second as well as the 
first. The reason is, that we have here imposed a condition 
which does not enter into the equation. If x represent either 
of the required digits, then 10— a: will represent the other^ and 
hence the values of x found by solving the equation should 
give both digits. Beginners are very apt thus, in the state- 
ment of a problem, to impose conditions which do not appear 
in the equation. 

The preceding example, and all others of the same class, 
may be solved without completing the square. Thus, 

Let X represent the half diSerence of the two digits. 

Then, according to the principle on page 67, 
5+x will represent the greater of the two digits, 
5— a; " the less " 

The square of 5+x is 25+10x+ x% 
« 5— X 25—10x4- x% 

The sum is 50 +2x%which, according to the 

problem, =58, 

Hence 2x'= 8 

or x'= 4, 

and X =±2. 

Therefore, 5+x =7, the greater digit, 

5— X =8, the lesa ^k^V. 
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Prob, 8. Find two numbers such that the product of then 
sum and difference may be 5, and the product of the sum ot 
their squares and the difference of their squares may be 65. 

Prob. 9. Find two numbers such that the product of theil 
sum and difference may be a, and the product of the sum of 
their squares and the difference of their squares may be ma, 

Ans, 



../ 




2 ' V 2 • 

Prob. 10. A laborer dug two trenches, whose united length 
was 26 yards, for 356 shillings, and the digging of each of 
them cost as many shillings per yard as there were yards in 
its length. What was the length of each ? 

Ans. 10, or 16 yards. 

Prob. 11. What two numbers are those whose sum is 2a, 
and the sum of their squares is 26 ? 

Ans. a+ Vb—a*f and a— Vb—a*. 

Prob. 12. A farmer bought a number of sheep for 80 dollars, 
and if he had bought four more for the same money, he would 
have paid one dollar less for each. How many did he boy ? 

Let X represent the number of sheep. 

80 
Then will — be the price of each. 

90 

And —j^ would be the price of each, if he had bought four 

more for the same money. 
But by the question we have 

80^ 80 
X ^x+4 
Solving this equation, we obtain 

a:=16. Ans. 

Prob. 13. A person bought a number of articles for a dol- 
lars. If he had bought 2b more for the same money, he would 
have paid c dollars less for each. How many did he buy 7 

. , . /2a6+6'c 

Ans. 



K -h±s/- 



c 

Prob. 14. It is required to find three numbers such that the 
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product of the first and second may be 15, the product of the 
first and third 21, and the sum of the squares of the second and 
third 74. 

Ans. 3, 5, and 7. 

Prob. 15. It is required to find three numbers such that the 
product of the first and second may be a, the product of the 
first and third 6, and the sum of the squares of the second and 
third c. 



Ans.^y^; «\/^5 by/-^^ 



Prob. 16. The sum of two numbers is 16, and the sum of 
their cubes 1072. What are those numbers ? 

Ans, 7 and 9. 

Prob. 17. The sum of two numbers is 2a, and the sum of 
their cubes is 26. What are the numbers ? 



. ^ /fe-fl' , /6~a« 

Ans. a+\/—^ — and a— \/— r — . 
V 3a V 2a 

Prob. 18. Two magnets, whose powers of attraction are as 
4 to 9, are placed at a distance of 20 inches from each other. 
It is required to find, on the line which joins their centers, the 
point where a needle would be equally attracted by both, ad- 
mitting that the intensity of magnetic attraction varies inverse- 
ly as the square of the distance. 

J ( 8 inches from the weakest magnet, 

( or —40 inches from the weakest magnet. 

Prob. 19. Two magnets, whose powers are as m to n, are 
placed at a distance of a feet from each other. It is required 
to find, on the line which joins their centers, the point which is 
equally attracted by both. 

The distance from the magnet m is -r • 

y/m±:y/n 
Ans. < 

The distance from the magnet n is r- — . 

^ y »i± y/n 

Prob. 20. A set out from C toward D, and traveled 6 miles 
an hour After he had gone 45 miles, Q set out from D to- 
ward C, and went every hour ^ of the entire distance ; and 
ftfter he had traveled as many hours as Vie ^«ci\.tk^«^\c^^\!l<^ 
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hour, he met A. Required the distance between the places C 
and D. 

Arts. Either 100 miles, or 180 miles, 

Prob. 21. A set out from C toward D» and traveled a miles 
per hour. After he had gone h miles, B set out firom D toward 
C, and went every hour ^th of the entire distance ; and aftw 
he had traveled as many hours as he went miles in one hour, 
he met A. Required the distance between the places C and D« 



Ans. n{^±y/{^-^y-h). 



Prob. 22. By selling my horse for 24 dollars, I lose as much 
per cent, as the horse cost me. What was the first cost of 
the horse ? 

Ans. 40, or 60 dollars. 

aUADRATIO EaUATIONS CONTAINING TWO UNKNOWN aUAN- 

TITIBS. 

(186.) An equation containing two unknown quantities is 
said to be of the second degree when it involves terms in which 
the sum of the exponents of the unknown quantities is equal to 2, 
but never exceeds 2. Thus, 

ac' -4x+y"=25, 
and lxy—4x+y =40, 

are equations of the second degree. 

The solution of two equations of the sdbond degree contain- 
ing two unknown quantities, generally involves the solution of 
an equation of the fourth degree containing one unknown quan« 
tity. Hence the principles hitherto established are not suffi- 
cient to enable us to solve all equations of this description. 
Yet there are particular cases in which they may be reduced 
either to pure or affected quadratics, and the roots determined 
in the ordinary manner. 

(187.) When one of the equations is a simfde equation, it it 
generally best to find an expression for the value of one of the 
unknovm quantities fi*om the simple equation, and substitute 
this value in the plsice of its equal in the other equation. The. 
resultmg equation will be of the second degree, and may be 
mylved by the ordinary rules. 
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Ex. 1. Given x*+Sxy^ ^'=28 ) to find the values of x 

X +2y = 7 ) aqd y. 
Flrom the second equation, we find 

X =7— 2y. 
Whence a;'=49— 28y+4y". 

And, substituting this value in the first equation, we have 

49-28y+4y*+21y-6y'-y«=23, 

a common quadratic equation, which may be solved m the 
usual manner. 

Ans. x=3, and y=2. 

Ex. 2. Given 2x*+ xy— 6y*=20 ) to find the values of x 

2x — 3y = 1 ) and y. 

Ans. x=5, y=3. 

Ex. S, Given — r— ^=a;v f ^ , . , ^ i 

3 ^ > to find the values of x and y. 

9y— 0x=18 ) 

Ans. x=2, y=4. 

(188.) When the same algebraic expression is involved to 
difierent powers, it is sometimes best to regard this expression 
as the unknown quantity. 

Ex. 4. Given x*+2xy+y* +2a;=120— 2y I to find the val- 

xy—y^ ==8 ) ues of x and y. 

Here the first equation may be put under the form 

(x+y)"+2(x+y)=120, 

where x+y may be regarded as ^ single quantity, and, by 
completing the square, we shall find its value to be 

either 10, or —12. 

Proceeding now as in the last Article, we shall find 

x=6, or 9, or — Oipv^S, 
y=4, or 1, or — 3± y^5. 

Ex. 6. Given 4xy=96-xy r^ ^ j *u i r j 

, ^ C to find the values of X and y. 

x+y=o y 

Here we may regard xy as the unknown quantity, and we 
shall find its value from the first equation to be 

either 8, or —12. 

Proceeding again as in the former AiUcle, V9^ ^Vv^ ^xA 
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x^2f or 4, or 8db v^l, 
y=?4, or 2, or 8:p >/2L 

Ex. 6. Given -+— =— ) 

y* y 9 > to find the values of n; and y. 

a;— y=2 ) 

X 

Here - may be treated as the unknown quantity, and we 
shall find its value to be 
either -. or 



From which we find 



3"" 8* 



aj=5, or — t 
• 10 



y=3, or 



10" 

(189.) When the sum of the dimensions of the unknown 
quantities is the same in every term of the two equations, it is 
sometimes best to substitute for one of the unknown quantities 
the product of the other by a third unknown quantity. 

Ex. 7. Given x^+xy =56 ) ^ , , , . ^ 

• ft 1 o/. ( to find the values of ar and y. 
xy +2y*=60 ) ^ 

Here, if we assume a;=t)y, we shall have 

t)y+t>y'=56, 

vy'+2y'=60. 

From the first of these equations, 

._ 56 

and from the second, y*= — r-r ; 

therefore, rTS="ri— • 

From which, after completing the square, we obtain 

.4 7 

D=5, or --. 

Substituting either of these values in one of the preceding 
expressions for y*, we shall obtain the values of y ; and since 
a:=t)y, we may easily obtain the values of x. 

. ( a?==fcl4, or ±4^/2, 
^^•(y==^10,ordb8v'2. 
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Ex. 8, Given 2x*+3xy+ y'=20 ) to find the value* of a: 

to" +4y''=41 ) and ^ 
If we assume z^vy, we shall find 

1 13 

whence, as before, i^e shall obtain 

^ ±18 

a;=±l, or — =» 

A J V21 

Arts. ^ ^^ 

y=±3, or 



V21 

fix. 9. Given x*+xy=17 ) , ^ , ,, , r j 

; , « f to find the values of x and y 

If we assume x=vy, we shall find 



7 11 
t>=4,or-, 



whence, as before, 




v^2 
±8 

72- 

(190.) When the unknown quantities in each equation are 
similarly involved, it is sometimes best to substitute for the 
unknown quantities the sum and difiference of two other quan- 
tities, or the sum and product of two other quantities. 

x' v' \ 

Ex. 10. Given — h— =18 L ^ . ^^ i ^^^ ««/i « 

y X > to find the values of x and y. 

r+y =12 ) 
Here let us assume 

y=zz—V. 

Then, by adding these two equations together, we shall have 

x+y=2«=12, or «=6; 
that is, ' x=6+u, and y=6— «. * 

' But, firom the first equation, we find 

x^+j/'^lHzy. 
8 
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SubstitutiDg the preceding values of x and y in thif •Qcut- 
tion, and reducin^y we obtain 

432+36u'=648-18t>". 

Whence t;==t2. 

Therefore, a;=4, or 8, 

and y=8> or 4. 

Ex. 11. Given x*+y*=3368 ) ^ , ,, , ,. , 

, o c to find the values of x and y. 

X +y = o ) "^ 

( x=3, or 5, 

i y=6, or 3. 

Ex. 12. Given x' +y* =341 ) ^ ^ .^ , 

a:"y+a;y»=330 \ ^"^ ^""^ ^^^ ''^^"®' ''^^ ^""^ ^^ 

a;=5, or 6, 



Ans. \ - _ 
( y=6, or 5. 



PROBLEMS. 



1. Divide the number 100 into two such parts, that the sum 
of their square roots may be 14. 

Ans. 64 and 36. 

2. Divide the number a into two such parts, that the sum 
of their square roots may be h. 

Ans. -db-V2a— 6*. 

8. The sum of two numbers is 8, and the sum of their fourtl* 
Dowers is 706. What are the numbers ? 

Ans. 3 and 5. 

4. The sum of two numbers is 2a, and the sum of theii 
fourth powers is 26. What are the numbers ? 

Ans. adbV-3a»+V8a*+i. 

5. The sum of two numbers is 6, and the sum of their fifth 
powers is 1066. What are the numbers ? 

Aas. 2 an4 ^ 

6. The sum of two numbers is 2a, and the sum of their fifth 
powers is 6* What are the numbers ? 
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7. What two numbers are those whose product is 120 ; and 
if the greater be increased by 8 and the less by 5, the product 
of the two numbers thus obtained shall be 300 ? 

Alls, 12 and 10, or 16 and 7.5. 

8. What two numbers are those whose product is a ; and 
if the greater be increased by h and the less by c, the*product 
of the two numbers thus obtained shall he^ d? 

a 



. m , /m' ah . m , I 
In,. -±^---,and-±^ 



Tf^ ah 



where m= 



4 c' 

d—a—hc 



c 

9. Find two numbers such that their sum, their product, 
and the difference of their squares may be all equal to one an- 
other. 

Arts. -+ -/-, and -+ -/-, 

that is, 2.618, and 1.618, nearly. 

10. Divide the number 100 into two such parts, that their 
product may be equal to the difference of their squares. 

Ans. 38.197, and 61.803. 

11. Divide the number a into two such parts, that their prod- 
uct may be equal to the difference of their squares. 

. 3a±a\/5 _ — aina^S 
Ans. :r and 



DISCUSSION OF THB GBNERAL IJaUATION OF THB SECOKD 

DBGEEB. 

(191.) We have seen, Art. 181, that every equation of the 
second degree may be reduced to the form 

where p and q represent known quantities, eitb€.r positive or 
negative, integral or fractional. 
The value of a; in this equation is 

•ith«r *~ 2"*'V^^"'"4* 
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And, since these values necessarily result from the general 
equation, we infer, 

PROPERTY I. 

Every equation of the second degree has two roots^ and only 
two. 

A root of an equation is such a number as, being substituted 
for the unknown quantity, will satisfy the equation. 

This principle has been often exemplified in the preceding 
pages. Two values have uniformly been found for x, although 
both values may not be applicable to the problem which fur- 
nishes the equation. This property will be found demon- 
strated in a general manner in Art. 294. 

(192.) If we multiply 



by ^+|+\/?+X=o, 

we shall obtain x'+j^a:— g=0, 

which was the equation originally proposed. 
Hence, 



PROPERTY II. 

Every equation of the second degree^ whose roots are a and b^ 
may he resolved into the two factors x— a and x^b. 

Ex. 1. Thus the equation 

x'-10a;-M6=0, 

Sx 8=0 
X— 2=0, 
where 8 and 2 are the roots of the given equation. 

It is also obvious that if a is a root of an equation of the sec- 
ond degree, this equation must be divisible by x—a. Thua 
the preceding equation is divisible by x— 8, giving the quotient 
a:— 2. 

iSfc. 2. The roots of the equation 
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a;'+ar+8=0, 

are —2 and —4. Resolve it into its fiictors. 

Ex. 8. The roots of the equation 

x'+6a;-27=0, 

are +8 and —9. Resolve it into its factors. 

Ex. 4. The roots of the equation 

x"— 2a;— 24=0, 

are +6 and —4. Resolve it into its factors. 

(193.) If we add together the two values of x in the ge.*v 
eral equation of the second degree, the radical parts having 
opposite signs disappear, and we obtain 



"2"2"-'^' 



Hence, 



PROPERTY III. 

The algebraic sum of the two roots is equal to the coefficient 
of the second term oftlie equation, taken with a contrary sign. 

Thus, in Ex. 1, page 145, 

x"-10x=-16, 

the two roots are 8 and 2, whose sum is +10, the coefficient 
of X taken with a contrary sign. 

In the equation 

a;"+(li:=— 8, 

the two roots are —2 and —4. 

In the equation 

x«+16a;=-60, 

the two roots are —6 and —10. 

If the two roots are equal numerically, but have opposite 
signs, their sum is zero, and the second term of the equation 
vanishes. Thus the two roots of the equation a;'=16, are +4 
and —4, whose sum is zero. This equation may be written 

x'+0a:=16. 

(194.) If we multiply together the two values of a: (observ- 
ing that the product of the sunt) and difference of two quan 
titles is equal to the difierence of their squates),^^ c^Aa1\S!l 
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* 

t--(,.?)=-,. 

Hence, 

PROPERTY IV. 

The product of the two roots is equal to the second member oj ^ 
the equation, taken with a contrary sign. 

Thus, in the equation 

a;'-10a:=-16, 

the product of the two roots 8 and 2 is +16, which is equal to 
the second member of the equation taken with a contrary sign. 

So, also, in the equation 

x''+Ga:=27, 

whose two roots are +3 and —9, their product is —27, 

The two last properties enable us readily to form an equa- 
tion when its roots are known. 

Ex. 1. Let it be required to form the equation whose roots 
are 2 and 8. 

According to Property III., the coefficient of the second 
term of the equation must be —10; and, from Property IV. 
the second member of the equation must be —16. Hence the 
equation is 

a;"— 10a:= — 16. 

Ex, 2. Form the equation whose roots are 3 and 5. 

Ex. 3. Form the equation whose roots are —4 and —.7. 

Ex. 4. Form the equation whose roots are 5 and —9. 

Ex. 6. Form the equation whose roots are —6 and +11. 

REAL AND IMAGINAEY VALUES OF THE UNKNOWH aUANTITT. 

(195.) The values of x in the general equation of the ieocmd 
degree a,re 

Values of the unknown quantity which are IM ima^'Hai^ 
are, for the sake of diitinction, ca\W reoL 



f 
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Since j-, being a square, is positive for all real values of jp, 

it follows that the expression q+^ can only be rendered neg- 
ative by the sign of q. 
When q is positive, or when q is negative and numerically 

less than ^, then will q+Y ^^ positive, and, consequently, 

yq+^ will be real. This happens in nearly all the preced- 
ing examples. 
When q is negative, and numerically greater than^, then 



?■*■ a ^^^^ ^ negative, and, consequently, \/q+'^ will be ink' 
aginary. This happens in Ex. 5, page 146. 

CASE I. 



When \/q+^ is real. 

1. When, in the equation x^pxs=qf p is negative, and ^ 

is numerically greater .than y y+4'» ^^^* palui^ of x will be 

real and positive. 
This happens in the equation 

x" —6x^—8, 

whose two roots are 4 and 2. 
Also in the equation 

x'— 10x= — 16, 
whose two roots are 8 and 2. 

2, When p is positive, and ^ is numerically greater than 



\/ q+^9 both values of x will be real and negative. 



4 

T^ happens in the equation 
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whose two roots are —2 and —4. 
Also in the equation 

a:'+16x=— 60, 
whose two roots are —6 and —10. 



3. When |- is numerically less than \/ q+^9 both values of 

X will he realf the one positive and the other negative. 

This happens in the equation 

a;»+6a:=27, 
whose roots are +3 and —9. 
Also in the equation 

a:'— 2a;=24, 
whose roots are +6 and —4. 

CASE II. 



(196.) When yj y+'j- is imaginary. 

In this case, both values q/* x are imaginary. 
This happens in the equation 

a:'— 8a:= — 18, 



whose roots are 4± V— 2. 

We will now prove that in this case the conditions of toe 
question are incompatible with each other, and therefore the 
values of x ought to be imaginary. The demonstration de 
pends upon the following principle : 

The greatest product which can be obtained by dividing a 
number into two parts and multiplying them together^ is thi 
square of half that number. 

help = the giveii number, 
and d = the difference of the parts. 

p d 
Then, from page 67, ^+- = the greater part, 



o""5 = the less part, 
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> 

and ^ — ~ = the product of the parts. 

Now, since p is 3, given quantity, it is plain that this expres- 
sion will be the greatest possible when d=0 ; that is, ^ is the 

P 

greatest product, which is the square of ^, half the given 

number. 
For example, let 12 be the number to be divided. 



We have 12=1+11 

12=2+10 
12=3+ 9 
12=4+8 
12=5+ 7 
12=6+ 6 



and 11X1 = 11. 
and 10X2=20. 
and 9X3=27. 
and 8X4=32. 
and 7X5=35. 
and 6X6=30. 

We here see that the smaller the difference of the two parts, 
the greater is their product ; and this product is greatest when 
the two parts are equal. 

Now, in the equation 

a:'--|?x=— y, 

p is the sum of the two roots, and q is their product. There- 
of 
fore y can never be greater than ^. 

If, then, any problem furnishes an equation in which q is 

negative, and greater than ^, we infer that the conditions of 

the question are incompatible with each other. 
Thus, in the example 

a:'-6a:= — 10, 

^=9, which is numerically less than q. The equati<dn re- 
quires us to divide the number 6 into two parts whose product 
shall be 10, which is an impossibility ; and, accordingly, in 
solving the equation, we obtain imaginary values for x, 

' Hence an imaginary root indicates an absurdity in the pro^ 
posed question which furnished the equation. 

Suppose it is required to divide 8 into two such parts that 
their product sbali be IS. 
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Let X = one of the parts, 

and 8— a: = the other. 

Then, by the conditions, 

a:(8— :c) = 18. 

Whence a:'— 8a: = — 18. 

This equation, solved by the usual method, gives 

a:=4± V— 2, an imaginary expression. 

Hence we infer that it is impossible to find two numbers 
whose sum is 8, and product 18. This is obvious from the 
Proposition above demonstrated, from which it appears that 
16 is the greatest product which can be obtained by dividing 
8 into two parts, and multiplying them together. 

(197.) When q is negative, and numerically equal to ^, toe 

radical part of both values of a; becomes zero, and both values 

P 
of a; reduce to — ^« The two roots are then said to be equal. 

Thus, in the equation 

x'-6x=— 9, 

the two roots are 3 and 3. 

We say that in this case the equation has two roots, because 
it is the product of the two factors, x— 3=0, and a:— 3=0 

DISCUSSION OF PARTICULAR PROBLEMS. 

(198.) In discussing particular problems which involve equa* 
tions of the second degree, we meet with all the different cases 
which are presented by equations of the first degree, and some 
peculiarities besides. We may therefore have, 

1. Positive values oix, 

m 

2. Negative values. 

3. Values of the form of -r. 

A 

A 

4. Values of the form of—. 

5. Values of the form of-. 

AH these difierent cases are pTeBeixXj&dL \^^ ^^xOtX^m \s^ 
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page 155, when we make difierent suppositions upon the values 
of fl, m, and n ; but we need not dwell upon t|iem here. 

The peculiarities exhibited by equations of the second de- 
gree are, 

6. Double values oix. 

7. Imaginary values. 

We will consider the last two cases. 

(199.) Double values of the unknown quantity. 
We have seen that every equation of the second degree has 
two roots. Sometimes both of these values are applicable to 
the problem which furnishes the equation. Thus, in Problem 
20, page 155, we .obtain either 100 or 180 miles for the dis- 
tance between the places C and D. 

C E D 

I 1 I 

Let E represent the situation of A when B sets out on his 
journey. Then, if we suppose CD equals 100 miles, ED will 
equal 55 miles, of which A will travel 30 miles (being 6 miles 
an hour for 5 hours), and B will travel 25 miles (being 5 miles 
an hour for 5 hours). 

If we suppose CD equals .180 miles, ED will equal 135 miles, 
of which A will travel 54 miles (being 6 miles an hour for 9 
hours), and B will' travel 81 miles (being 9 miles an hour for 
9 hours). 

This problem, therefore, admits of two positive answers, 
both equally applicable to the question. 

Problem 22, page 1 56, is of the same kind ; and another 
will be found on page 193. 

In Problem 18, page 155, one of the values of x is positive, 
and the other negative. 

O A C B 

1 I r 1 

Let the weakest magnet be placed at A, and the strongest 
at B ; then C will represent the situation of a needle equally 
attracted by both magnets. According to the first value, the 
distance AC=8 inches, and CB=12. Now at the distance of 
8 inches, the attraction of the weakest magnet will be repre- 

4 
lented hy -y ; and at the distance of Vl \ii<i\i%^% >2ci^ ^xxx^'^^.^^^w 
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9 

of the other magnet will be represented by j^^ and these 4W0 
powers are equal ; for 

1=— 

But there is another point, C, which equally satisfies the 
conditions of the question ; and this point is 40 inches to the 
left of A, and therefore 60 inches to the left of B ; for 

40'""60*' 

(200.) Imaginary values of the unknown quantity. 

We have seen that an imaginary root indicates an absurdity 
in the proposed question which furnished the equation. 

In several of the preceding problems, the values of 2; be 
come imaginary in particular cases. 

When will the values of x in Problem 6, page 153, be im 
aginary ? 

Ans, When 6>a' 

What is the absurdity involved in this supposition? 
Arts, It is absurd to suppose that the product of two num 
hers can be greater than the square of half their sum. 

When will the values of x in Problem 11, page 164, be imag- 
inary ? 

Ans. When a'>6; or (2a)'>46. 

What is the absurdity of this supposition ? 
Ans, The square of the sum of two numbers can not be 
greater than twice the sum of their squares. 

When will the values of a: in Problem 17, page 155, be im- 
aginary ? 

Ans. When a*>h ; or (2a)">8i 

What is the absurdity of this supposition ? 
Ans, The cube of the sum of two numbers can not be 
greater than four times the sum of their cubes. 

When will the values of x in Problem 4, page 140, be im- 
aginary, and what is the absurdity of this supposition T 



SECTION XIII. 



RATIO AND PROPORTION. 

(201.) Numbers may be compared in two ways : either by 
means of their difference^ or by their quciienL We may in- 
quire Aon? much one quantity is greater than another; or» how 
many times the one contains the other. One is called Arith- 
metical, and the other Greometrical Ratio. 

The difference between two numbers is called their Arith- 
metical Ratio. Thus, the arithmetical ratio of 9 to 7 is 9— 7, 
or 2 ; and if a and h designate two numbers, their arithmetical 
ratio is represented by a—h. 

Numbers are more generally compared by means of quo- 
tients ; that is, by inquiring how many times one number con- 
tains another. The quotient of one number divided by another 
is called their Geometrical Ratio. The term Ratio, when used 
without any qualification, is always understood to signify a 
geometrical ratio, and we shall confine our attention to ratios 
of this description. 

(202.) By the ratio of two numbers, then, we mean the quo- 
tient which arises from dividing one of these numbers by the 
other. 

Thus, the ratio of 12 to 4 is represented by — , or 3. 

6 

The ratio of 5 to 2 is -, or 2.5. 

The ratio of 1 to 3 is -, or .333, &c. 

We here perceive that the value of a ratio can not always 
he expresBed exactly in decimals ; buX, \>^ \»!»x^ ^ %\^t^\^w 
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number of terms, we can approach as nearly as we please to 
the true value. 

If a and b designate two numbers, the ratio of a to 6 is the 
quotient arising from dividing a by 6, and may be represented 

by writing them a ; 6, or t. The first term, a, is called the 

antecedent of the ratio ; the last term, &, is called the consequent 
of the ratio. 

Hence it appears that the theory of ratios is included in the 
theory effractions, and a ratio may be considered as a fraction 
whose numerator is the antecedent^ and whose denominator is the 
consequent, 

(203.) When the antecedent of a ratio is greater than the 
consequent, the ratio is called a ratio of greater inequality ; as, 

5 12 ' 

-, -T-. When the antecedent is less than the consequent, it is 
3 4 

2 5 

called a ratio of less inequality ; as, -, -. When the antece- 

dent and consequent are equal, it is called a ratio of equality ; 

3 8 

as, -, -. It is plain that a ratio of equality may always be 

represented by unity. 

(204.) When the corresponding terms of two or more s/m- 

ple ratios are multiplied together, the ratios are said to be 

a 
compounded. Thus, the ratio of r* compounded with the ratio 

of :;, becomes 7-:. 
a oa 

When a ratio is compounded with itself, the result is called 

a duplicate ratio. Thus, the duplicate ratio of - is - ; and the 

3 o 

duplicate ratio of t is t;. 

A ratio compounded of three equal ratios is called a trtplt' 

2 8 
cate ratio. Thus, the triplicate ratio of - is — ; and the tripli- 

j,a , a* 
cate ratio ot t is ti- 

o 

The ratio of the ajuan roots of two ^\iL«xi&>af^% vik ^nU^l % 
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subduplicate ratio. Thus, the subduplicate ratio of - is - ; and 

8 3 

the subduplicate ratio of t is —r. 

The ratio of the cube roots of two quantities ii called a sub' 
triplicate ratio. Thus, the subtriplicate ratio of — is ^ ; and 

the subtriplicate ratio of t is -jtt. 

(205.) If the terms of a ratio are both multiplied^ or both rff- 
vided by the same quantity, the value of the ratio remains UU" 
changed. 

a 
The ratio of a to 6 is represented by the fraction t, and trie 

value of a fraction is not changed if we multiply or divide both 
numerator and denominator by the same quantity. Thus, 

a 
a « ma n 
b'^mb'^y 

a b ■ 

or a : b=ma : mb=- : -. 

n n 

(206.) Ratios are compared with each otlier by reducmg 
the fractions which represent them to a common denominator. 

In order to ascertain whether the ratio of 2 to 7 is greater 
or less than that of 3 to 8, we represent these ratios by the 

2 3 

fractions - and -, and reduce them to a common denominator. 

7 8 

They thus become 

16 J 21 
56 ^^^56'^ 
and, since the latter of these is the greatest, we infer that the 
ratio of 2 to 7 is less than the ratio of 3 to 8. 

(207.) A ratio o{ greater inequality is diminished^ and a ratio 
of less inequality is increasedf by adding the same quantity to 
both terms. 

3 3+1 4 
^'^^^ 2>2+l'^'V 
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2 2+1 3 

3<3+l' ^' 4- 

To prove the proposition generally, let r represent any ra- 
tio, and let x be added to each of its terms. The two ratios 
will then be 

a J a+x 

T and T-T— , 
b+x 

which, reduced to a common denominator, become 

ab+ax ab+bx 

b{b+xy b{b+xy 

Now if a>6, that is, if r is a ratio of greater inequality, then, 
since ax is greater than bx, the first of these fractions is great- 
er than the second, and therefore r is diminished by the addi- 
tion of the same quantity to each of its terms. 

But if a<&, that is, if r is a ratio of less inequality, then, 
since ax is less than &x, the first of the above fractions is less 
than the second, and therefore t is increased by the addition 

of the same quantity to each of its terms. 

(208.) If, in a series of ratios, the consequent of each is the 
antecedent of the following ratio, then the ratio of the first an' 
tecedent to the last consequent is equal to that which is conh 
pounded of all the intervening ratios. 

Let the proposed ratios be 

a b c d e 
Vc'd'e'f 
Compounding them by Art. 204, we obtain 

abcde 
bcdrf' 
which, being divided by bcde, reduces to 

a 

r 



AATIO AND PROPORTION. 175 



PROPORTION. 

(209.) Proportion is an equality of ratios. 

Thus, if Of b, Cy d are four quantities, such that a, when di- 
vided by hy gives the same quotient as c when divided by d^ 
then a, 6, c, d are called proportionak^ and we say that a is to 
6 as c is to (Z; and this is expressed by wrting them thus : 

aihiicidy 
or a : 6=c : d^ 

a c 

8o, also, 3, 4, 9, 12 are proportionals ; that is, 

3:4::9:12 
3 9 
^' 4=12- 

In ordinary language, the terms raiio and proportion are 
confounded with each other. Thus, two quantities are said to 
be in the proportion of 3 to 5, instead of the ratio of 3 to 5. 
A ratio subsists between two quantities, a proportion only be- 
tween four. Ratio is the quotient arising from dividing one 
quantity by another ; two equal ratios form a proportion, 

(210.) In the proportion 

aihiicidy 

a, 6, c, d are called the terms of the proportion. The first and 
last terms are called the extremes^ the second and third the 
means. The first term is called XYxq first antecedent, the second ^ 
term the first consequent, the third term the second antecedent, 
and the fourth term the second consequent. 

The word term, when applied to a proportion, is used in a 
slightly difierent sense from that explained in Art. 27. The 
terms of a proportion may be polynomials. Thus, 

a+h : c+d : : e+/ : g+h. 

(211.) When the second and third terms of a proportion are 
identical, this quantity is called a mean proportional between 
the other two. Thus, if we have three quantities, a, b, c, such 
that 

a lb : lb iCf 



176 RATIO AND PROPORYION. 

then h is called a mean proportional between a and c, and c is 
called a third proportional to a and 6. 

If, in a series of proportional magnitudes, each consequent is 
identical with the next antecedent, these quantities are said to 
be in contimied proportion. Thus, if we have a^b^Cfd^e^f 
such that 

aih \ih I c II c: di: die lie I f^ 

<i _p __c __d __e 

b~~^c'~d'~e~~^f^ 

the quantities a, 6, c, rf, e,/ are in continued proportion. 

(212.) If four quantities are proportional, the product of tne 
extremes is equal to the product of the means. 

Let aib :i c: d. 

Then will ad=^bc. 

For, since the four quantities are proportional, . 

a c 

Multiplyitig each of these equals by bd^ the expression be- 
comes 

abd_bcd 

or ad=bc. 

Thus, if 3 : 4 : : 9 : 12, 

when 3X12=4X9. 

(213.) Conversely, if the product of two quantities is equal 
to the product of two others, the first two quantities may be 
made the extremes^ and the other two the means of a proportion. 

Let* ad=bc. 

Then will a :b :: c id. 

For, since ad=bCf 

dividing each of these equals by bd, the expression becomes 

a__^c c _ji 

that is, a ib<i c I d^ ox c I d i\ a lb* 

Thus, if 3X12:?=4X9, 

then 3 : 4 : : 9 : 12» 

or • 9 :l^;;«v4. - 
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(214.) The preceding proposition is called the test of propor- 
tions, and any change may be made in the form of a propor- 
tion which is consistent with the application of this test. In 
order, then, to decide whether four quantities are proportional, 
we must compare the product of the extremes with the product 
of the means. 

Thus, to determine whether 6, 6, 7, 8 are proportional, we 
multiply 5 by 8, and obtain 40. Multiplying 6 by 7, we ob- 
tain 42. As these two products are not equal, we conclude 
that the numbers 5, 6, 7, 8 are not proportional. 

Again, take the numbers 5, 6, 10, 12. The product of 5 by 
12 is 60, and the product of 6 by 10 is also 60. Hence these 
numbers are proportional ; that is, 

5:6:: 10:12. 

(215.) If three quantities are in continued proportion, the 
product of the extremes is equal to the square of the mean. 

If a:b::b:c. 

Then, by Art. 212, ac=bbf which is equal to 6'. 

' Conversely, if the product of two quantities is equal to the 
square of a third, the last quantity is a mean proportional be" 
tween the other two. 

Thus, let ac=b^. 

Dividing these equals by &c, we obtain 

a^b 
b-'c' 
or aib^ib \c. 

Thus, if 4 : 6 : : 6 : 9, 

then 4X9=6'. 

And conversely, if 4X9=6', 
then 6 is a mean proportional between 4 and 0* 

EXAMPLKS. 

1. Given the first three terms of a proportion, 24, 15, and 
40, to find the fourth term. 

2. Given the first three terms of a proportion, 'dab*, 4a*b\ 
and 9a% to find the fourth term. 

3. Given the last three t^rms of a proportion, 4a"fc\ 2a*b\ 
and Qa^^, to Sod the £nt term. 

M 
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. 4. Given the first, second^ and fourth term^ of a proportion, 
6y* 7x"y", and 21a:'y, to find the third term. 

5. Given the first, third, and fourth terms of a proportion, 
a+bf a*—Vy and (a— 6)\ to find the second term. 

(216.) Ratios thai are equal to the same ratio are equal to 
each other. 

Let a : 6 : : a: : y, ) 

, J { then will aihiicid. 

and cxdiixiy,) 

For, since aihiixxy^ 



we have 




a X 

h-y 


And since 


c; 


idiixij/f 


we have 




C X 

d~y 


Therefore, 




a c 


and hence 


a 


ihiicid. 



(217.) If four quantities are proportional, they will be pro- 
portional by alternation; that is, the first will have the same ratio 
to the third that the second has to the fourth. 

Let aibiicidy 

then will a:c iibid. 

m 

For since aibiictdf 

by Art. 212, ad=bCf 

and since ad=bCf 

by Art. 2lSf a:c::b:d. 

(218.) If four quantities are proportional, they vnll be pro- 
portional by inversion ; that is, the second will have to the first 
the same ratio that the fourth has to i\e third. 



Let 


aib lie :df 


then will 


b .ail die. 


For since 


aib ::c idf 



by Art. 212, ad=bc, 

or bc=ad. 

Therefore, by Art. 213, biaiidic. 
(219.) If four quantities are i^TovotlioikaA^^^^ ^itSSl^^tq- 
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portional by composition ; that is, the sum of the first and sec- 
ond roill have p the second the same ratio that the sum of the 
third andfow h has to the fourth. 

m 

Let aibiicid ; 

then will a+h : ft : : c+d : d. 

For since aihiicidf 

we have V^'r 

Add unity to each of these equals, and we have 

a , , c . , a-jrh c+d 
^+1=5+1. or — =— ; 

hat is, a+h : 6 : : c+d : d. 

(220.) If four quantities are proportional, they will be pio- 
portional by division; that is, the difference of the first and sec* 
Olid will have to the second the same ratio that the difference of 
the third and fourth has to the fourth. 

Let aihiicid; 

then will a—hihiic—did. 

For since aihiicid^ 

we have T= j« 

o a 

Subtract unity from each of these equals, and we have 

a ^ c ^ a—b c—d 
__l=__l,or-j-=-^.- 

that is, a— 6 : 6 : : c—d : d. 

(221.) If four quantities are proportional, they will be pro- 
portional by conversion ; that is, the first will have to the dif- 
ference of the first and second tlie same ratio that the third has 
to the difference of the third and fourth. 

Let a:b::c:d; 

then will a:a—b::c:c—d. 

For since a:b::c:df 

by inversion, b:a:id:c; 

b d 

whence "=1« 

a c 

Subtract each of these equals from \m\ly, ^mdi vi^Vm^ 
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& d a—b c—d 

1 — =1--, or ——=—-; 
a c a c 

that IB, a—h i an c—d : c, 

or inversely, a : a—b : : c : c— rf. 

(222.) If four quantities are proportional, the sum of the first 
and second will have to their difference the same ratio thai the 
sum of tfie third and fourth has to their difference. 

Let a :b :: c I d; 

then will a+b : a—b : : c+d : c—d. 

For since a ib :: c : d, 

by composition, a+b : 6 : : c+d : rf, 

and by alternation, a+b : c+d : : 6 : A 

Also, since a : b :: c : d, 

by division, a—b : 6 r : c—d : (/, 

and by alternation, a—b : c—d ::b : d^ 

Hence, by equality of ratios, 

a+b : a—b : c+d : c—d. 
(223.) If four quantities are proportional, like powere or ro^ 
of these quantities will also be proportional. 

Let aib II c '. d; 

then will a" : 6" : : c" : (f*. 

For since aib iici df 

. a c 

we have I~> 

Raising each of these equals to the nth power, we obtain 

— — f! 

that is, <t ilr xid^i cf , 

where n may be either a whole number or a fractionu 

(224.) If there is any number of proportional quantitiea all 
having the same ratio, the first will have to the second the same 
ratio that the sum of all the antecedents has to the sum of aUthL 
consequents. 

Let a, bf c, d, e^fhe any number of proportional quantities 
such that 

a:b :: G : di: e:ff 

then wiJl a : hi ; a-V'C+« : ft+4+/t 
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For since a:b :: c : df 

we have ad=hcs 

and since <i : 6 : : e :^ 

we have af=^he* 

To these equals add ab=baf 
and we obtain a{b+d+f)=b{a+c+e). 
Hence, by Art. 213, a:b :: a+c+e : b+d+f. 

(225.) If three quantities are in continued proportion, the 
first will have to the third tfie duplicate ratio of that which U 
has to the second. 



Let 


aib ::b : c. 


Then 


a: c:: a* :b\ 


For since 


a:b iibiCt 


r Art. 212, 


ac=b\ 



Multiplying each of these equals by a, we obtain 

a*c=aV ; 
that is, a*Xc=aX6*. 

Resolving this equation into a proportion by Art. 213, we 
have 

ax cii a^ xV. 

(226.) If four quantities are in continued proportion, the first 
will have to the fourth the triplicate ratio of that which it has to 
the second. 

Let «, 6, c, J be four quantities in continued proportion, so 
that 

a:b lib : c :: c : dt 
then will a: d ::a* :b\ 

For since a :b ::c : df 

we have ad=bc; 

and smce aib :ibi c^ 

we have ac=b\ 

Multiplying these equals by a&, we obtain 

a\bdc)=b\abc)y 

or a*Xd=VXa. 

Hence, by ArL 313, aid'ia* iV. 
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(227.) If there are two sets of proportional quantities, t?u 
products of the corresponding terms will be proportional 



Let 


a:b :: c : d. 


and 


e:f::g:tL 


Then will 


ae ibf :: eg : dh. 


For, since 


a :b :: c : df 


by Art. 212, 


ad=bc. 


And since 


eifiigih. 



by Art 212, eh^fg. 

Multiplying these equals together, we have 

aeXdh=bfXcg. 

Hence, by Art. 213, aeibf :: eg : dh. 

(228.) Three quantities are said to be in harmonical propor- 
tion when the first is to the third as the difference between tlu 
first and second is to the difference between the second andMri 

Thus, 2, 3, 6 are in harmonical proportion ; for 

2:6:: 3-2 : 6—3. 
Let a, fr, c be in harmonical proportion ; then 

a : c :: a—b : 6— c. 
Multiplying the extremes and means, and reducing, we hava 

ab 
2a— 6 
Hence, to find a third harmonical proportional to two quan- 
tities, divide the product of the first and second by twice the 
first diminished by the second. 

Ex. 1. Find a third harmonical proportional to 3 and 5. 
Ex. 2. Find a third harmonical proportional to 5 and 8. 

(229.) Four quantities are said to be in harmonical propor- 
tion when the first is to the fourth as the difference between the 
first and second is to the difference between the third and fourtIL 
Thus, 2, 3, 4, 8 are in harmonical proportion ; for 

2:8:: 3—2 : 8—4. 
Let a, &, c, d be in harmonical proportion ; then 

aid:* a—b : c—d. 

Multiplying the extremes and me.ans, and reducing, we 
have . 
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ac 



d= 



2a-V 

Hence, to find a fourth harmonical proportional to three 
quantities, divide the product of the first and third by twice 
the first diminished by the second. 

Ex. 1. Find a fourth harmonical proportional to 4, 5, and 6. 

Ex. 2. Find a fourth harmonical proportional to 5, 8, and 10. 

(230.) Proportions are often expressed in an abridged form. 
Thus, if A and B represent two sums of money put out for 
one year at th^ same rate of interest, then 

A : B : : interest of A : interest of B. 

This is briefly expressed by saying that the interest vanes 
as the principal. A peculiar character cz> is used to denote 
this relation. Thus, we write 

the interest qd the principal. 

One quantity varies directly as another, when both increase 
or diminish together in the same ratio. Thus, in the above 
example* A varies directly as the interest of A. In such a case 
either quantity is equal to the other multiplied by some con 
stant number. Thus, if the interest varies as the principal, 
then the interest equals the principal multiplied by a constant 
quantity, which is the rate of interest. 

If A cz> B, then A=mB. 

If the space (S) described by a falling body varies as the 
square of the time (T), then 

S=77lT*, 

m representing some constant quantity. 

(231.) One quantity may vary directly as the product of 
several others. Thus, if a body moves with uniform velocity 
the space described is measured by the product of the time 
by the velocity. If we put S to represent the space described, 
T the time of motion, and V the uniform velocity, then we 
shall have 

SqdTxV. 

Also the area of a rectangle varies as the product of its 
length and breadth. 

. The weight of a stick of timber varies as its length X its 
ImBdth X kf depths X iu density; 

9 
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If the density is given, then the weight varies as the length 
X the breadth X the depth. 

If the depth also is given, then the weight varies as the length 
X the breadth. 

If the breadth is given, then the weight varies as the length* 

Finally, if the length also is given, then the weight is equal 
to a constant quantity. 

(232.) One quantity varies inversely as another when one 
increases in the same ratio that the other diminishes. Thus, 
the altitude of a triangle wjiose area is given, varies inversely 
as its base. 

Ifthe product of two quantities is constant, then one varies 
inversely as the other. 

In uniform motion, the space is measured by the product of 
the time by the velocity ; that is, 

S=TxV. 

Whence T=~ 

If the space be supposed to remain constant, then 

that is, the time required to travel a given distance varies in- 
versely as the velocity. Suppose the distance is 360 miles : 
then, 

if the velocity is 12 miles per hour, the time will be 30 hours ; 
« 20 " « 18 *' 

« 24 " ** 15 " 

that is, if the velocity is doubled, the time is halved. The one 
varies inversely as the other. 

Conversely, if one quantity varies inversely as another, the 
product of the two quantities is constant. 

Thus, if T QD i:, 

then the space (S) is a constant quantity. 

(233.) One quantity may vary directly as a second, and in- 
versely as a third. Thus, according to the Newtonian law of 
ravitatioD, the attraction (G) bl ixx^j K^avenl^ body iraiiM 
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4irectly as the quipitity of matter (Q), and inversely as the 
square of the distance (D). 

That is, ^^W 

(234.) Application of the preceding principles. 

Ex. 1. Given x+y : x : : 5 : 3, ) ^ , , 

. I to find the values of x and v. 

a?y=o, ) 

Sincse x+y : x : : 5 : 3. 

By division, Ai^. 220, y : x ::2 : S. 

2x 
Therefore, 3y=2a:, and y=-^. 

o 

Substituting this valueof y in the second equation, v^e obtain 

2x* 



Therefore, 


ir-«- 


X — 3=8, 


and 


y-±2. 



Ex. 2. Given x+y : x — y : : 3 : 1, / to find the values of x 

a:*— y"=56, S and y. 
From the fifst equation, by Art. 222, we obtain 

2x:2y ::4:2; 
whence, x : y : : 2 : 1, 

and x=2y. 

Substituting this value of x in the second equation, we ob* 
tain 

y=2, x=4. 



s 



Ex. 3. Given x+y : x— y : : 64 : 1, ) to find the values of z 

xy=63, ) and y. 

5y Art. 223, ' x+y : x— y : : 8 : 1. 

By Art. 222, 2x : 2y : : 9 : 7 ; 

whence x : y : : 9 : 7. 

9v 
Therefore, a:=-;^. 

Substituting this value of x in the second equation, we oh' 
tain - " 

--«.. - y=db7, x==b9. 
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Ex. 4. Given x*— y* : a;— y : : 61 : 1, J to find the values of 

zt/=S20f ) X and y. 

Since x"— y" : x"— ax'y+Sary"— y" : : 61 : 1. 



By division, -4r^ 220, aryX(x— y) : x— y : : 60 : 1, 



Hence 960 : x—y : : 60 : 1, 



uij 16 : X— y : : 1 : 1. 
Therefore, x—y= ±4. 

Also, since x*— 2xy+y'=16, 
And 4xy=1280, 

By addition, x'+2xy+y'=1296. 

Extracting the root, x+y=±36. 

Hence x=db20, or ±16, 

y=dbl6, or ±20. 

Ex. 6. Given x"— y* : x^y—xy^ : : 7 : 2, > to find the values 

x+y=6, ) of X and y. 

A'M. x=4, or 2 ; y=2, or 4b 



Ex. 6. Given Vy — Va— x= Vy— x, ) to find the 

Vy— x+ Va— X : Va— x : : 5 : 2, ) values of 

c and y. 

. 4a 5a 

-4n5. x=-3-; y=-r* 
5 ^ 4 

£x. 7. Giiren x+y/x rx— >/x : : B^x+6 : 2v/x, to find the 
values of X. 

Ans. x=9, or 4. 

£x. 8. What number is that to which, if 1, 5, and 13 be sev 
erally added, the first sum shall be to the second as the second 
to the third ? 

Arts. 3. 

Ex. 9. What number is that to which, if a, 6, and c be sev- 
erally added, tlie first sum shall be to the second as the second 
to the third? 
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■ JEr. 10. What two numbers are those whose difTerence, sum 
and product are as the numbers 2» 3» and 5 respectively 7 

Ans. 2 and 10. 
Ex. 11. What two numbers are those whose difference, sum, 
and product are as the numbers m, n, and p f 

Arts. — p-, and ^ 



n+m n—m 

Ex. 12. Find two numbers, the greater of which shall be to 
the less as their sum to 42, and as their difierence to 6. 

Ans. 32 and 24. 

Ex. 13. Find two numbers, the greater of which shall be to 
the less as their sum to a, and their difference to b. 

Ex* 14. There are two numbers which are in the ratio of 3 
to 2, the difierence of whose fourth powers is to the sum of 
their cubes as 26 to 7. Required the numbers. 

Ans. 6 and 4. 

Ex. 15. What two numbers are in the ratio of m to 7t, the 

diflerenoe of whose fourth powers is to the sum of their cubes 

nap to q? 

. mp m*+n* , np wi"+n' 
Ans. -^X— 4 — I, and -^X— j — u 
q m—n* q nC—w 
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PROGRESSIONS. 

ARITHMETICAL PBOGILESSION. 

(235.) An Arithmetical Progression is a series of quantities 
which increase or decrease by the continued addition or subtrac- 
tion of tJie same quantity. 

Thus, the numbers 

1, 3, 5, 7, 9, n, &c., 

which are obtained by the addition of 2 to each successive 
term, form what is called an increasing Arithmetical Progres- 
sion ; and the numbers 

20, 17, 14, 11, 8, 5, &c., 

which are obtained by the subtraction of 3 from each success- 
ive term, form what is called a decreasing Arithmetical Pro- 
gression. 

(236.) To find the last term of an Arithmetical Progression, 
If a represent the first term of an arithmetical progression, 
and d the common difference, the successive terms of an in- 
creasing series will be 

a, a+d, a+2d, a+Sd, a+4df &c. 
The successive terms of a decreasing series will be 
a, a— rf, a—2df a—Sdf a— 4^, &c. 

Since the coefficient erf J in the second term is 1, in the third 
term 2, in the fourth term 3, and so on, the nth term of the 
series will be 

ad=(n— l)eZ, 

which may be called the last term when the number of terms 
''a n. Hence* 
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The last term of an arithmetical progression is equal to the 
first, db tlie product of tJie common difference into the number of 
terms less one. 

In what follows we shall consider the progression an increas- 
ing one, since all the results which we obtain can be immediate- 
ly applied to a decreasing series by changing the sign of d. 

If we put / to represent the last term of the series, we shall 
accordingly have 

/=a+(n— !)(/. 

This equation contains four variable quantities, any one oi 
which may be computed when the other three are known. 

(237.) To find the sum of n terms of the series. 
Take any series, and under it set the same terms in an m- 
verted order, thu^ : 

Let the series be 1, 3, 5, 7, 9, 11, 13, 15, 

the same series inverted is 15, 13, 11, 9, 7, 5, 3, 1. 

The sums are, 16, 167167T6, 16, 16716, 16. 

The sums of the two series must be double the sum of a sin- 
gle series, and is equal to the sum of the extremes repeated as 
many times as there are terms. 

In order to generalize this method, let S represent the sum 
of the series, 

Then S=a+a+5+a+2eZ+a+3(/+ +/. 

If we write the same series in an inverted order, thus: 

S=Z+/^+/-2eZ+/-3cf+ . . +a, 

and add the two series together, term by term, we obtain 

2S=Z+a+/+a+7+a+/Ttf+ +T+a. 

Represent the number of terms in the series by n ; then 

2S=n(/+a). 

Hence S=^l 

Therefore, 

The sum of an Arithmetical Progression is equal to half the 
sum of the two extremes, multiplied by the number of terms. 

It also appears from the above, that the sum of the extremes 
is equal to the sum of any other two terms equally distant from 
the extremes. 
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(238.) The two fundamental equations 

Z=a+(n-l)rf, 

contain five variable quantities, 

af If df Tty S, 

of which any three being given, the other two may be founa. 
Accordingly, 20 different cases may arise, all of which are 
solved by combining the formulae above given. These cases 
are exhibited in the following table, and should be verified by 
the student : 



"NoT 



Givtm. 



Required. 



Fonnal»7 



1 

2 



5 
6 

7 
8 



9 



10 



11 



12 



13 
14 
15 

la 



a, d, n 
a, dj S 

a, n, S 
df Tif S 



a, df n 

Qf df I 

ttf rif I 

df Tif I 



a, 71, 1 



a, 71, S 



a, Z, S 



71, Z, S 



/ 



df 71, Z 
df 71, S 
d,l, 8 

7t, ( S 



z 



s 



Z=a+(7i-l)a, 



Z=-i(Z± V2dS+{a-id)\ 

, 2S 
Z= Cf 

n 2 



S=i7i|2a+(7i-l)rf}, 



l+a P-a* 



" 2 '^ 2d ' 
S=— XTl, 

S = |7t{2/~(7t-l)df}. 



rf= 



rf= 



2S-2a7i 



71(71-1)' 



(f= 



(f= 



2S-Z-a* 
2yiZ-2S 

7l(7l— 1)' 



a 
a 
a 
a 



Z-(7i-l)d, 

S (7l-l)i 



71 



:ieZ=fc:V(Z+irf)» 

2S 

=— -z: 

71 



-2dS, 
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Ho. 


CHfnoB. 


Required. 


Fomraln. 


17 


a, d, I 

a, d, S 
a. /, S 

d,l, S 


n 




18 
19 


± V(2a-</)'+8</S-2a+rf 
"= 2d 
2S 


20 


2/+<f±V(2/+d)'-8rfS 
"- 2d . 



EXAMPLES. 

(239.) JSiv* 1. Jlequired the sum of 60 terms of an arithmetical 
progression whose first term is 5, and common difTerence 10. 

Ans. 18000. 
This example affords an application of Formula 5. 

Ex. 2. Required the number of terms of a progression whose 
sum is 442, whose first term is 2, and common difierence 3. 

Ans. 17. 
This example is solved by Formula 18. 

Ex. 3. Required the first term of a progression whose sum 
is 99, whose last term is 19, and common diflference 2. 

Ans. 3. 

Ex. 4. The sum of a progression is 1455, the first term 5, and 
the lart term 92. What is the common diflerence ? 

Ans. 3. 

Ex. 5. A body falls 16 feet during the first second, and in 
each succeeding second 32 feet more than in the one imme- 
diately preceding. If it continue falling for 20 seconds, how 
many feet will it pass over in the last second, and how many 
in the whole time? 

Ans. 624 feet in the last second, and 6400 feet in the whole 
time. 

Ex. 6. Required the sum of 101 terms of the series 

1, 8, 6, 7, 9, &c. 

Ans. 10201. 

Er. 7. Find the nth term of the series 

1, 8, 5, 7, 9, &a 

Ans. 211—1: 

9* 
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that is, ih^ last term of this series is one less than twice the num 
her of terms, 

Ex. 8. Find the sum of n terms of the series 

1, 3, 6, 7, 9, &c. 

Ans. n*; 

that is, tlie sum of the terms of this series is equal to the square 
of the number of terms. 

Thus, 1+3 = 4=2'. 

1+3+5 = 9=3'. 
1+3+5+7 =16=4'. 
1+3+5+7+9=25=5'. 

Ex. 9. Find the sum of the natural series of numbers 

1, 2, 3, 4, 5, &c., 

up to n terms. 

Ans.—^—. 

Ex. 10. Find the sum of the even numbers 

2, 4, 6, 8, &c., 

up to n terms. 

Ans. n(n+l). 

Ex. 11. One hundred stones being placed on the ground in 
a straight line, at the distance of two yards from each other, 
how far will a person travel who shall bring them one by one 
to a basket which is placed two yards from the first stone ? 

Ans. 20200 yards. 

Ex. 12. Find m arithmetical means between two given num- 
bers. 

In order to solve this problem, we must first find the com- 
mon difference. The whole number of terms consists of the 
two extremes and all the intermediate terms. If,* then, m rep- 
resent the number of means, »i+2 will be the whole number 
of terms. 

Substituting m+2 for n, in Formula 9, page 190, we have 

rf= — -"7= the common difference, 
m+1 

whence the required means are easily obtained by addition. 

Ex. 13. Find 6 arithmetical means between 1 and 50. 
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Ex. 14. Find three numbers in arithmetical progression, the 
sum of whose squares shall be 1232, and the square of the 
mean greater than the product of the two extremes by 16. 

Ans. 16, 20, and 24. 

In examples of this kind, it is generally best to represent the 
series in such a manner that the common difference may dis- 
appear in taking the sum of the terms. Thus a progression 
of three terms may be represented by 

a-r-dj a, a-\-d; 
one of four terms by q—Sd, a—d, a+d, a+3d, &c. 

Ex. 15. Find three numbers in arithmetical progression, the 
sum of whose squares shall be a, and the square of the mean 
greater than the product of the two extremes by b. 

/a-2b ^ /a-2b . /a-2b . ^ 
Ans, y — 3 Vb; y— 3— ; and y—^+Vh. 

Ex. 16. Find four numbers in arithmetical progression 
whose sum is 28, and continued product 585. 

Ans. 1, 5, 9, 13. 

Ex. 17. A sets out for a certain place, and travels 1 mile 
the first day, 2 the second, 3 the third, and so on. In five days 
afterward B sets out, and travels 12 miles a day. How long 
will A travel before he is overtaken by B ? 

Ans. 8 or 15 days. 

This is another example of an equation of the second de- 
gree, in which the two roots are both positive. The following 
diagram exhibits the daily progress of each traveler. The di- 
visions above the horizontal line represent the distances trav- 
eled each day by A ; those below the line the distances trav- 
eled by B. 

A.123 4 5 6 7 8 9 10 11 12 13 14 15 

II I I I I I I I I I I i I 



^. . 1 I I I I I t I I 

B. 12 3 4 5 6789 10 

It is readily seen from the figure that A is in advance of B 
until the end of his 8th day, when B overtakes and passes him. 
After the 12th day, A gains upon B, and passes him on the 
15th day, after which he is continually gaining upon B, and 
could not be again overtaken. 

Ex. 18. A goes 1 mile the first day, 2 the second, and so on 

N 
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B starts a days later, and travels b miles per day. How ipng 
will A travel before he is overtaken by B ? 

26-1=1= V (26- l)»-8afr' 
Ans. days. 

In what case would B never overtake A T 

Ans. When g> ^, — • 

For instance, in the preceding example, if B had started one 
day later, he could never have overtaken A. 

Ex. 19. A traveler set out from a certain place and went 1 
mile the first day, 3 the second, 5 the third, and so on. After 
be had been gone three days, a second traveler sets out, and 
goes 12 miles the first day, 13 the second, and so on. In how 
many days will the second overtake the first? 

Ans. In 2 or 9 days. 

Let the student illustrate this example by a diagram like the 
preceding. 

GEOMETRICAL P&OGRESSION. 

(240.) A Geometrical Progression is a series of quantities^ 
each of which is equal to the product of that which precedes it by 
a constant number. 

Thus, the series 

2,4,8, 16, 32, &c., 
and 81, 27, 9, 3, &c., 

are geometrical progressions. In the former, each number is 
derived from the preceding by multiplying it by 2, and the 
series forms an increasing geometrical progression. In the 
latter, each number is derived from the preceding by multiply- 
ing it by 1, and the series forms a decreasing geometrical pro- 
gression. 

In each of these cases, the common multiplier is called the 
common ratio. 

(241.) To find the last term of a geometrical progression. 
Let a represent the first term of the progression, and r the 
conimon ratio ; then the successive terms of the series will be 

a, ar, ar', ar*, ar\ &c. 
7Jbe exponent of r in the sei:ond term is 1, in the third term 
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m%ixk the/aKit& term 89 and so on ; hence the nth term of the 

series will be 

Iff therefore, we put / for the last term, and n the number of 
terms of the series, we shall have 

That is, 

*Hie last term of a geometrical progression is equal to the 
product of the first term by that power of the ratio whose expo^ 
nent is one less than the number of terms. 

(242.) To find the sum of all the terms of a geometrical pro^ 
gression. 

If we take any geometrical series, and multiply each of its 
terms by the ratio, a new series will be formed, of which ev- 
ery term except the last will have its corresponding term in 
the first series* Thus, take the series 

1, 2, 4, 8, 16, 32, 

the sum of which we will represent by S, so that 

8=1+2+4+8+16+32. 

Multiplying each term by 2, we obtain 

28=2+4+8+16+32+64. 

The terms of the two series are identical, except the first 
term of the first series and the last term of the second series. 
If, then, we subtract one of these equations from the other, all 
the remaining terms will disappear, and we shall have 

28-8=64-1. 

In order to generalize this method, let a, ar, ar^, &c., rep- 
resent any geometrical series, and 8 its sum ; then 

S=a+ar+ar'+ar*+ +ar*-*+ar^-^ 

Multiplying this equation by r, we have 

r8=ar+ar'+ar*+ar*+ +ar^*+ar^. 

Subtracting the first equation from the second, we obtain 

r8-8=ar'*-a. 

Hence 8 = 7- ; 

r— 1 

or, substituting the value of / already found, we shall have 

Ir—a 



196 



PR06SEB8I0N8. 



Hence, to find the sum of the terms of a geometrical pro- 
gression, 

Multiply the last term by the ratio^ subtract the first term, and 
divide tiie remainder by the ratio less one. 

If the series is a decreasing one, and r consequently repre- 
sents a fraction, it is convenient to change the signs of both 
numerator and denominator in this expression, which then be- 
comes 

a—ar^ a—lr 

0=-; =■;; • 

1— r 1— r 

(243.) In the two fundamental equations 

l==af^-^\ 
Ir-a 

there are five variable quantities, 

a, /, r, n, S, 

of which any three being given, the other two may be found. 
Accordingly, as in arithmetical progression, 20 different cases 
may arise, all of which are readily solved, with the exception 
of those in which n is the quantity sought. The value of n 
can only be found by the solution of an exponential equation. 
See Art. 352. These different cases are all exhibited in the 
following table for convenient reference. 



No. 



Given. 



2 
3 



6 



8 



a, r, n 
a, r, S 
a, 71, S 
r, n, S 



a, r, n 



a,r,l 



a, n, / 



r, n, I 



Required. 



I 



S 



FormuleB. 



',_ g+(r-l)S 
'~ r • 

/(S-0— =a(S-a)"-*, 
(r-l)Sr^' 
r"-l • 



S= 



S= 



ar"—a 
Ir—a 



S= 



r-l* 



S= 






t^-r^' 
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No. 



9 


a^fhl 


10 


Of n, S 


11 


a,/, S 


12 


n,/; S 



Cttven. 



Required." 



Fomuilar 



n—l /I 



ar"— rS=a— S, 
_ S-g 

(S-/)^-Sr^'=-^. 



13 

14 

15 
16 



r, n, / 
r, n, S 

71, Zy S 



a= 



a= 



Z 
(r-l)S 



r--l ' 

a=Zr-(r- 1)S, 

a(S-a)"-»=Z(S 



-0 



17 



18 



19 



20 



a, r, Z 



a, r, S 
a,/, S 
r, /, S 



n 



__Zo^. I— log. a 



fl, 



n 



71= 



71= 



Zo^. r 

Zo^.[a+ (r— 1)S]— Zo^. a 
log. r 
log. l-Aog. a 



n- 



log.{S'-a)-log.{S'-l) 
log. l-log.[lr-{r-l)S'] 
log. r 



M, 



+1. 



EXAMPLES. 

Ex. 1. Required the sum of the series 

1, 3, 9, 27, &c., 
continued to 12 terms. 



4715. 265720. 



This example is solved by Formula 5, 

Ex. 2. Required the sum of the series 

1, 2, 4, 8, 16, &c., 

continued to 14 terms. 

^715. 16383. 

Ex. 3. Given the first term 2, the ratio 3, and the number 

of terms 1 0, to find the last term. 

^715. 39366. 

Ex. 4. Given the first term 1, the last term 512, and the sum 
of the terms 1023, to find the ratio. 
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Ex. 5. Given the last term 2048, the. number of terms 1% 
and the ratio 2, to find the first term. 

Ex. G. A person being asked to dispose of his horse, said he 
would sell him on condition of receiving one cent for the first 
nail in his shoes, two cents for the second, and so on, doubling 
the price of every nail to 32, the number of nails in his four 
shoes. What would the horse cost at that rate ? 

Ans. «42,949,672.95 

(244.) To find any number of geometrical means between twc 
given numbers. 

In order to solve this problem, it is necessary to know the 
ratio. If m represent the number of means, m+2 will be the 
whole number of terms. Substituting m+2 for n in Formula 9 
Art. 243, we obtain 






That is, to find the ratio, divide the last term by the first term, 
and extract the root denoted by the number of means plus one. 

When the ratio is known, the required means are obtained 
by continued multiplication. 

Ex. I. Find three geometrical means bftween 2 and 162. 

Ex. 2. Find two geometrical means between 4 and 256. 

(245.) Of decreasing progressions having an infinite number 
of terms. 

The formula 

which represents the sum of n terms of a decreasing senes, 
may be put under the form 

o=- . 

l—r 1— r 

In a decreasing progression, since r is a proper fraction, r^ 
is less than unity, and the larger the number n, the smaller will 
be the quantity r". If, therefore, we take a very large num- 
ber of terms of the series, the quantity r^, and, consequently 

i ar^ 

the term j— -, will be very small ; and if we take n greatet 
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than any assignable number, then t-— will be less than any 
assignable number. We shall therefore have 

1— r 4 

Hence the sum of an infinite series decreasing in geometrical 
progression is found by the following 

RULE. 

Jhvide the first term by unity diminished by the ratio. 
Ex. 1. Find the sum of the infinite series 

Here a=l,r=i. 

Therefore, 8=^ =- — -=2. 

^ 1-r 1-i 

Ex. 2. Find the sum of the infinite series 

Ans, i. 
Ex. 3. Find the sum of the infinite series 

Ex. 4. Find the ratio of an infinite progression, whose first 
term is 1, and the sum of the series f. 

Ans. J. 

Ex. 6. Find the first term of an infinite progression, whose 

ratio is tV» ^^^ ^^^ ^^^ I* 

Ans. I 

Ex. 6. Find the first term of an infinite progression, of which 
the ratio is ~> and the sunn 



PROBLEMS. 

(246.) Prob. 1. Of four numbers in geometrical progression, 
the «uin of the first and second is 15» and the sum of the third 
msfi fourth i^ 60. Required the numbers. 

'Let Xf xy^ xy^ xy*, be the numbers. 

Therefore, x +icy =16, 

and «y'+xy'=fl6* 
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Multiplying the first equation by y', 

xy"+xy'=15y'=60. 

Therefore, y'=4, 

and y =±2. 

Also, a:±2a:=16. 

Therefore, a:=5, or —15. 

Taking the first value of x, and the corresponding value of 
y, we obtain the series 

5, 10, 20, 40 ; 

which numbers may be easily verified. 

Taking the second value of x, and the corresponding valui^ 
•jf y, we obtain the series 

-15, +30, -60, +120; 

which numbers also perfectly satisfy the problem understood 
algebraically. If, however, it is required that the terms of the 
progression he positwe^ the last value of x would be inapplica- 
ble to the problem, though satisfying the algebraic equation. 

Several of the following problems also have two solutions, 
if we admit negative values. 

Prob. 2. There are three numbers in geometrical progres- 
sion whose sum is 210, apd the last exceeds the first by 90 
What are the numbers ? 

Ans. 30, 60, and 120. 

Prob. 3. There are three numbers in geometrical progres- 
sion whose continued product is 64, and the sum of their cubes 
is 584. Required the numbers. 

Ans. 2, 4, and 8. 

Prob. 4. There are four numbers in geometrical progres- 
sion, the second of which is less than the fourth by 24 ; and the 
sum of the extremes is to the sum of the means as 7 to 3. Re- 
quired the numbers. 

Am, 1, 3, 9» and 27. 

Prob. 5. Of four numbers in geometrical progression^ the 
difiference between the first and second is 4, and the diflbrence 
between the third and fourth is 36. What are the numbers ? 

Ans. 2, 6, 18, and 54. 

Prob. 6. Of four numbers in g^metrical progression, the 
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lutn of the first and third is a, the sum of the second and fourth 
is b. What are the numbers ? 



Arts, 



a'+6" a'+y a«+6" a'+fe'' 



HABHONICAL PROGRBSSION. 

(247.) A series of quantities is said to be in harmonical pro- 
gression wJien, of any three consecutive terms, the first is to the 
third as the difference of the first and second is to the difference 
of the second and third. 

Thus the numbers 

60, 30, 20, 15, 12, 10, 

are in harmonica! progression ; for 

60:20 :: 60-30 : 30-20 
30: 15 :: 30-20 : 20-15 
20: 12 :: 20-15: 15-12 
15: 10:: 15-12 : 12-10. 

So, also, the numbers 

1 1 i 1 1 ' Arr 

form an harmonical progression. 

(248.) The reciprocals of a series of terms in harmonical prth 
gressionform an arithmetical progression. 

Thus, the reciprocals of 60, 30, 20, &c., are 

EZf TJT* "50 f 15> tV> T7> 

which are respectively equal to 

off* oTT* FIT* inr» T7> F"3"» 

being an arithmetical progression whose common difference 

If six musical strings of equal weight and tension have their 
lengths in the ratio of the numbers 

1 1 I 1 I 1 

*> "J* 29 4f J9 "ffJ 

the second will sound the octave of the first ; the third will 
sound the twelfth ; the fourth will sound the double octave ; 
the fifth will sound the seventeenth ; and the sixth will sound 
the nineteenth, and so on. Hence the origin of the term hai^- 
mtmical or musical proportion. 
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Let GfbtC be three quantities in liannonical progression^ 
then 

a : c :: a—b : b-r-c; 

whence 6= — r"« 

a+c 

That is, an harmonical mean beiwe$n two quantities is equal 
to twice their product divided by their sum. 
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GREATEST COMMON DIVISOR.— CONTIN- 
UED FRACTIONS.— PERMUTATIONS AND 
COMBINATIONS. 

(249.) The greatest common divisor of two or more quan- 
tities is the greatest factor which is common to each of the 
quantities. 

THEOREM. 

The greatest common divisor of two quantities is the same 
with the greatest common divisor of tlie least quantity , and their 
remainder after division. • 

To prove this principle, let the greatest of the two quantities 
be represented by A, and the least by B. Divide A by B ; 
let the entire part of the quotient be represented by Q, and the 
remainder by R. Then, since the dividend must be equal to 
the product of the divisor by the quotient + the remainder, we 
shall have 

A=QB+R. 

Now every number which will divide B will divide QB ; 
and every number which will divide R and QB will divide 
R+QB or A. That is, every number which is a common di- 
Tieor of B and R is a common divisor of A and B. 

Again, every number which will divide A and B will divide 
A and QB ; ft will also divide A— QB or R. That is, every 
number which is a common divisor of A and B is also a com- 
mon divisor of B and R. Hence the greatest common divisor 
• of A and B must be the same as the greatest common divisor 
ofBandR. 
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(250.) To find, then, the greatest common divisor of two 
quantities, we divide the greater by the less ; and the remain- 
der, which is necessarily less than either of the given quanti- 
ties, is by the last Article divisible by the greatest common di- 
visor. 

Dividing the preceding divisor by the last remainder, a still 
smaller remainder will be found, which is divisible by the 
greatest common divisor; and by continuing this process with 
each remainder and the preceding divisor, quantities smaller 
and smaller are found, which are all divisible by the greatest 
common divisor, until at length the greatest common divisor 
must be obtained. Hence the following 

RULE. 

Divide the greater quantity by the ksSf and tiie preceding dU 
visor by the last remainder, till nothing remains ; the last dim- 
sor will be the greatest common divisor. 

When the remainders decrease to unity, the given quanti- 
ties have 710 common divisor greater than unity, and are said 

to be incommensurable, or prime to each other. 

« 

• EXAMPLES. 

Ex. L What is the greatest common divisor of 872 and S46t 



372 

246 
246 



246 



126 
126 



1 
126, first Remainder. 
1 



120 
120 



120, secotid Remainder. 



1 



120 



6, third Remainder. 



20 



Here we have continued the operation of division until we 
obtain for a remainder ; the last divisor (6) is the greatest 
common divisor. Thus, 246 and 372 being each divided by 
6, give 41 and 62, and these quotients are prime with respect 
to each other ; that is, have no common divisor, greater than 
unity. 
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Ex. 2 What is the greatest common divisor of 

336 and 720 ? 

Ans. 48. 
JSx. S'. What is the greatest common divisor of 

918 and 522? 

Ans. 18. 

(251.) In applying this rule to polynomials, some modifica- 
tion may become necessary. It may happen that the first term 
of the dividend is not divisible by the first term of the divisor. 
This may arise from the presence of a factor in the divisor 
which is not found in the dividend, and may therefore be sup^ 
pressed. For, since the greatest common divisor of two quan- 
tities is only the product of their common factors, it can not be 
affected by a factor of the one quantity which is not found in 
the other. 

We may theiefore suppress in the first polynomial all the 
factors common to each of its terms. We do the same with 
the second polynomial, and if the suppressed factors have a 
common divisor, we reserve it as forming part of the common 
divisor sought. 

But if, after this reduction, the first term of the dividend, 
when arranged according to the powers of some letter, is not 
divisible by the first term of the arranged divisor, we may muU 
iiply the dividend hy any monomial factor which will render its 
first term divisible hy the first term of the divisor. 

This will not aflfect the greatest corhmon divisor, because 
we introduce into the dividend a factor which belongs only to 
the first term of the divisor ; for by supposition, all the factors 
common to each of its terms have been suppressed. 

EXAMPLES. 

Ex. 1. Required the greatest common divisor of 

ar'+a:* and a:*— 1. 
The operation will here stand as follows : 



a:'+a:' 
x^—x 



x*-! 



X 



a:'+x, first Remainder. 
Suppressing X, we have x^+l. 
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x*+l 



-a:*-!. 

Whence x^+l is the greatest common divisor. To verify 
this result, divide x^+x* by a;'+l, and we obtain x*; divide 
3;*— 1 by x'+lf and we obtain x'— 1. 

£x. 2. Required the greatest common divisor of 

x*—b^x and x^+2bx+b\ 

Suppressing the factor x in the first polynomial, we proceed 
as follows : 



x^+2bx+V 



x'-y 



1 



2bx+2b*f first Remainder. 
Suppressing the factor 2bf 






x+b 



x—b 



-bx-V 
-bx--V 
Whence x+b is the greatest common divisor. 

Ex. 3. Required the greatest common divisor of 

4a*-2a'-3a+l and 3a*-2a-l. 

Ans. a— 1. 
J^o?. 4. Find the greatest common divisor of 

x^—a* and a:'— a'. 

' ^^5. a?— a 
JSr. 5. Fmd the greatest comiiidn divisor of 

a'— 3afe+26' and a'— a6— 2ft\ 

JLn5. a— 2fi« 
Ex. 6. Find the greatest common divisor of 

a^—x* and a*^a^x—ax^+x*. 

Atis, o"— «• 
Er. 7. Find the greatest commion divisor of 
a«-a'fe+3a6'-36' and €f-5ab+4b\ 

Ans. a— 6 
/So:* 8. Find the greatest commou divisor of 
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(252.) From the operation on page 204, we see that the 
fraction P? i8 equal to l^p^. 

Also, the fraction ^^-tt is equal to -,,., . 

24o l+Ttl 

Therefore, — is equal to yxT 

, . ... 120 . ,1 1 

Again, the fraction -r^ is equal to - , , or . 

Therefore, ^~: is equal to -r— ♦ 

oi^ 1 "i" 1 

T+T 



1+^, 

which is called a continued fraction, 

A continued fraction is one whose numerator is unity, and its 
denominator an integer plus a fraction whose numerator is like' 
wise unity t and its denominator an integer plus a fraction^ and 
to on. 

The general form of a continued fraction is 

1 

a+1 

6+1 



c+1 



d+\ 



c+1, &c. 

(25S.) Any fraction may be transformed into a continued 
fraction by the method of finding the greatest common divisor 
of the numerator and denominator. 

Ex. 1. Transform zttz: into a continued fraction. 

347 

Ans. 1 



3+1 



82+1 
10 
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351 

Ex. 2. Transform jrrz into a continued fraction. 

Ans. 1 



2+1 



1+1 



2+1 



1+iV- 



421 

Ex. 3. Transform ;-— into a continued fraction. 

972 

251 

Ex. 4. Transform r-r-: into a continued fraction. 

764 

130 
Ex*. 6. Transform -;— into a continued fraction. 

421 

(254.) The value of a continued fraction, when composed ol 
t finite number of terms, is easily found. 

Ex. 1. Find the value of the continued fracticm 

1 

2+1 



Beginning with the last fraction, we have 



13 

3+i=-4- 



Hence 



3+i 18* 



1 30 

Therefore, ^+3+i==l3- 

And i-rrr 13 / 

2+1 =^. Ans, 

Ex. 2. Find the value of the continued fraction 

1 

3+1 



2+1 



4+i. 

Jjltf. S. Find the value of the ooulinued fraction 
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2+1 



3 + 1 



2+1 



2+i. 

(255.) When a fraction has been transformed into a con- 
tinued fraction, its approximate value may be found by taking 
a few of the first terms of the continued fraction. 

114 
Thus, an approximate value of -— is J, which is the first 

term of its continued fraction. 

22 

By taking two terms, we obtain -rz, which is a nearer ap- 
proximation ; and three terms would give a still more accurate 
value. 

632 
JBx, 1. Find approximate values of the fraction . 

1 4 83 
^«w- 2« 9* 74* 

115 
Ex. 2. Find approximate values of the fraction j^. 

(256.) By this method we are enabled to discover the ap- 
proximate value of a fraction expressed in large numbers ; and 
this principle has some important applications, particularly in 
Astronomy. 

Ex, 4, The ratio of the circumference of a circle to its 
diameter is ^.1415926. Find approximate values for this 
ratio, 

22 333 355 

^^^' 7' 106' 113* 

Ex. 5. In 87969 years, the Earth makes 277287 conjunc- 
tions with Mercury. Find approximate values for the frac- 
87969 



tion 



277287' 

1 ^ ^ 13 83 

^^*- I' itf 2a' <V 104* 
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Ex. 6* lu 57551 years, the Earth makes 36000 conjunctions 

57551 

with Venus. Find approximate values for the fraction . 

8 235 
^^' 6' 147- 

Ex. 7. In 295306 years, the Moon makes 3652422 synod- 
ical revolutions. Find an approximate value of the fraction 
295306 



3652422 



Arts. 



19 
235' 



the permutations of the three letters a, &, c, taken all^ 
together f are 



THEORY OF PERMUTATIONS AND COMBINATIONa 

(257.) The different orders in which quantities may be ar- 
ranged are called their Permviations. Thus, 

a, 6, c, 
a, c, i, 
6, a, c, 
6, c, a, 
c, a, &, 
jCf bf a. 

6, a, 

ft, c, 

c, a, 

<Cy b. 



The permutations of the same letters taken two and 
two^ are 




The permutations of the same letters taken s* jgly, or 
one by one, are • • 

(258.) To find the number of permutations of n letter s^ taken 
m and m together. 

Let a^byCjd i, be the n letters. 

The number of permutations of n letters taken singly, or one 
by one, is evidently equal to the number of letters, or to n. 

The number of permutations of n letters taken two and two 
13 «(»— 1). FoF if we reserve one of the letters, as a, thero 
will remain n-^ I letters* 
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bf c, d k. 

Writing a before each of these letters, we shall have 

abf ac, ad ak; 

that is, we obtain w— 1 permutations of the n letters taken two 

and two, in which a stands first. Proceeding in the same 

manner with 6, we shall find n— 1 permutations of the n letters 

taken two and two, in which b stands first ; and so for each 

of the n letters. Hence the whole number of permutations 

will be 

n(n— 1). 

The number of permutations of n letters taken three and 

three together is 

n(7i— 1) (n— 2). 

For if we reserve one of the letters, as a, there will remain 
n— 1 letters. Now we have found the number of permuta- 
tions of n letters taken two and two to be w(n— 1). Hence 
the permutations of w—l letters taken two and two must be 

(n-l) (n-2). 

Writing a before each of these permutations, we shall have 
(n— 1) (n— 2) permutations of the n letters taken three and 
three, in which a stands first. Proceeding in the same manner 
with 6, we shall find (ti— 1) (w— 2) permutations of the n let- 
ters taken three and three, in which b stands first ; and so for 
each of the n letters. Hence the whole number of permuta- 
tions will be 

n{n—\) (n— 2). 

In like manner, we can prove that the number of permuta- 
tions of n letters taken four and four is 

n(n-l) (w-2) (n-3). 

When the letters are taken two and two, the last factor in 

ne formula representing the number of permutations is n— 1. 

When the letters are taken three and three, the last factor is 

/1-72. When the letters are taken four and four, the last 

factor is 71— 3. 

Hence, when the letters are taken m and m together, the last 
factor will be n— (m— 1) or n— m+l; and the number of per- 
mutations of n letters taken m and m together will accoi ding- 
ly be 

n(n^l) («-2) (n-3) (jv— m-V\V 
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EXAMPLES. 

Ex. 1. Required the number of permutations of the 8 letters 
Of b^Cf d^ Cfft g9 A, taken 5 and 5 together. 
Here n=8, m=5» n— m+l=4, 

and the above formula becomes 

8.7.6.6.4=6720, Ans. 

Ex. 2. Required the number of permutations of the 26 let- 
ters of the alphabet, taken 4 and 4 together. 

Ans. 858800. 

Ex. 3. Required the number of permutations of 12 letters, 
taken 6 and 6 together. 

Ans. 665280. 

(259.) If we suppose that each permutation comprehends all 
the n letters; that is, if m=n, the preceding formula becomes 

n(n— 1) (n— 2) 2X1; 

or, inverting the order of the factors, 

1.2.3.4 (n— l)n; 

which expresses the number of permutations of n letters taken 
all together. 

Ex. I. Required the number of changes which can be rung 
upon 8 bells. 

According to the preceding formula, we have 

1.2.3.4.5.6.7.8=40320, Ans. 

Ex. 2. How many permutations may be formed from the 
letters of the word Roma 1 

Ex. 3. What is the number of permutations which may be 
formed from the letters composing the word " vir^Me ?" 

Ex. 4. What is the number of different arrangements which 
can be made of 12 persons at a dinner- table ? 

^ Ans. 479001600. 

(260.) The combinations of any number of quantities signify 
the different collections which may be formed of these quanti* 
ties, without regard to the order of their arrangetnent. 

Thus, the three letters a, b, c, taken all together, form but 
one combination, abc. 

Taken two and two, they ftrm three combinations, 

ab, ac, be. 
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(261.) To find the number of combinations of n ktter$, taken 
m and m together. 

The number of combinations of n letters taken separately, or 
one by one^ is evidently n. 

The number of combinations of n letters taken tioo and two^ 
. n(n— 1) 

For the number of permutations of n letters taken two and 
two is 7i(n— 1) ; and there are two permutations (abf ha) cor- 
responding to one combination of two letters. Therefore the 
number of combinations will be found by dividing the number 
of pei-mutations by 2. 

The number of combinations of n letters taken three and 

. 7i(n— 1) (n— 2) 
three together, is — ^^ — Tir^ • 

For the number of permutations of n letters taken three and 
three, is n(n— 1) (n— 2) ; and there are 1.2.3 permutations for 
one combination of three letters. Therefore the number of 
combinations will be found by dividing the number of permu- 
tations by 1.2.3. 

In the same manner, we shall find the number of combina- 
tions of n letters, taken m and m together, to be 

n(n— 1) (n— 2) (n— »i4-l) 

1.2.3 m 

Ex 1. Required the number of combinations of six letten 
taken three and three together. 

Here n=6, 77i=3, n— m+l=4y 

and the formula becomes 

=20. 

1.2.3 

Ex. 2. Required the number of combinations of 8 letten 

taken 4 and 4. 

Ans. 70. 

Ex. 3. Required the number of combinations of 10 letters 

taken 6 and 6. 

Ans. 210 

The following table, which is computed by the preceding for- 
mula, shows the number of combinaticiva of \, 51, ^, 4, ^c \»v 



214 



FBRMUTATIONS AND COMBINATIONS. 



ters taken singly, or two and two, three and three, &c. An 
important application of these principles will be seen in the next 
Section. 



Letters. 


Singly. 


2 aud 2. 3 and 3. 


4 and 4. 5 and 5wJ6 and 6.,7 and 7.|8 and 8. 


9 and 9. 10 and la 


1 

2 
3 


1 

2 
3 


1 

3 


















1 






Number of combinaticms. 


k 






4 
5 


4 
5 


6 
10 


4 
10 


1 

5 




















1 










6 


6 


15 


20 


15 


6 


1 










7 


7 


21 


35 


35 


21 


7 


1 








8 


8 


28 


56 


70 


56 


28 


8 


1 






9 


9 


3G 


84 


126 


126 


84 


36 


9 


1 




10 


10 


45 


120 


210 


252 


210 


120 


45 


10 


1 
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INVOLUTION OF BINOMIALS. 

(262.) We have shown, in Art 142, how to obtain any 
power of a binomial by actual multiplication. We now pro- 
pose to develop a theorem by which this luLor may be greatly 
abridged. 

Taking the binomial a4-6, its successive powers found by 
actual multiplication are as follows : 

\a+hy=^a'+2ab +b\ 
(a+6)*=:a*+4a*64-6a'6' +4taV +6*, 

(a+&)"=a"+6a*6+15a*6'+20a'6'+15a'6'+6ay+y. 

The powers of a— 6, found in the same manner, are as fol- 
lows*: 

{a—hy=a —bf 
{a-by=a^-2ab +b\ 
(a-6)»=a«-3a'64-3a6' -b\ 
{a-by=a'-Aa'b+MV -4.ab' +b\ 

(a-6)«=<3i«-6a'6+15a*6'-20a'6'+15a'6*-6a/)'+^'. 

On comparing the powers of a+b with those of a— 6, we 
perceive that they only differ in the signs of certain terms. In 
the powers of fl+6, all the terms are positive. In the powers 
of fl— 6, the terms containing the odd powers of b have the 
sign—, while the even powers retain the sign 4-. The reason 
of this is obvious ; for, since —6 is the only negative term of 
,the root, the terms of the power can oxi\y \i^ Tcuftiw^ x^ft^^ 

10* 
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tive by b. A term which contains the factor —6 an even 
number of times, will therefore be positive ; if it contain it an 
odd number of times, it must be negative. Hence it appears 
that it is only necessary to seek for a method of obtaining the 
powers ofa-\-b; for these will become the powers of a—b by 
simply changing the signs of the alternate terms. 

(263.) If we consider the exponents of the preceding pow- 
ers, we shall find that they follow a very simple law. Thus, 

( of a are 2, 1,0, 
In the square, the exponents • • j ^f j ^,^ 0, 1, 2. 

.... ^ (of a are 3,2,1,0, 

In the cube, the exponents • . s r i /^ , « o 

'^ ( of 6 are 0, 1,2, 3. 

r 4U r 4U ^k . \ of a are 4,3,2, 1,0, 

In the fourth power, the exponents ] c . ^^ , « o ^ 

"^ '^ i 01 b are 0, 1, 2, 3, 4. 

&c., &c., &c. 

' In the first term of each poVer, a is raised to the required 
power of the binomial ; and in the following terms, the expo- 
nents of a continually decrease by unity to ; while the ex- 
ponents of 6 increase by unity from up to the required power 
of the binomial. It is obvious that this will always be the case, 
to whatever extent the involution may be carried. Also, the 
sum of the exponents of a and b in any term is equal to the ex- 
ponent of the power required. Thus, in the second power, the 
sum of the exponents of a and b in each term is 2 ; in the third 
power it is 3 ; in the fourth power, 4, &c. 

We hence infer, that for the seventh power the terms, with- 
out the coefficients, must be 

a\ a% a'b\ a'b\ a'b\ a'b\ ab% 6%- 
and for the nth power, 

a", a"-^6, a"-«6% a'^-^b* a'*""^, aft-*, 6*. 

(264.) It remains to determine the coefficients which belong 
to these terms ; and in order to discover the law of their forma- 
tion, let us take the coefficients already found by themselves. 

The coefficients of the 1 st power are 1 1 

2d " .12 1 

" 3d « 18 3 1 

** 4th " 14 6 4 1 

*• 5th " 1 5 10 10 5 1 

^ 6th •* \ ^ \b ^^ \^ e I 
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The nambers in this table are identical with those in the ta- 
ble of combinations on page 214. For example, the coefficients 
of the fifth power denote the number of combinations of five 
letters taken one and one, two and two, &c. ; the coefficients 
of the sixth power denote the number of combinations of six 
letters taken one and one, two and two, &c. The reason of 
this will appear if we observe the law of the product of several 
binomial factors, z+a, x+b, x+c, x+d, &c. 

Multiplying x + a 
by X + b, 

we obtain x*+{a+b)x+ab=lat product. 

Multiplying by a; + c, 
we obtain x*+{a+b + c)x^ + (ab + ac + bc)x + abc = 2d 

product. 
Multiplying by x + rf, 
we obtain x*+{a+b+c+d)x*+{ab+ac+ad+ be + bd+ 

cd)x^+{abc+abd+acd+bcd)x+abcd=Sd product. 

We observe that in each of these products the coefficient of 
X in the first term is unity ; the coefficient of the second term is 
the sum of the second terms of the binomial factors ; the coefficient 
of the third, term is the sum of all their products taken two ana 
two ; the coefficient of the fourth term is the sum of all their 
products taken three and three, &c« 

It is easily seen that if we multiply the last product by a 
new. factor, x+e, the same law of the coefficients will be pre- 
served- Hence the law is general. 

If now, in the preceding binomial factors, we suppose a, h 
c, rf, &c., to be all equal to each other, the product 

{x+a) {x+b) {x+c) {x+d) 

becomes {x+a^. 

The coefficient of the second term of the product, or a+b-h 

c-\-d , becomes a+a+a+a ; that is, a taken as 

many times as there are letters a, b, c, d, and is, consequentlv, 
equal to na. 

The coefficient of the third term, or ab+ac, &c., reduces to 

a^+a^+a^ , or a' repeated as many times as there are 

different combinations of n letters taken two and two ; that is, 

n(n—l) . 
In >lr^261,t6 -, . V . 



S^.M— 8 



'ar-'+... 



( 
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The coefficient of the fourth term reduces tc a* repiatcu as 

many times as there are different combinations of n letters 

It t I • . n(n—l) In— 2) , , 
taken three and three ; that is, — ^^ — — a% and so on. 

Thus we find that the nth power of z+a may be expressed 
as follows : 

. 7i(n— 1) , ^ n(n-l) (n— 2) 

which is called the Binomial Formula, and is generally as- 
cribed to Sir Isaac Newton. So important was it regarded, 
that it was engraved on his monument in Westminster Abbey 
as one of his greatest discoveries. 

On comparing the different terms of this development, we 
perceive that any coefficient may be derived from the preced- 
ing one by the following rule: If the coefficient of any term be 
multiplied by the exponent of x in that term, and divided by the 
exponent of a increased by one, it will give the coefficient of the 
succeeding term. 

Thus, the fifth power o{ x+a is 

x'+5aa:*+10aV+10aV+5a*a;+a'. . 

If the coefficient 5 of the second term be multiplied by 4, 
the exponent of x in that term, and divided by 2, which is the 
exponent of a increased by one, we obtain 10, the coefficient 
of the third term. 

So, also, if 10, the coefficient of the fourth term, be multi- 
plied by 2, the exponent of x, and divided by 4, the exponent 
of a increased by one, we obtain 5, the coefficient of the fifth 
term ; and so of the others. 

The coefficients of the sixth power will also be found as fol- 
lows: 

6X6 15X4 20X3 15X2 6X1 

'®' 2 ' 3 ' 4*5 'T"' 

that is, 1, 6, 15, 20, 15, 6, 1. 

The coefficients of the seventh power will be 

7X6 21X5 35X4 3 5X3 21X2 7X1 

' ' 2 ' 3' 4'"5' 6'7' 

ibatia, 1,7, 21, .85, 85» ^\, n* V 
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Therefore, the seventh power o(x+a is 

x'+'7ax'+2laV+35a*x*+3Da*x*+2laV+7a'x+a\ 

It is sometimes preferable to retain the factors of the coefh- 
cients distinct from each other, as follows : 

/ . XT T . "^^ « . "7.6 , , 7.6.5 . , 7.6.5.4 , . 

7.6.5.4.3 , , 7.6.5.4.3.2 ^ 7.6.5.4.3.2.1 
1.2.3.4.5^ "^ "^1.2.3.4.5.6^ ^"^1.2.3.4.5.6T7^'' 

The factor 1 is retained for the sake of symmetry, and to 
exhibit more clearly the law of the coefficients. 

(265.) The following, therefore, is the 

BINOMIAL THEOREM. 

In any power of a binomial x+a, the exponent of x begins in 
the first term with the exponent of the power, and in the follow- 
ing terms continually decreases by one. The exponent of a com- 
mences with one in the second term of the power, and continually 
increases by one. 

The coefficient of the first term is one ; that of the second is 
the exponent of the power ; and if the coefficient of any term be 
multiplied by the exponent of x in thai term^ and divided by the 
exponent of a increased by one, it will give the coefficient of the 
succeeding term, 

(266.) The number of terms in the power is always greatei 
by unity than the exponent of the power. Thus, the numbei 
of terms in {a+by is 4+1, or 5 ; in {a-\-by is 6+1, or 7. 

Also, if we examine the table in Art. 264, it will be per- 
ceived that, after we pass the middle term, the same coeffi- 
cients are repeated in the inverse order. Thus, the coeffi- 
cients of 

{a+by are 1, 5, 10, 10, 5, 1 ; 

of, {a+by are 1, 6, 15, 20, 15, 6, 1. 

Hence it is only necessary to compute the coefficients for 
half the terms ; we then repeat the same numbers in the in- 
verse order. 

(267.) The sum of the coefficients for each power is equal to the 
Dumber 2 raised to the same power. For, let x=^l and a=l 
then each term without the coefRcieivXa ledwc^^^ \ft xxKl^:^^^»5\ 
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the value of the power is simply the sum of the coefficients. 
Also, in this case, {x+aY becomes (1 + 1)", or 2". Thus the 
coefficients of the 

first power are 1 + 1=2=2* ; 

second " 1+2+1=4=2"; 

third " 1+3+3+1=8=2'; 

fourth " 1+4+6+4+1 = 16=2*, 
&c., &c., &c. 

EXAMPLES. 

Ex. 1. Raise x+a to the 9th power. 
The terms without the coefficients are 

x*f ax^f a^x\ a'a:*, a*a;*, a^x*, a"a:', a^a;', a^Xf a*. 
And the coefficients are 

9X8 36X7 84X6 126X5 126X4 84X3 36X2 9X1 
^'^'2*3' 4' 5' 6'7'8'9' 
that is, 
1,9, 36, 84, 126, 126, 84, 36, 9, 1, 

Prefixing the coefficients, we obtain 

(a;+a)»=a:»+9ax''+36aV+84aV+126aV+126aV+84aV+ 

+36aV+9a"x+a*. 
It should be remembered that, according to Art. 266, it is 
only necessary to compute the coefficients of half the terms in- 
dependently. 

Ex. 2. What is the 6th power oix—a? 

(268.) If the terms of the given binomial are affected with 
coefficients or exponents, they must be raised to the required 
powers, according to the principles already established for the 
involution of monomials. 

Ex. 3. Raise 2x+5a^ to the fourth power. 

For convenience, let us substitute b for 2x, and c for 6cf^ 

Then (6+c)*=6*+46»c+6&V+46c''+c*. 

Restoring the values of b and c. 

The first term will be (2a;)* =16a;*. 

The second term " 4(24" X 5«* =4.8.5a:V. 
The third term « 6(2x)'X(5a')'=6.4;25x»a*. 
The fourth term " 4(2x) X(5o^y=4.2.l25xa*. 
The fifth term •* {^^-^I'^f^. 
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Therefore, 

{2x+5ay=l6x*+ie0x'a^+e00x''a*+l000xa'+625a\ 
Ex. 4. What is the fourth power of 2:c*+4y'? 

Ex. 5, What is the seventh power of 2a— 36 f 

Ans. 128a'- 1844t*''6+6048aV- 1 5120a*6'+22680aW 

-20412a'&*+10206a6'-21876\ 
Ex. 6. What is the sixth power of a'+3a6 ? 

Ans. «"+18a"&+135a"6'+540a"6'+1215a"6*+ 

+ 1458a"6*+729aW. 
Ex. 1. What is the fifth power of 5c'-4y'2 ? 

(269.) By means of the Binomial Theorem we can raise any 
polynomial to any power. 

For example, let it be required to raise a+h+c to the third 
power. 
For convenience, we put 6+c=m; we then have 

{a,+h+cy={a+my=a^+^d'm-\-^am^+m\ 

Substituting for m its equal, 6+c, we obtain 

{a+h+cy=a'-\'^a\b+c)-\-^a{h+cy+{h+cy. 

We must now develop the powers of the binomial 6+c, and 
perform the multiplications which are here indicated. We 
thus obtain 

(a+b+cy^aJ'+M^h+^V +b\ 

+3aV+6a6c+36"c, 
+3ac"+36c*, 

+c*. . ^ 

Ex. 2. Raise x+a+b to the fifth power. 
(270.) When one of the terms of a binomial is unity, the 
powers assume a simpler form, since every power of 1 is 1. 
Thus, the fourth power of a+6, which is 

a*+4a''6+6a'6»+4ay+6\ 
whea we make a=l, becomes 

l+46+66'+4y+6*. 

^ , . V , w n(n— 1) , 7i(w— 1) (n— 2) ,, . 
So, also, (l+a)"=l+ya+ ^^ ^ V + ^ ^^^^ ^a«+,&c. 

Every binomial of the form (x+a)" may be reduced to the 

form ofar"^ J-f--) . For 
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x+a 



Therefore, {x+aY=ar(l+-J , 

I . a . n(n— 1) a* n(n— 1) (n— 2) a* ^ i 

This expression for the value of (x+a)" is equivalent to that 
on page 218, as may be easily shown by multiplying x" into 
each term within the parenthesis. For some purposes this is 
regarded as the simplest form. 

(271.) In the development of the binomial (a:+a)", we have 
hitherto supposed n to be a positive integer. The Binomial 
Theorem is, however, applicable, whatever be the nature of 
the quantity n, whether it be positive or negative, integral or 
fractional. When n is a positive integer, the series consists 
of n+1 terms. In every other case, the series never termin- 
ates ; that is, the development of (x+ay furnishes an infinite 
series. 

Ex. 1. It is required to convert -^^ or (a+b)"^ into an in- 
finite series. 

According to Art. 265, the terms without the coefficients are 

a-\ a-^b, a-^b\ cr'V, €r*b\ a-^b^ <r'b\ &c. 
The coefficient of the first term is 1. 

The coefficient of the second term is —1, the exponent of 
the power. 

IX— 2 

The coefficient of the third term is =+1. 

" fourth « ^""^ =^1. 

— ly— 4 

fifth " ": =+1. 

4 

sixth - '^^^•"^ =--1. 

6 

We thus obtain 

-i^==:(a+6)-»==a-*-a-^6+a-*6'--a-^6'+a-^y-a-*6»+,&^^ 

where the law of the series is obvious ; the coefficients are all 
uoity^ and the signs are alternaleVy po«\\iN^ %xidLTk&^\xN% 
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We might have obtained the same result by the ordinary 
method of division. The operation is as follows : 



1 
a 

-a 

_h 

a 



^1 



a+b 



- b b' b* , 

;+-! — ;+, Qcc, = the qootieot 



1 
a a 



a 



6* 
6* b* 



Hence, 
1 



I b V h 






J, &c., which may be written 



a+b a a' a' or 

<i""*— flr*&+a"*6*— a"~*&'+,&c., the same as before found; 

and it is obvious, from inspecting the operation of division, that 
the series will never terminate. 

Ex. 2, It is required to convert - — rrr; or (a+b)~^ into an 

{a+by ^ 

infinite series. 

1 2b Sb' 4b' 5b' , 
a* a* a* a* a!" 
' or, ar*-2a-^b+Sa-^b^-4€r^b*+5a-'b\ &c. 

Here the coefficients increase regularly by 1, and the signs 
are alternately positive and negative. We might have ob» 
tained the same result by division, as in the former example. 

Ex. 3. Expand into a series -^^ or (^—6)""'. 

Here the coefficients furnished by the Rule are 

■ +1, -1, +1, -1, &c. 

But the factor b being negative, all its odd powers are nega- 
tive. Hence the second term contains two negative factors, 
■o that its Teauli'ing sign is +• The same remark a^^liea to 
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thft fourth and sixth terms, Sac., making the terms of the series 
al positive. 

Ex. 4. Expand into a series . ^,., or (a— 6)"^. 

Ex. 5. Expand into a series (a +&)"*. 

Ans. a-'-Sa-^ft+ea-^y-lOa-^y+lSa-W-, &c. 
Ex. 6. Expand into a series (a— 6)"*. 

Ans. a-*+4a-'b+l0ar*b*+20a'''b*+S5a'*b'+, &c. 

(272.) We have now considered the powers of a binomial 
when the exponent is an integer, either positive or negative. 
It remains to consider the case when the exponent is sl fraction. 

EXAMPLES, 

Ex. 1. Expand Va-\-b or (a+6)^ into an infinite series. 
The terms without the coefficients are 

a\a^b, a^h', a^b\ a'h^ &c. 

The exponents of a decrease by unity, while those of 6 in* 
crease by unity. 

The coefficient of the first term is 1. 

•* second ** +-. 



** third " 

** fourth «* 

*« fifth " 
The series, therefore, is 



2 



2 2.4* 

1.3 






2.4.6* 
SisX— f L3.6 



2.4.6.8* 



The factors which form the coefficients are kept distinct, in 
order to show more clearly the law of the series. The numer 
ators of the coefficients contain the series of odd numbeis, 1,3, 
5, 7, &c., while the denominators contain the even numbers, 
2, 4, 6, 8, 10, &c. 

The above series expresses the square root of a+b. We 
ghall obtain the same result if we extract the square root by 
'^e uaaal method. See Art. 2W. 
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1 

Ex. 2. It is required to^convert (a^+xy into an infinite 
series. 

a'^x g-y Sa'*x* S,5.a'"x* S.5.7ar'x* 

x^ x^ 3a;' 3.5a ;* 3.5.7a;* 

^^'' ^'^2a 2Aa*'^2A.Ga* 2.4.6.8^'"^2.4.6.8.10a'"' ' ' 

where the law of the series is evident. 

1 
Ex. 8. It is required to convert {a—xy into an infinite 

series. 

1 
Ex, 4. It is required to convert (a+iy into an infinite 

series. 

I ( & 26' 2.56' 2.5.8y i 

Ans. a p+g^ 3.6a'"*"3.6.9a' 3.6.9. 1 2a* "^ '*'''• T 



1 



£x. 5. Expand (a—b) into an infinite series. 

i( b ^' 3.76' ' 3.7.116* ) 

Ans. a |1 4^ 4Q^. 4^sA2a' 4.8.12.16a* ' *^^- | • 

s 

JBa;. 6. Expand {a+xy into an infinite series. 



1 

7 



JBx. 7. Expand (1 — x) into an infinite series. 

1 1.4 , 1.4.9 , 1.4.9.14 ,_ 
^'**- ^ 5^ 5.10^^ 5.10.15^^ 5.10.15.20"^ ' "^^^ 



1 



£ar. 8. Expand (a'— 6')^ into an infinite series. 

. r, V 26' 2.56' ^ \ 

^'^"- ^V-3;?"3:67"3:6:9^"' ^^v 

(273.) The binomial theorem is also applicable to cases i\\ 
which the value of the exponent n is a negative fraction 

EXAMPLES. 

1 
Ex. 1. Expand into a series i or (a+b)'^. 

^ {a+by 

The terms without the coeflScients are 

a^K a^b, a'h\ crh\ a"^6*, a'"'^'6', &c. 
The coeflicient of the first terra is 1. 

*♦ second " — -. 
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The coefficient of the third term is - ■^— — ?=+-^. 

nX-t ^ 1.3.5 
3 2.4.6' 



" fourth «. 



fifth " ' 1:I^X--| ^ L3^ 

4 2.4.6.8 

Hence we obtain 



&C. 



v-S 



Ex. 2. Expand into an infinite series (a+x) 
. -4 1 -4 1.4 -4 . 1.4.7 -y . . 1.4.7.10 -y 

&c. 

^a:. 8s Expand (1 +a:) * into an infinite series. 

X 6x« 6.1 Ix* , 6.11.16a;* 

An5. 1--+^^^ 6.10.15'*"5.10.15.20 ' ^""^ 

1 
JSx, 4. Expand (a'— x)"^ into an infinite series. 

1 ^ 1.3x' 1.3.5x' , 1.3.5.7X* , 
^''^- a"'"2a'"^2l?"^2.4.6a'+2.4.6.8a""*"' *^- 

Ex. 5. Expand — ==r into an infinite series. 

-Ti-il ^-^^^ 1.3.5c*' 1.3.5.7c" \ 

^'**- hV 2y'*"2.46* 2.4.66' '^2.4.6.8y '^^V* 

(274.) The binomial theorem may be employed to determine 
the roots of surd numbers. 

EXAMPLES. 

Ex. 1. It is required to find the square root of 2. 

The development of (a+6)^ has been given in Ex. 1, page 

224. If we make a=l and 6=1, then (a+6)* becomes (1+1)^ 
or x/2; and the terms of the development become 

,11 1.3 1.3.5- 1.3.5.7 , . 
^2 2.4^2.4.6 2.4.6.8^2.4.6.8.10 ' ''* 
which therefore expresses the Bquate tool ol ^. TVv^ num of 
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this series is 1.41421. As, however, the series converges very 
slowly, it would require a large number of terms to give the 
root with tolerable accuracy. The following example affords 
a hbiier illustration of the utility of the method. 

Ex. 2. Required the square root of 101. 

101=10o(l+Y^y Therefore ^101 = 10^14—) . 

1 1 

Put a=l and &=77wr ^^ the development of {a+b)^ on page 

224, and we shall have 

, _ioA — 1 13 1.3.5 \ 

^^^^■~ V "^2.100 2.4.100' "^2.4.6.100^ 2.4.6.8.100*"'"' 7 

This series converges so rapidly that the first two terms 
give a result correct to three decimal places, and five terms 
give a result correct to ten decimal places. 

Thus, the value of the first term is 1.00000000000 

** second « + .00500000000 

** third " - .00001250000 

** fourth « + .00000006250 

*• fifth « - .00000000039 

Their sum is 1.0049875621 1. 

And multiplying by la, we have 

Vlol = 10.049875621 1. 

Ex. 3* It is required to convert V9,or its equal (8+1) , into 
an infinite series, and find its value. 

Ans. 

1 1 5 5.8 5.8.11 

^■*"3.2»"'3.6.2*"*"3.6.9.2' 3.6.9. 12.2'""*" 3.6.9. 12. 15.2" ' ^ 

=2.08008. 

Ex. 4. It is required to extract the cube root of 31. 

V3r= V27+4= V27 (l +^) * 

_ i 4 2.4' 2.5.4* 2.5.8.4^ ) 

I '^B.27 3.6.27'"^ 3.6.6.27" 3.6.9.12.27*"^' \ ' 

=8.14138. 
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EVOLUTION OF POLYNOMIALS. 

(275.) Method of extracting the square root of a polynomial. 

In order to discover a rule for extracting the square root, let 
us consider the square of a+6, which is a^+2ah+h*. If we 
write the terms of the square in such a manner that the pow- 
ers of one of the letters, as a, may go on continually decreas- 
ing, the first term will be the square of the first term of the 
root ; and since in the present case the first term of the square 
is a% the first term of the root must be a. 

Having found the first term of the root, we must considei 
the rest of the square, namely, 2a6+6', to see how we can de- 
rive from it the second term of the root Now this remainder, 
2afc+6', may be put under the form (2a+6)6/ whence it ap- 
pears that we shall find the second term of the root if we di- 
vide the remainder by 2a+h. The first part of this divisor, 
2a, is double of the first term already determined ; the second 
part, ft, is yet unknown, and it is necessary at present to kfave 
its place empty. Nevertheless, we may commence the divis- 
ion, employing only the term 2a ; but as soon as the quotient 
is found, which, in the present case, is 6, we must put it in the 
vacant place, and thus render the divisor completie. 

The whole process, therefore, may be represented as ioV 
ows: 

a^+2ab+V\ a+h = the root, 
fl^ 

2ab+V 2a+h = the divisor. 

2ah+V 

Hence we derive the following 
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SOLS FOR EXTRACTING THE SaUARE ROOT OF A POLYNOMIAL. 

Arrange the terms according to the powers of some one letter; 
take the square root of the first term for the first term of the re* 
quired root, and subtract its square from the given polynomial. 

Divide the first term of the remainder by double the root al- 
ready found, and annex the result both to the root and the divi" 
sor. Multiply the divisor thus increased by the last term of the 
rdot, and subtract the product from the last remainder. Pro- 
ceed in the same manner to find the additional terms of the root, 

Ex. 1. Required the square root of a*— 2a*a;+3aV— 2aa:*+a;*. 
a*—2a*x+Ba^x^—2ax*+x* \ a^—ax+x^ = the root. 

— 2a*a;+3aV 2a'— or = the first divisor. 



—2a*x+ a^x 



2a^x^'-2ax*+x' 
2aV— 2aa:"+a:* 



2a'-r2ax+x^ = the second divisor. 



For verification, multiply the root a^—ax+x^ by itself, and 
we shall obtain the original polynomial. 

Ex. 2. Required, the square root of a^+2ab+2ac+b^+2bc+c\ 

Ex. 3. Required the square root of lOz*— lOo:'— 12a;*+5a;'+ 

to*— 2a;+l. 

Ex, 4. Required the square root of 8aa:*+4aV+4a:*+166V 

+16b*+l6aVx. 

Ans. 2x^+2ax+4b\ 

Ex. 6. Extract the square root of l5a*b^+a*'-6a^b—20a'V 
+V+l5a'b*-6ab\ 

Ex. 6. Extract the squate root of 8ay+a*— 4a*6+46*. 

(276.) Method of extracting the square root of numbers. 

The preceding rule is applicable to the extraction of the 
square root of numbers. For every number may be regarded 
as an Algebraic polynomial, or as composed of a certain num- 
ber of units, tens, hundreds, &;c. Thus, 

529 is equivalent to 500+20+9. 

Also, 841 " 800+40+1. 

If, then, 841 is the square of a number composed of tens 
and units, it must contain the square of the Uns^ plus twice tha 



230 EVOLUTION OF POLYNUMIALS. 

product of the tens by the units, plus the square of the untts. 
But these three terms are blended together in 841 , and hence 
the peculiar difficulty in determining its root The following 
principles will, however, enable us to separate these terms, 
and thus detect the root. 

(277.) I. For every two figures of the square there will be one 
figure in the root, and also one for any odd figure. 

Thus, the square of 1 is 1, 

** 10 is 100, 

" 100 is 10000, 

<• 1000 is 1000000, 

&c., &c. 

The smallest number consisting of two figures is 10, and its 
square is the smallest number of three figures. The smallest 
number of three figures is 100, and its square is the smallest 
number of five figures, and so on. Therefore, the square root 
of every number composed of one or two figures will contain 
one figure ; the square root of every number composed of three 
or four figures will contain two figures ; of a number from five 
to six figures will contain three figures ; and from 2n— 1 to 2n 
figures must contain n figures. 

Hence, if we divide the number into periods of two figures, 
proceeding from right to left, the number of figures in the root 
will be equal to the number of periods. 

(278.) II. The first figure of the root will he the square root 
of the greatest square number contained in the first period on 
the left 

For the square of tens can give no figure in the first right 
hand period ; the square of hundreds can give no figure in the 
first two periods on the right ; and the square of the highest 
figure in the root can give no figure except in the first period 
on the left. 

Ex. 1. Suppose we wish to find the square root of 529. 

The square of 23 or 20+3 is 20*+2.20.3+3', 
or 400+120+9. 

Here the three classes of terms are exhibited distinct from 
each other, and we might extract the root by the rule of Ai'L 
275. But observe that in the number 529, since the square oi 
the tens can not give a figure in the place of units or tem, it 
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must be contained in the first period 5. Now this period con- 
tains not only the square of the tens, but also a part of the 
product of the tens by the units. The greatest square contain- 
ed in 5 is 4, whose root is 2 ; hence 2 must be the number of 
tens, whose square is 400 ; and if we subtract this from 529, 
the remainder 129 contains twice the product of the tens by 
the units, plus the square of the units. If, then, we divide this 
remainder by twice the tens, we shall obtain the units, or pos- 
sibly a number somewhat too large. This quotient figure can 
never be too small, but it may be too large, because the re- 
mainder 129, besides twice the product of the tens by the units, 
contains the»square of the units. We therefore complete the 
divisor by annexing the quotient 3 to the right of the 4, and 
then multiplying by 3, we evidently obtain the double product 
of the tens by the units, plus the square of the units. The en- 
tire operation may then be represented as follows : 

5-29l23=the root 
4 



43{129 
129. 

(279.) Hence, for the extraction of the square root of num- 
bers we derive the following 

RULE. 

1. Separate the given number into periods of two figures eackf 
beginning at the right hand. 

2. Find the greatest square contained in the left-hand period ; 
its root is the first figure of the required root. Subtract the 
square from the first period^ and to the remainder bring down 
the second period for a dividend. 

3. Double the root already found for a divisor ^ and find how 
many times it is contained in the dividend, exclusive of its right" 
hand figure ; annex the result both to the root and the divisor. 

4. Multiply the divisor thus increased by the last figure of tlie 
root ; subtract the product from the dividend, and to the remainder 
bring down tlie next period for a new dividend. 

• 6. Double the whole root now found for a new divisor^ and con* 
tinue the operation, as before, until the periods are all brought 

il 
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. Ex. 2. Find the square root of 186611^4. 
The operation is as follows : 

18*66'24|489 
J16 

83| 2 66 
2 49 



862| 17 24 
17 24. 

Ex. 3. Find the square root of 21086464, ' 

Ex. 4. Find the square root of 88078226. 

(280.) We have seen that the root of a fractiqp is equal to 
the root of its numerator divided by the root of its denominator. 

Hence the square root of-rzrr, or 5.29, is — , or 2.3. 

The square root of , or 18.6624, is rrrjr, or 4.32. 

That is, the square root of a decimal fraction may be found in 
the same manner as a whole number, if we divide it into periods 
commencing with the decimal point. 

Ex. 5. Find the square root of 58.614336. 
Ex. 6. Find the square root of 9.878449. 

Hence, also, if the square root of a number can not be found 
exactly, we may, by annexing ciphers, obtain the root ap- 
proximately in decimal fractions. 

Ex. 7. Find the square root of 2. 

Ans. I.41421S6 nearly. 
Ex. 8. Find the square root of 3. 
Ex. 9. Find the square root of 10. 

The most expeditious method of extracting roots is usualN 
by means of logarithms. See page 308. 

(281.) Method of extracting the cube root of a polynomial. 
We already know that the cube ofa+h is a*+3a'6+3aft*+6* 
If, then, the cube were given, and we were required to find 

its root^ it might be done by the following method : 

When the terms are arranged according to the powers of 

one letter, we at once know, from the first term a*, that a must 
be one term of the root. If, then, ^« irahVc^^l Ua cube firom 
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the proposed polynomial, we obtain the remainder 3a*b+9db* 
+b\ which must famish the second term of the root. 
Now this remainder may be put under the form 

{Sa^+9ab+V)Xb; 

whence it appears that we shall find the second term of the 
root, if we divide the remainder by Sa*+Sab+V. But as this 
second term is supposed to be unknown, the divisor can not be 
completed. Nevertheless, we know the first term 3a% that is, , 
thrice the square of the first term already found, and by means 
of this we can find the other part b, and then complete the di- 
visor before we perform the division. For this purpose, we 
must add to 3a' thrice the product of the two terms, or 3a6, 
and the square of the second term of the root, or &'. Hence 
we derive the following 

BULB FOB EXTRACTING THE CUBE ROOT OF A POLYNOMIAL. 

(282.) Arrange the terms according to the powers of some ojie 
letter^ take the cube root of the first term^ and subtract the cube 
from the given polynomial. 

Divide the first term of the remainder by three times the square 
of the root already found, the quotient will be the second term of 
the root. 

Complete the divisor by adding to it three times the product of 
the two terms of the rootf and the square of the second term. 

Multiply the divisor thus increased by the hist term of the rootf 
and subtract the product from the last remainder. Proceed in 
the same manner to find the additional terms of the root. 

Ex. 1. Extract the cube root of a'+12a"+48a+64. 

a"+12a'+48a+64 1 a+4 = the root. 



«• 



12a'+48a + 64 

12a"+48a+64 



3a*+12a+16 = the divisor. 



Having found the first term of the root a, and subtracted its 
cube, we divide the first term of the remainder, 12a*, by three 
times the square of a, that is, 3a% and we obtain 4 for the sec- 
ond term of the root. We then complete the divisor by add- 
ing to it three times the product of the^two terms of the root, 
?vUcb is 12a9 together with the square oi >iift\%«X \«t\sw^V 
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which is 16. Multiplying, then, the complete divisor by 4, 
and subtracting the product from the last remainder, nothing 
is left. Hence the required cube root is a +4. 

This result may be easily verified by multiplication, 

Ex. 2. Extract the cube root of a'-6a»+15a*— 20a*+15a" 
-6a+l. 
a*-6a*+15a*-20a'+15a*-6a+l [a"-2a+l = the root. 



-6a*+15a*-20flf" 



3a*— 6a'+4a' = the first divisor. 



3a*-12a"+15a'-6a+l 
3a*-12a"+15a'-6a+l 



3a*-12a«+15a'-6a+l = 
the second divisor. 



We may dispense with farming the complete divisor accord- 
mg to the rule, if, each time that we find a new term of the 
root, we raise the entire root to the third power, and subtract 
the cube from the given polynomial. 

Ex. 3. Required the cube root of 6a;*— 40ar*+a:*+96a;— 64. 

Ex. 4. Required the cube root of 18a:*+36a;'+24ar+8+32a:' 

+X*+(}X\ 

Ex. 5. Required the cube root of 36*+y— 5&*— 1+36. 

(283.) Method of extracting the cube root of numbers. 

The preceding rule is applicable to the extraction of the 
cube root of numbers ; but a difficulty in applying it arises 
from the fact that the terms of the power are all blended to- 
gether in the given number. They may, however, be separated 
by attending to the following principles : 

I. For every three figures of the cube there will be one figure 
in the root, and also one for any additional figure or figures. 
Thus, the cube of 1 is 1, 

" 10 is 1000, 

«' 100 is 1000000, 

*• 1000 is 1000000000, 

&c., &;c. 

Hence we see that the cube root of a number consisting of 

jrom 1 to 3 figures will contain one figure ; of a number from 

4 to 6 figures will contain two figures ; from 7 to 9 figures will 

contain lAree; and from 3n— 2 to Sn figures must contwi n 
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figures. Hence, if we divide the number into periods of three 
figures, proceeding from right to leil, the number of figures in 
the root will be equal to the number of periods. 

II. The first figure of tlie root will he the cube root of the greats 
est cube number contained in the first period on the left. 

Ex. 1. Suppose we wish to find the cube root of 12107. 

The cube of 23 or 20+3 is 20"+3.20».3+3.20.3'+3*, 
or 8000+3000+540+27. 

Here the four classes of terms are exhibited distinct from 
each other, and the rule of Art. 282 might be easily applied. 
But observe that in the number 12167, since the cube of the 
tens can not give a figure in the first three places, it must be 
contained in the first period 12. The greatest cube contained 
in this is 8, the root of which is 2. Hence 2 must be the num- 
ber of tens whose cube is 8000 ; and the remainder 4167 con- 
tains three times the product of the square of the tens by the units, 
plus three times the product of the tens by the square of the unitSf 
plus the cube of the units. 

If, then, we divide this remainder by three-times the square 
of the tens, we shall obtain the units, or possibly a number too 
large, because the divisor is too small. We therefore com- 
plete the divisor by adding to it three times the product of the 
tens by the units, plus the square of the units. The entire 
operation is then as follows : 

12-167|23=the root 

_8 

20* X 3 =1200 

20 X3X3= 180 

3'= 9 



4 167 



4 167 



complete divisor =1389 

(284.) Hence, for the extraction of the cube root of numbers, 
we derive the following 

RULE. 

1. Separate the given number into periods of three figures 
each, beginning at the right hand. 

2. Find the greatest cube contained in the left-hand period ; 
lis root is the first figure of the required root. SuWcwX \\\fc cmXs^ 
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from the first period^ and to the remainder bring down the sec^ 
and period for a dividend. 

3. Take three hundred times the square of the root already 
found for a trial divisor; find how many times it is contained 
in the dividend^ and place the quotient for a second figure of the 
root 

4. Complete the divisor by adding to it thirty times the prod- 
uct of the two figures of the root^ and the square of the second 
figure, 

5. Multiply the divisor thus increased by the last figure of 
the root ; subtract the product from the dividend^ and to the re- 
mainder bring down the next period for a new dividend, 

6. Take three hundred times the square of the whole root now 
found for a new trial divisor, and continue the operation as ftc- 
fore until all the periods are brought down. 

It will be- observed that three times the square of the tens, 
when their local value is regarded, is the same as three hun- 
dred times the square of this digit, not regarding its local 
value. 

Ex. 2. Find the cube root of 20796875. 

Ex, 3. Find the cube root of 2509911279. 

Ex. 4. Find the cube root of 895562584119. 

The same method is applicable to the extraction of the cube 
root of fractions, and also of imperfect powers. 

Ex, 5, Find the cube root of 604.422796375. 

Ex, 6. Find the cube root of 4. 

Ex. 7. Find the cube root of 11. 

(285.) Method of extracting any root of a polynomial. 
We already know that the nth power of a+& is a''-\-n(t*''^b'\' 
other terms. The first term of the root is, therefore, the nth 
root of the first term of the polynomial. Also, the second term 
of the root may be found by dividing the second term of the 
polynomial by wa""^ ; that is, the first term of the root raised 
to the next inferior power, and multiplied by the exponent of 
the given power. Hence we deduce the following . 

RULE FOR EXTRACTING ANY ROOT OF A FOLTNOMIAL. 

Arrange the terms according to the poxoert of <me of tlie leUers^ 
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and take the nth root of the first term for the first term of the re* 
quired root. 

Subtract its power from the given polynomial^ and divide the 
first term of the remainder by n times the (n— 1) power of this 
root ; the quotient will be the second term of the root. 

Subtract the nth power of the terms already found from the 
given quantity, and, using the smme divisor, proceed in like man- 
ner to find the remaining terms of the root, 

Ex. 1. Required the fourth root of 16a*— 9Ba*x+^16aV— 
216ax*+8lx\ 

16a*— 96a*a;+216«V~216<Mr"+81a;*|2a-ai: = the root. 
16a* 



— 96a'4: S2a* = the divisor. 



16a*-96a'a;+216dV-216aa:"+81a:*. 

Here we take the fourth root of 16a*, which is 2a, for the 
first term of the required root ; subtract its fourth power, and 
bring down the first term of the remainder — 96a'a:. For a 
divisor, we raise the first term of the root to the third power, 
and multiply it by 4, making 32a'. Dividing, we obtain —3a: 
for the second term of the root. The quantity 2a— 3a: being 
raised to the fourth power, is found to be equal to the proposed 
polynomial. 

Ex. 2. Required the fifth root of 80a:"+32a;*-80a:*-40a:'+ 

lOx-l. 

Ans. 2a:— 1. 

Ex. 3. Required the fourth root of 336a:*+81a:"— 216a:'— 
56a:*+16-224a:'+64a:. 

Ans, 3a:'— 2a:— 2. 

(286.) Method of extracting any root of numbers. 

It is easy to apply the preceding Rule to the extraction of 
any root of numbers. For a reason similar to that given for 
the square and cube roots, we must first divide the number into 
periods of n figures each. Then the first figure of the root 
will be the nth root of the greatest nth power contained in the 
first period on the left. If we subtract its power from the 
given number, and divide the remainder by n times the (n — 1) 
power of the first figure, regarding its local value, the quotient 
will be the second figure of the root, or, possibly, something 
too large. The result may be verified by T^\iv[\% iK^ wtoW 
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root now found to the nth power ; and if there are other figure8» 
they may be found in the same manner. 

Ex. 1. Find the fifth root of 33564432. 

335-54432|32 
243 
6.3*=405| 925 



32*= 335 54432. 

Ex. 2. Find the fifth root of 4984200207. 

Ex. 3. Find the fifth root of 10. 

(287.) When the index of the root to be extracted is a mul- 
' tiple of two or more numbers, we may obtain the root required 
by the successive extraction of simpler roots, Art. 159. 

For example, we may obtain the fourth root by extracting 
the square root twice successively ; for the square root of a* is 
a", and the square root of a" is a. 

The eighth root may be obtained by extracting the square 
root three times successively ; for the square root of a* is a*, 
that of a* is a', and that of a' is a. 

In the same manner, the sixteenth root may be obtained by 
extracting the square root four times successively, and so on. 

The sixth root may be found by extracting the square root, 
and afterward the cube root ; for the square root of a* is a', 
and the cube root of a* is a. We may also take, first, the cube 
root, which gives a', and afterward the square root, which 
gives a, as before. It is, however, best to extract the roots of 
the lowest degree first, because the operation is less laborious. 

In general, the mnth root of a number is equal to the nth root 
of the mth root of this number. That is. 



For, raising each member of this equation to the nth power 
we have 

Ex. 1. Find the fourth root of 6a'6'+a*-4a*6-4ay+fc*. 

Ex. 2. Find the sixth root of 6a*6+15a*6'+a'+20aW+I5aV 
+b'+6ab\ 

Ex. 3. Find the eighth root of 1024jr'y+1792a:y+25ex"+ 
iI20xy+1792xy+USzY-\-y'-\-U2xy+iexif'. 
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EXTRACTION OP THE SaUAEB ROOT OF A aUANTITY OP THE FORM 

(288.) Binomials of this class require particular attention, 
because they frequently occur in the solution of equations of 
the fourth degree, such as are treated of in Art. 184. Thus 
the equation 

gives us a:'=7±4V3. 

Hence, in order to find the value of x, we must extract the 
square root of the binomial 7±4V3. 

In order to- show that the square root of such an expression 
may sometimes be extracted, take the binomial 

2±V3, 

and find its square. 

(2± ^/3)'=4±4 V3+3=7=b4 ^3. 

Therefore, the square root of 7^4^/3 is 2=1=^3. 

The square root of an expression of the form adtz ^b may, 
therefore, sometimes be extracted, and it is required to deter* 
mine a general method for this purpose whenever it is prac- 
ticable. 

THEOREM I. 

(289.) The sum or difference of two surds can not be equal to 
M rational quantity. 

For, if possible, let >/a^>/b=c^ where c denotes a rational 
quantity^ and Va, ^/b denote surd quantities. 

By transposing ^/b and squaring both sides, we obtain a=a 
%}z^2cy/b+b: whence, by transposition and division, we have 

The second member of the equation contains only rational 
quantities, while y/b was supposed to be irrational; that is, 
we find an irrational quantity equal to a rational one, which 
18 absurd. Hence the sum or difference of two surds can not 
be equal to a rational quantity. 

11* 
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THEOREM n. 

In every equation of the form 

the rational parts on the opposite sides are equal to each others 
and also the irrational paints. 

For if a: is not equal to a, let it be equal to a±« 

Then a±izdty/y=a:i=y/b; 

or %—s/h—s/y; 

that is, a rational quantity is equal to the difference of two 
surds, which, by the last Theorem, is impossible. Therefore, 

a:=a, and, consequently, >/y= \/h. 

» 

THEOREM III. 



If Va+ Vb is equal to x+ y/y^ 

then will Va— Vb be equal to x—- ^/y. 

For, by involution, a+^b=x^-\-2x^y-\-y. 

But, by the last Theorem, a=a;''+y, 
and s/b=2xy/y. 

Subtracting, we obtain a— y/b=x^—2xy/y+y. 

Therefore, by evolution, Va— V^=a;— ^/y. 

(290.) To find an expression for the square root of a± ^ b. 

Let us assume Va+ Vb=p+q (1),- 

where p and q may be both radicals, or one rational and the 
other a radical, but /)' and g' are required to be rational. 
Then, by the last Theorem, 

Va—yfb—p—q (2). 

Multiplying these equations together, we obtain 

V d^—b^p^—cf^ (3), a rational quantity. 

Hence we see that, in order that 'v^+ '^^ rasiy be expressed 
by the sum of two radicals, or one rational term and the other 
a radical, the expression a'— b must be a perfect square. 

Let, then, d'—b be a perfect square, and put Va^—b=c; 
equation (3) will thus become 
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Squaring eqd&tiMs (1) a&d (2), we obtain 

p*+q*^2pq=a-' y/b. 
Adding these two equations, We obtain 

But we have already found 

P^-(f=c. 

Hence 2p*=a+Cf 

and 2y*=a— c. 

From which we obtain 



"*\/^ 



and 9=±y^^ 

Therefore, 



V7i+Vb, or p+q=dz(^^^+y/^^ 

(291.) Hence, to extract the square root of a binomial of the 
form adci ^6, we have the following 

RULE. 

From the square of the rational part (a*), take the square of 
the irrational part (b) ; extract the square root of the remainder 
andj calling that root c, the required root will be 

/a-Vc . la—c 

Ex. 1. Required the square root of 4+2v^3. 

Here a=4, and x/6=2v^3; therefore,^'— 6=c"=16— 12=4; 
or c=2. Hence, by the above formula, the required root will 
be 

/4+2 . /4^ 

V"T-^V-2"=^^"^^- 

Verification. 

The square of t/3+1 is 8+2v'3+l=4+2VlL 

Q 
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Ex. 2. Required the square root of ll+6'v/2. 

Here a=ll, and y/b=6y/2; therefore, 6=36X2=72; end 
a'--6=49=c\ Hence c=7, and we find the square root of 
ll+6v/2 is v/9+v/2, or 3+^2. jlns. 

Ex. 3. Required the square root of 11— 2v/30. 

Ans. x/6— -/5 
£a:. 4. Required the square root of 2+\/3. 

Ans, Vi+y/i» 
(292.) This method is applicable even when the binomial 
contains imaginary quantities. 

Ex, 5. Required the square root of 1+4-/— 3. 

Here a=l, and v/6=4\/— 3; hence 6=^— 48, anda"— &=49; 
therefore, c=7. The required square root is ^4+ V— 3=2+ 
-/— 3. Ans, 



Ex, 6. Required the square root of — J+4 V— 3. 



Ans, I+JV— 3. 



Ex. 7. Required the square root of 2\^ — 1. 

Here we put a=0 ; hence c=2, and the required root is 

which may be easily verified. 
Ex, 8, Required the value of the expression 

'/6+2x/5-V6-2v/5- 
Ex. 9. Required the value of the expression 

^4+3V-20+yj4'-SV'-20. 

AnM. 6b 



SECTION XVIII. 



INFINITE SERIES. 

(293.) An infinite series is an infinite number of terms, each 
of which is derived from the preceding term or terms accord- 
ing to some law. 

As l+i+i+i+TV+»&c., 

or i-i+i-^T+8T-» &c. 

These are examples of geometrical progressions, in the first 
of which the ratio is |, and in the second it is --|. 

Infinite series may arise from the common operations of di- 
vision, the extraction of roots, and other processes of calcula- 
tion, as will be seen hereafter. 

A converging series is one in which the sum of any number 
of its terms is finite, as in the examples just given. 

A diverging series is one in which the sUm of its terms is not 
finite; as, 

1+2+3+4+5+6+7, &c. 

An ascending series is one in which the exponents of the un- 
known quantity continually increase ; as, 

ax+hz^+cx^+dx^+ex^+9 &c. 
A descending series is one in which the exponents of the an« 
known quantity continually decrease ; as, 

ax'^+hocr^+cx'^+dx'^+ex-^'^, &c. 

PROBLEM I. 

(294.) Any series being given^ to find its several orders of 
fifforences. 
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RULE. 

1. Take the first term from the second, the second from tne 
third, the third from the fourth^ 4^. ; and the remainders will 
form a new series, called the first order of differences. 

2. Take the first term of this last series from the second, the 
second from tJie third, 4^. ; and the remainders will form a third 
series, called the second order of differences. 

3. Proceed in like manner for the third, fourth, 4^., orders 
of differences, and so on till they terminate, or are carried as far 
as may he thought necessary. 

Ex. 1. Required the several orders of differences of the 
series of squares, 

1 4 9 16 25 36 49, &c. 

3 5 7 9 11 13 first differences. 

2 2 2 2 2 second differences. 

third differences. 

Ex. 2. Required the several orders of differences of the 

series of cubes, 

1 8 27 64 125 216, &c. 

7 19 37 61 91 first differences. 

12 18 24 30 second differences. 

6 6 6 third differences. 

fourth differences. 

Ex. 3. Required the several orders of differences of the 
series of fourth powers, 

1, 16, 81, 256, 625, 1296, &c. 

Ex. 4. Required the several orders of differences of the 
series of fifth powers, 

1, 32, 243, 1024, 3125, 7776, 16807, &c. 

Ex. 5. Required the several orders of difierences of the 
series of numbers, 

1, 3, 6, 10, 15, 21, &c. 

PROBLEM n. 

(295.) Tofind the nth term of the series ^ 

a» &• c, d, e, &c. 
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Tiike the proposed series, and subtract each term from the 
next succeeding one ; we shall thus obtain for the first order 
of differences f 

&— a, c — 6, d — c, e — d^ &c. 

Again, subtracting ei(ch term of this series from the next 
succeeding term, we find for the second order of differences, 

c— 26+a, d—2c+b, e— 2rf+c, &c. 

Subtracting, again, each term of the preceding series from 
ts next succeeding term, we find the third order of differences, 

d—3c+3b—a, e—Sd+3c—b, &c. 

Subtracting again, we find for the fourth order of differences^ 

e— 4rf+6c— 46+a, &c. 

Let D', D", D'", D"", &c., represent the first* terms of the 
several orders of differences. 

Then, 
D' =&— a; whence 6=a+ D', 

D" =c-2h+a; " c=a+2D'+ D", 

D'"=(Z-3c+36-a; " rf=a+3D'+3D"+ D'", 

D""=6-4£f+6c-46+a; " e=a+4D'+6D"+4D'"+D'"'' 
&c., &c. 

The coefiicients of the value of c, the third term of the pro- 
posed series, are 1, 2, 1, which are the coefficients of the sec- 
ond power of a binomial ; the coefficients of the value of d, the 
fourth term, are 1, 3, 3, 1, which are the coefficients of the 
third power of a binomial, and so on. Hence we infer that 
the coefficients of the nth term of the series are the coefficients 
of the (n— 1) power of a binomial. Therefore, the nth term 
of the series will be 

Ex. 1. Required the twelfth term of the series 

2, 6, 12, 20, 30, &c. 

The first order of differences is 4 6 8 10, &o. 
The second order of differences is 2 2 2, &c. 
The third order of differences is 0. 

Here D =4, D"«=2, and D'"=0. Also, a=2, and »=12. 



240 INFINITE BUtlXS. 

Hence a+(n-l)D'+ ^"~^^ ^g~^^^" =a+llD'+55D"=» 

2+44+110=156 = the twelfth term. 
Ex. 2. Required the twentieth term of the series 

1, 3, 6, 10, 15, 21, &c. 
Here a=l, D'=2, D"=l, and n=20. 

Therefore, the 20th term =l + 19D'+17lD"=l+38+17l 

=210, Arts. 

Ex. 3. Required the thirteenth term of the series 

1, 5, 14, 30, 55, 91, &c. 

Ex. 4. Required the fifteenth term of the series 

1, 4, 9, 16, 25, 36, &c. 

Ans. 225. 
Ex. 5. Reqifired the twentieth term of the series 

1, 8, 27, 64, 125, &c. 

PROBLEM III. 

(296.) To find the sum ofn terms of the series 

a, bf c, d, 6, &c. 
Assume the series 

0, a, a+6, a+6+c, a+b+c+d, &c. 

Subtracting each term from the next succeeding, we obtain 

a, 6, c, dj e, &c., 

which is the series whose sum it is proposed to find. Hence 
the sum of n terms of the proposed series is the (n+l)th term 
of the assumed series ; and the nth order of difierences in the 
first series is the (n+l)th order in the other series. I^ there- 
fore, in the formula of the preceding Problem, we substitute 

for a, 
n+1 for n, 
aforD', 
D' for D", 
&c., 
we shall have 

n(n-l) n(7i-l) (n-2) njn^l) (n-2) (n^3) 
2 ^ 2.3 ^ 2.3.4 

which 18 the fum of n terms of lY^ ipto^pcMibd ufcmu 
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Ex. 1. Required the sum of n terms of the series 

1, 2, 3, 4, 5, 6. &c. 
Here a=l, D'=l. D"=0. 

ineretore, na-\ =?iH — —= — - — = — - — = 

ihe sum of n terms, the same as found in ArL 239. 
Ex. 2. Required the sum of n terms of the series 

1', 2% 3% 4% 5% &c. 
Here a=l, D'=3, D"=2. 

Therefore the general formula reduces to 

3n(n-l) 2n(n-l) (n-2) 

^■^~2— + 2:3 ' 

_ 2n'+3?i'+n 
6 

n(n+ l)(2n+l) , . , 

=— ^ ^ , the sum required. 

Ex. 3. Required the sum of n terms of the series 

r, 2% 3', 4', 5', 6', &c. 
Here a=l, D'=7, D"=12, D"'=6. 

Ans. ^^^ 
4 

/^x. 4. Required the sum of n terms of the series 

1, 3, 6, 10, 15, &c. 

n(n+l) (n+2) 
^'^*- 2.3 

JSr. 5. Required the sum of n terms of the series 

1, 4, 10, 20, 35, &c. 

?i(n+l) (n+2) (n+3) 



Ans. 



PROBLEM IV. 



2.3.4 



(297.) A series of equidistant terms, a, b, c, d, e, 4^., being 
given^ to find any intermediate term by interpolation. 

This is essentially the same as Problem II. For convenience, 
let us put X to represent the distance of the required term from 
the first term of the series a, in which case a;=m— 1, and we 
sbAJi have 
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Ex. 1. Given the square root of 94» equal 10^9.69536 ; 

" ** 96, " 9.74679; 

" 96, " 9.79796, 

to find the square root of 94.25. 

Here the first differences are +.05143, +.05117, 
and the second difference is —.00026; 

that is, 1>= +.05143, D"=-.00026, 

But z=a+iT>'-^%D'\ 

Hence the square root of 94.25 is 

9.69536+.01286+.00002, 
or 9.70824. Ans. 

Ex. 2. Given the square root of 160, equal to 12.64911 , 

162, " 12.72792; 
" 164, " 12.80625, 

to find the square root of 161. 

Here the interval between the given numbers is 2 ; the dis- 
tance of the required term from the first term is 1 ; and, since 
the interval of the given numbers is always to be reckoned as 
unity, we have x=^. 

Also, D'= +.07881, D"= -.00048. 

And 2=a+iD'-^D". 

Therefore the square root of 161 is 

12.6491 1 +.08941 +.00006, 
or 12.68858. Ans. 

Ex. 3. Given the cube root of 60, equal to 3.91487 ; 

«• " 62, « 3.95789; 

" 64, « 4.00000, 

" " 66, " 4.04124, 

to find the cube root of 61. 

Ans. 3.93650. 

Ex. 4. Given the fourth root of 625, equal to 5.000000 ; 

" " 628, " 5.006988; 

" " 631, " 6.011956; 

" " 634, " 6.017903, 

to find the fourth root of 627. 

Here z=^. Therefore, x=a+|D - JD '. 
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Ex. 5. Given the square root qf 70, equal to 8.36660 ; 

" " 74, " 8.60233; 

" " 78, " 8.83176; 

«« " 82, «* 9.05539, 

find the square root of 71. 

Ans. 8.42615. 

(298.) Fractions expanded into infinite series. 

When the dividend is not exactly divisible by the divisor, 
he quotient may be expressed by a fraction. Thus, if it is 

•equired to divide 1 by 1— a, we obtain the fraction •; • 

1— a 

kVe may, however, commence the division according to the 

isual method ; thus, 



1 
1-a 



1-a 



l+a+a*+a*+a*+9 &c., = the quotient. 



a— a* 



o'-fl* 



a' 



a' 



Hence r'^=:l+a+a^+a*+a*+a*+, &c., to infinity. 
Suppose a^h ^^ shall then have 

1— a 1— i 

Suppose a= J, we shall then have 

' =•; — r=l> which will be equal to the series 

1— a 1—^ ^ ^ 

Ex. 2. Resolve t— — into an infinite series. 

1+a 

Ans. 1— a+a'— a'+fl*— a*+, dw5 
Suppose a=}f we shall then have 



860 
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1 



— -= J, which win be equal to the series 
l-i+i-i+TV-irV+» &c. 



Ex. 3. Resolve the fraction 



a^-b 



into an infinite series. 



. c he b*c Vc , 
Ans. jH — r 4 +» »c- 



a a' 



a 



a 



Ex. 4. Resolve 



b+x 



into an infinite series. 



l-hx 

Ex. 5. Resolve -:; into an infinite series. 

l—x 



We may proceed in the same manner when there are more 
than two terms in the divisor. 

^ into an infinite series. 

Ans. l+a—a'— «*+«*+, &c. 



Ex. 6. Resolve 



l-a+a' 



Ex. 7. Resolve 



tf 



7 into an infinite series. 



{a+xy 

(299.) Infinite series obtained by extracting the square root. 

In Art. 272, Va+b has been expanded into an infinite series 
by the Binomial Theorem. It was also remarked that the 
same result might have been obtained by extracting the square 
root according to the usual rule, jlr^ 275. The operation will 
proceed as follows : 

a*H — r iH j— > &c., = the square root of a+b 



a+b 



a 



20" 8a^ I6a' 



&-f 



V 



1 ff 
2a^-\ — T, first divisor. 
2a* 



4a 



*1 
4a 



2a*+-f- 



\ second divisor. 



a' 8a 
'4a 8a''*"64a' 



+ 



_6] b^ 

8a' eio*' 
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This result is the same as that obtained in Art 272. 

Ex. 2. Extract the square root of 1 —a:. 

X x^ z* 5z* 
^"*- ^-2-8-16-128-' **'• 
Ex. 3. Extract the square root ofa^+b. 
Ex. 4. Extract the square root of a*—h, 

MBTHOD OF UNKNOWN COEFFICIENTS. 

(300.) The method of unknown coefficients is a method ot 
developing algebraic expressions into series, by assuming a 
series having unknown coefficients, and afterward finding the 
value of these coefficients. This method is founded on the fol- 
lowing 

THEOREM. 
If an equation of the form 
A+Ei;+Ca:'+Da:'+, &c., =A'+B'a:+C'a:''+DV+, &c., 

must be verified by any value given to x, the terms involving the 
same powers in the two members are respectively equal. 

For, since this equation must be verified for every value of 
r, it must be verified when x=0. But, upon this supposition, 
all the terms vanish except two, and we have 

A=A'. 

Suppressing these two equal terms, we have 

.Bx+Ca:'+Dx'+, &c., ==B'a;+CV+D'a;'+, &c. 
Dividing every term by a:, we obtain 

B+Ca:+Da:'+, &c„ =B'+C'a:+DV+, &c. 
Since this equation must be verified for every value of x, it 
must be verified when x—0. But, upon this supposition, 

B=B'. 
In the same manner we can prove that 

C=C 
D=D' &c. 

1— « 
(301.) Let it be proposed to develop the expression 

iuto a seri«s arranged according to the powers of x. It is 
plain that this development is possible, for we may divide the 
Dumerator by the denominator, as explained in ArL M8. 
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% 



Let us, then, assume 

\^=A+Bx+Cx*+T)x^+Ex*+, &c., 
1+x 

where the coefficients A, B, C, D are supposed to be independ- 
ent of x, but dependent on the known terms of the fraction. 

In order to obtain the values of these coefficients, let us mul- 
tiply both members of the above equation by the denominator 
1 +^9 and w;e shall have 

l--a:=A+(A+B>r+(B+C)a;'+(C+D)a;'+(D+E)x*+, &c. 

But, according to the preceding Theorem, the terms involving 
the same powers of x in the two members of the equation must 
be equal to each other. 

Therefore, A= 1, 

A+B = -l; hence B = -2. 
B+C= 0; " C = +2. 
C+D= 0; « D=-2. 
D+E= 0; " E=+2. 
&c., &c. 

Substituting these values of the coefficients in the assumed 
series, we obtain 

l—x 

^-—=l-2x+2x^"2x*+2x*-, &c. 
l+x 

(302.) The method thus exemplified is expressed in the fol- 
lowing 

RULE. 

Assume a series with unknown coefficients as equal to the prO' 
posed expression ; then, having cleared the equation offractionSf 
or raised it to its proper power, find the value of each of these 
coefficients by equating the corresponding terms of the two ex- 
pressions, or putting such of them as have no corresponding 
terms, equal. to zero. 

Ex. 2. Expand the fraction . into an infinite series 

Assume , ,> . , =A+Ba:+Ca;*+Da;*+Ea:*+, &c. 
Multiplying by 1— 2x+a5% W9 have 
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l=A+(B-2A)a;+(C-2B+AK+(D-3C+BK+(E-2D4- 
C)x*+, &o. 

Hence we must have 

A=l 

B-2A=0vB=2A =2, 

C-2B+ A=0 vC=2B-A=?, 

D-2C+ B=0 vD=2C-B=4, 

E-2D+ C =0 ••• E=2D-C =5, 

&C.y &C. 

Therefore, - — — -— j=l+2a;+3a;'+4x'+5a:*+, &c. 

Ex. 3. Expand the fraction -i r into an infinite series. 

Arts. l+3a:+4a:'+7a;'+lla;*+18x*+29a;'+, &c., 

where the coefficient of each term is equal to the sum of the 
coefficients of the two preceding terms. 

\—x 

Ex. 4. Expand - — --r into an infinite series. 

'^ l--2x--3x 

Ans. H-a:+5a;''+13x'+41x*+121a;'+, &c. 

What is the law of the coefficients in this series ? 

l+2x 
Em. 5. Expand - — 5- into an infinite series. 

Ans. l+5x+15a:'+45x"+136a:*+, &c. 
What is the law of the coefficients in this series ? 



Ex. 6. Expand -^l—x into an infinite series. 

. XX oX o,oX o»0»iX « 

2 2.4 2.4.6 2.4.6.8 2.4.6.8.10 ' 
(303.) The method of unknown coefficients requires that we 
should know beforehand the form of the development with re- 
spect to the powers of a;. Generally, we suppose the develop- 
ment to proceed according to the ascending powers of Xj com- 
mencing with x'^ ; but sometimes this form is inapplicable, in 
which case the result of the operation is sure to indicate it. 
Let it be required, for example, to develop the expression 

T r into a series. 

2x—x^ 

Assume ;=A+Ba:+Ca;'+Da:'+, &c. 

Sx—x 
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Clearing of fractions, we have 

1= :3Ax+(3B- A)x''+(3C-B)a:"+, &c. ; 
whence, according to Art 300, we conclqde 

1=0, 
3A=0, &c. 

Now the first equation, 1=0, is absurd, and shows that the 
assumed form is not applicable in the present case. But if w<) 

put the fraction under the form -X ^^ > and suppose that 

-X^ =-(A+Bx+Cx^+'Dx'+, &c.), 

X 3—x X ' 

It will become, after the reductions are made, 

1=3A+(3B-A)a:+(3C-B)x''+(3D-C)a:'+, &c., 
which gives the equations 

3A=1 ; whence A= \. 



3B-A=0 
3C- B=0 
3D-C=0 



B= |. 



1 1/1 a: a:' a:' \ 

Therefore. ^-_j=-(^-+g+-+-+, &c. j 



—1 a 9 

x . x^ x x 



~ 3"^9'*"27'^8l"'"'*^^-' 

that is, the development contains a term affected with a nega^ 
tive exponent 

We ought, then, to have assumed at the outset 

^ ^ , =Aa?-^+B+Ca:+Dj'+Ea;'+, &c. 
8x—x 

The particular series which should be adopted in each case 
may be determined by putting a:=0, and observing the nature 
of the result. If, in this case, the proposed expression becomes 
equal to a finite quantity, the first term of the series will not 
contain x. If the expression reduces to zero, the first term 

A 

will contain x ; and if the expression reduces to the form —, 

then the first term of the development must contain x with a 
negative exponent 



SECTION XIX. 



GENERAL THEORY OF EQUATIONS. 

(304.) It is proposed in this Section to exhibit the most im- 
portant propositions relating to the theory of equations, to- 
gether with the Theorem of Sturm, by which we are enabled 
to determine the number of real roots of an equation. 

A function of a quantity is any expression involving that 
quantity. Thus, 

oc'+fe is a function of a:. 
ay^+cy-^-d is a function of y. 
03? —hy^ is a function of a; and y. 

In a seties of terms, two successive signs constitute a fev' 
manence when the signs are alike, and a variation when they 
are unlike. Thus, in the polynomial 

the signs of the first two terms constitute a permanence ; the 
signs of the second and third constitute a variation : and those 
of the third and fourth also a variation. 

(305.) A cubic equation is one in which the highest power 
of the unknown quantity is of the third degree ; as, for ex- 
ample, 

a;*— Ox'+Sx— 15=0. 

All equations of the third degree, with one unknown quan^ 
tity, may be reduced to the form 

x* + cjta;* + 6a: +c= 0. 
A biquadratic equation is one in which the highest power of 
the unknown quantity is of the fourth degree ; as, for example, 

18 ^ — 
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Every equation of the fourth degree, with one unknown 
quantity, may be reduced to the form 

x*+ax*+bx^+cx+d=0. 

The general formjof an equation of the fifth degree is 

x*+(ix*+bx*+cx^+dx+e=0 ; 

and the general form of an equation of the mth degree, with 
one unknown quantity, is 

xr-\-Axr-'+Bx'^+Car-^+ +Ta;+V=0 (m). 

This equation will be frequently referred to hereafter by the 
name of the general equation of the mth degree^ or simply by the 
letter (m). 

It is obvious, that if we could solve this .equation, we should 
have the solution of every equation which could be proposed. 
Unfortunately, no general solution has ever been discovered ; 
yet many important properties are known, which enable us to 
solve any numerical equation which can ever occur. 

PROPOSITION I. 

(306.) If a. is a root of the general equation of the mth degree, 
the equation will be exax:tly divisible by x—tx. 

For if a is one value of x, the equation must be verified when 
we substitute a in the place of a;. Hence we must have 
a'"+Aa'"-'+Ba'"-'+Ca"-^+ +Ta+V=0 (1). 

Subtracting equation (1) from equation (m), we obtain 
(a;"-a'")+A(a;— ^-a— ^)+B(x'"-'-a"-«)+ . . . +T(a:-a)=0 (2). 

But, by Art. 76, each of the expressions (x"*— a"), (x*^*— a*~^), 
&c., is divisible by x—a, and therefore equation (2) is also di- 
visible by a;— a. Now equation (m) is but another form for 
equation (2) ; for if we take the value of V, as found from 
equation (1), and substitute it for V in equation (m), it will give 
us equation (2) ; therefore, equation (m) is divisible by a;— «. 

Conversely, if equation (m) is divisible by x— a, then a is a 
root of the equation. 

It will be noticed that this property is but a get^alizatton 
of what has been proved of equations of the second degree, in 
Art. 192. 

Ex. 1. Prove that I is a root of the equation 
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This equation is divisible by x— 1, and gives a;*— 5a;+6=0 
Ex. 2. Prove that 2 is a root of the equation 

x*— x— 6=0. 
This equation is divisible by a;— 2, and gives a;'+2a:+3=0. 
Ex. 3. Prove that 2 is a root of the equation 

a;*-lla;'+36x-36=0. 
Ex. 4. Prove that 4 is a root of the equation 

x*+x*S4x-\-56=0. 
Ex. 5. Prove that —1 is a root of the equation 

a;*-38a;'+210a:'+538a;+289=0. 
Ex. 6. Prove that —5 is a root of the equation 

a;*+6a;*-10x*-112a:''-207x- 110=0. ' 
Ex. 7. Prove that 3 is a root of the equation 

a;'+a;'-14c*-14a;'+49x'+49a;'-3to-36=0. 

PROPOSITION 11. 

(807.) Every equation of the mth degree containing but one 
unknown quantity^ has m roots and no more. 

For, suppose a to be a root of the general equation of tlia 
mth degree. By the last Proposition, this equation is divisible 
by x—a; and if we actually perform the division, the equation 
will be reduced to one of the next inferior degree. 

If we represent the coefficients of the difierent powers of x 
by A', B', &c., the quotient will be 

a;"^*+A'a;"^+B'x-"»+ +T'a;+V'=0. 

This equation must also have a root, which we will repre- 
sent by h ; and dividing by a:— 6, the equation will be reduced 
to one of the next inferior degree, and so on. 

We may continue this series of operations (m— 1) times, when 
we shall arrive at a simple equation which has only one root. 
Hence the proposed equation will have m roots,. 

a^hf c, df I; 

and its successive divisors, or the factors of which it is com 
posed, will be 

aj ""*€*, •C"~'V, iC/^""!*, •€/*""€», • • . • • iC"""*, 

being equal in number to the units contained in iti, the highest 
exponent of the equation. 

R 
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We nave seen that when one root of an equation is known, 
the equation is readily reduced to one of the next inferior de- 
gree ; and if we can depress any equation to a quadratic, its 
roots can be determined by methods already explained. 

Ex. 1. One root of the equation 

a;'+3a;'-16a;+12=0 
is 1. Find the remaining roots. 

Ex. 2. Two roots of the equation 

a;*- 10x'+35a:"-50a;+24=0 
are 1 and 3. Find the remaining roots. 

Ext 3. Two roots of the equation 

a;*-12a;'+48a;'-68a:+15=0 
are 3 and 5. Find the remaining roots. . 

Ans. 2i:V? 
Ex. 4. Two roots of the equation 

4x*-14a;'-5x'+31a:+6=0 



are 2 and 3. Find the remaining roots. 



— 3dbv/5 
Ans. : . 



. Ex. 5. Two roots of the equation 

x*-aa;'+24a:-16=0 
are 2 and —2. Find the remaining roots. 

Ans, 8±v^5. 
(308.) It should be observed that this Proposition only proves 
that an equation of the with degree may be continually depress- 
ed by division, and finally exhausted after m operations. The 
divisors are not necessarily unequal. Any number, and indeed 
all of thenif may be eqrial. When we say that an equation of 
the mth degree has m roots, we mean that the polynomial can 
be decomposed into m binomial factors, equal or unequal, each 
containing one root. Thus, the equation 

a;*-6a:*+12a:-8=0 
can be resolved into the factors 

(a:-2) (a:-2) (a;-2)=0; or (a:-2y=0; 
whence it appears that the three roots of this equation are 

2, 2, 2. 
But, in general, the several roots of an equation differ fiom 
0ach other numerically. 
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The equation 

has apparently but one root, viz., 2; but by the method of the 
preceding article we can discover two other roots. Dividing 
a:'— 8 by a:— 2, we obtain 

Solving this equation, we find 

Thus, the three roots of the equation x*=^8 are 

2; -1+V"^; -l-V^. 

These last two values may be verified by multiplication at 
follows: 



— 1+ V-3 -1- V-3 

-1+ V-3 -1- V-3 



1- V-8 1+ V-S 

- V-3-3 + V-3-3 



— 2— 2-/— 3=the square. — 2+2 \^— 3=the square. 
-1+ V^ -1- V"^ 



2+2\/-3 2-2\/~3 

— 2V-3+6 +2\/-3+6 



8= the cube. 8= the cube. 

If the last term of an equation vanishes, as in <he example 

a:H2x*+3:r"+ai:=0, 

the equation is divisible by :z:— 0, and, consequently, is one 
of its roots. * . 

If the last two terms vanish,'^then two of its roots are equal 
too. 

PROPOSITION III. 

To discover the law of the coefficients of every equation, 

(309.) In order to discover tiie law of the coefficients, let ut 
form the equation whose roots are 

a, &, c, c/, /. 

This equation will contain the factors (x— a), (x—b), (a:--c), 
4(C ; that is, we shall have 

(r— a) (a:— 6) (x— c) (^— cO .(jc— 1\«=0* 
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If we perform the multiplication as in Art 264, we shall 
have 



x"— a 


z'^'+ab 


sf-^—ahc 


-6 


+ ac 


-abd 


— c 


-\-ad 


—acd 


"d 


+ bc 


-bed 


&c. 


+ bd 
+ cd 


&c. 



ar-'+ 



— (afcc 0=0. 



&c. * 

Hence we perceive, 

1. The coefficient of the second term of any equation is equal 
to the sum of all the roots with their signs changed. 

2. The coefficient of the third term is equal to the sum of the 
products of all the roots taken two and two. 

3. The coefficient of the fourth term is equal to the sum of the 
products of all the roots taken three and three, with their signs 
changed. 

4. The last term is the product of all the roots with their signs 
changed. 

It will be perceived that these properties include those of 
quadratic equations mentioned on pages 163 and 164. 

If the roots are all negative, the signs of all the terms of the 
equation will be positive, because the factors of which the 
equation is composed are all positive. 

If the roots are all positive, the signs of the terms will be al- 
ternately + and — . 

Ex. I. Forth the equation whose roots are 1, 2, and 3. 

For this purpose, we must multiply together the factors 
a:— 1, a;— 2, x— 3, and we obtain 

a;'-6a;'+lla:-6=0. 

This example conforms to the rules above given for the co- 
efficients. Thus, the coefficient of the second term is equal to 
the sum of all the roots (1+2+3) with their signs changed. 

The coefficient of the third term is the sum of the products 
of the roots taken two and two ; thus, 

1X2+1X3+2X3=11. 

The last term is the product of all the roots (1X3X3) with 
their signs changed. 
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Ex. 2. Form the equation whose roots are 2, 3, 5, and —6. 

Ans. «*— 4a;*— 29a;"+156x— 180=0. 
Show how these coefficients conform to the laws above 
given. 

Ex. 3. Form the equation whose roots are 1, 3, 5, —2, —4, 
-6. 

Ans. a;'+3x*-41x*-87a:'+400a:'-444a;-720=0. 

(310.) Every rational root of an equation is a divisor of the 
last term ; for, since this term is the product of all the roots, it 
must be divisible by each of them. If, then, we wish to find a 
root by trial, we know at once what numbers we must employ. 

For example, take the equation 

a;'— a;— 6=0. 

If this equation has a rational root, it must be a divisor oi 
the last term, 6 ; hence we must try the numbers 1, 2, 3, 6. 
either positive or negative. 

K x=l, we have 1 — 1—6=— 6, 

a;=2, " 8-2-6= 0, 

a;=3, " 27-3-6= 18, 

a;=6, " 216-6-6=204, 

Hence we see that 2 is one of the roots of the given equa- 
tion, and by the method of Art. 307, we shall find the remain- 
ing roots to be 

-lihV'32. 

PROPOSITION IV. 

(311.) No equation whose coefficients are all integers^ and that 
of the first term unity ^ can have a root equal to a rational frac- 
tion. 

For, take the general equation of the third degree, 

a;'+Aa;''-|-BxH-C=0, 

and suppose, if possible, that the fraction r is one value of x. 

this fraction being reduced to its lowest terms. If we substi- 
tute this value for x in the given equation, we shall havp. 

7T-l-A-7,4-Br+C-0. 

t) Ir h 
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Multiplying each term by &', and transposing, we obtain 



«• 



Now, by supposili6n, A, B, C, a and b are whole numbers. 
Hence the entire right-hand member of the equation is a whole 
number. 

But by hypothesis, r- is an irreducible fraction ; that is, a 

and b contain no common factor. Consequently, a* and b will 

contain no common factor, that is, -r is a fraction in its lowest 

o 

terms. Hence, if r were a root of the proposed equation, we 

should have a fraction in its lowest terms equal to a whole 
number, which is absurd. 

The same mode of demonstration is applicable to the general 
equation of the mth degree. 

This pio]x>sition only asserts that in an equation such as is 
here described, the real roots must be integers, or they can not 
be exactly expressed in numbers. They may often be express- 
ed approximately by fractions, as is seen in the examples on 
pages 288-301. A real root which can not be exactly ex- 
pressed in numbers is called incommensurable. 

PROPOSITION V. 

(312.) If the signs of the alternate terms in an equation are 
changed, the signs of all the roots will be changed. 

If we take the general equation of the mth degree, and change 
the signs of the alternate terms, we shall have 

a;'"-Aa;"~*+Bz--'-Ca:''-*+ . =0 (1) : 

or, changing the sign of every term of the last equation, 

-a:-+Ac"^*-ftc— •+Ca;— '•- =0 (2). 

Now, substituting -{-a for x in equation (m) will give the 
same result as substituting —a in equation (1), if m be an even 
number; oV, sul)stituting —a in equation (2), if m be an odd 
number. If, then, a' is a root of equation (/w), —a will be a root 
of equation (1), and, of course, a root of equation (2), which is 
identical with it 
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Hence we see that the positive roots may be changed into 
negative roots, and the reverse, by simply changing the signs 
of the Alternate terms ; so that the finding the real roots of any 
equation is reduced to finding positive roots only. 

Ex. 1. The roots of the equation 

a;'— 2x'— 5a;+6=0 

are 1, 3, and —2. What are the roots of the equation 

Ex. 2. The roots of the equation 

x'-6:i:'+llx-6=0 
are 1» 2, and 3. What are the roots of the equation 

a;»+6x''H-lla:H-6=0? 

PROPOSITION VI. 

(313.) ^Ifan equation whose coefficients are all real, contains 
imaginary roots, the number of these roots must he even. 

If an equation whose coefficJients are all real, has a root of 
the form 



a+bV-h 
then will a—bV — l 

m 

be also a root of the equation. 

For, let a+bV"-! be substituted for x in the equation, the 
result will consist of a series of terms, of which those involving 

only the powers of a, and the even powers of JV — 1 will be 

real, and those which involve the odd powers of 6 V — 1 will 
be imaginary. If we denote the sum of the real terms by P, 

and the sum of the imaginary terms by QV — 1, then we must 
have 



P+QV-1=0, 
which relation can only exist when P=0 and Q=0. 

Again, let a^bV — l be substituted for x in the proposed 
equation, the only difference in the re"sult will be in the signs 

of the odd powers of feV — 1, so that the result will be P— 

QV"^, But we have found that P=0 and Q=0 ; hence 

12* 
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And, since a^b V — I substituted for x gives a result equal to 
zero, it must be a root of the equation. 
Ex, 1. Find the roots of the equation 

a;'— 2a:+4=0. 

^715, —2, and li-/ — 1. 
Ex. 2. Find the roots of the equation 

a;'-a;'~7a;+15=0. 

Ans. —3, and 2± V — 1. 
Ex. 3. Find the roots of the equation 

5a;'4-2x-44=0. 

Ans. 2, and — l=b V— 3.4. 

Hence every equation of the third degree whose coefficients 
are all real, must have one real root. The same is true of 
every equation of an odd degree. 

PROPOSITION VII. 

(314.) Every equation must have as many variations of sign 
as it has positive roots, and as many permanences of sign as 
there are negative roots. 

To prove this Proposition, it is only necessary to show that 
the multiplication of an equation by a new factor, a;— a, cor- 
responding to a, positive root, will introduce at least one varia- 
tion^ and that the multiplication by a factor x-\-a will intro- 
duce at least one permanence. 

For an example, take the equation 

a;"+3x'-10a;-24=0, 

a which the signs are +H , giving one variation. 

Multiply this equation by a:--2=0, as follows : 

a:»+3x'-10x-24 
X —2 

a;*+3:c'-10a:'-24x 
-2a;'- 6a:'+20a;+48 



x^-\- a;*-16x"- 4a:+48=0. 

In this last product the signs are +H 1-, giving two va^ 

iztions; that is, the introduction of a positive root has intro- 
duced one new variation in the sigaa oi iVve lerois* 
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To generalize this reasoning, we perceive that the signs in 
the upper line of the partial products are the same as in the 
given equation ; but those in the lower line are all contrai^ to 
those of the given equation, and advanced one term toward the 
right. 

Now, if each coefficient of the upper line is greater than the 
corresponding one in the lower, the signs of the upper line will 
be the same as in the total product, with the exception of the 
last term. But the last term introduces a new variation, since 
its sign is contrary to that which immediately precedes it; 
that is, the product contains one more variation than the 
original equation. 

When a term in the lower line is larger than the correspond- 
ing one in the upper line, and has the contrary sign, there is a 
change from a permanence to a variation ; for the lower sign 
is always contrary to the preceding upper sign. Hence, when- 
ever we are obliged to descend from the upper to the lower 
line in order to determine the sign of the product, there is a 
variation which is not found in the proposed equation ; and as 
all the remaining signs of the lower line are contrary to those 
of the proposed equation, there must be the same changes pf 
sign in this line as in the given equation. If we are obliged to 
reascend to the upper line, the result may be either a variation 
or a permanence. But even if it were a permanence, since 
the last sign of the product is in the lower line, it is necessary 
to go once more from the upper line to the lower, than from 
the lower to the upper. Hence each factor, corresponding to 
a positive root, must introduce at least one new variation; so 
that there must be as many variations as there are positive 
roots. 

In the same manner, we may prove that the multiplication 
by a factor a;+a> corresponding to a negative root, must intro- 
duce at least one new permanence ; so that there must be as 
many permanences as there are negative roots. 

Ex. 1. The roots of the equation 

are lr2, 3, —1, and —2. There are also three variations of 
sign, and two permanences, as there should be, according to 
the Proposition. 
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Ex. 2. The equation 

has four real roots. How many of these are negativd ? 

Ex. 3. The equation 

x'+Sx''-4lx*-S^x*+400x^+4'k4x-120=0 

has six real roots. How many of these^are positive ? 

If all the roots of an equation are real, the number of posi- 
tive roots must be the same as the number of variations, and 
the number of negative roots must be the same as the number 
of permanences. If any term of an equation is wanting, we 
must supply its place with ±0 before applying the preceding 
Rule. 

PROPOSITION VIII. 

(315.) If two numbers, when substituted for the unknown 
quantity in an equation, give results with contrary signs, there 
is at least one foot comprised between those numbers. 

Take, for example, the equation 

i'--2a;'+3x-44=0. 

If we substitute 3 for x in this equation, we obtain —26; 
and if we substitute 5 for x, we obtain +46. There must, 
therefore, be a real root between 3 and 6 ; for, when we sup- 
pose a; =3, we have 

x'+3x<:2x^+44. 

But when we suppose x=5, we have 

x'+Sx>2x^+44. 

Now both the quantities 

x*+Sx and 2a:' +44 
increase while x increases. And since the first of these quan- 
tities, which was originally less than the second, has become 
the greater, it must increase more rapidly than the second. 
There must, therefore, be a point at which the two magnitudes 
are equal, and that value of a: which renders these two magni 
tudes equal must be a root of the proposed equation. 

In general, if two numbers,/? and q, substituted for x in an 
equation, give results with contrary signs, we may suppose the 
/eas of the two numbers to increase by imperceptible degrees 
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until it becomes equal to the greater number. The results of 
these successive substitutions must also change by impercepti- 
ble degrees, and must pass through all the intermediate values 
between the two extremes. But the two extreme values are 
affected with opposite signs ; there must, therefore, be some 
number between p and q which reduces the given equation to 
zero, and this number will be a root of the equation. 

In the same manner, it may be proved that if any quantity 
p, and every quantity greater than p, substituted in an equation^ 
renders the result positive, then p is greater than the greatest 
rooL 

Hence, also, if the signs of the alternate terms are changed, 
and if q, and every quantity greater than q, renders the result 
positive^ then — q is less than the least root. 

If the two numbers, which give results with contrary signs, 
differ from each other only by unity, it is plain that we have 
found the integral part of a root. 

Ex. 1. Find the integral part of one of the roots of the equa- 
tion 

2a:*-lla;'+8x-16=0. 

When a;=2, the equation reduces to —12; and when a;=3, 
it reduces to +71. Hence there must be a root between 2 and 
3; that is, 2 is the first figure of one of the roots, 

Ex. 2. Find the first figure of one of the roots of the equa- 
tion 

a;'+a:"+a;- 100=0. 

Ans. 4. 

Ex. 3. Find the first figure of each of the roots of the equa- 
tion 

a:'-4a;'--6a:+8=0. 

PROPOSITION IX. 

(316.) Every equation may he transfoimied into another, 
whose roots are greater or less than those of the former by any 
given quantity. 

Let it be required to transform the general equation of the 
with degree into another whose roots are greater by r than 
those of the given equation. 

Take y=!=a:+r, or a:=ay— r, 
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and substitute y—r for x in the proposed equation ; we shall 
then have 



y-— mrk^"-'H — ^^— 



+A 



— (m— l)Ar 
+B 



m(m—l) (w— 2)r' 



+ 



2.3 

(m-l)(m-2)^r' 



y*-',&c,=0. 



-(m-2)Br 

+C 

which equation evidently fulfills the required conditions, since 
y is greater than x by r. 

If we take y=x—rj or x—y-^r^ we shall obtain in the same 
way an equation whose roots are less than those of the given 
equation by r. 

Ex. 1. Find the equation whose roots are greater by 1 than 
those of the equation 

a;«-|-3a;'— 4x+l=0. 

We must here substitute y— 1 in place of a:. 

Arts. y*—'7y-\-7=0. 

Ex. 2. Find the equation whose roots are less by 1 than 
those of the equation 

a;'-2x"+ac-4=0. 

Arts. y'+y'+2y— 2=0. 

Ex. 3. Find the equation whose roots are greater by 3 than 
those of the equation 

a;*+9a;'+12a:'— 14x=0. 

Ans. y*-3y'-15y'+49y- 12^=0. 

Ex. 4. Find the equation whose roots are less by 2 than 
those of the equation 

5x*'-l2x'+Sx'+4x-5=0. 

Ans. 5y*+28y'+51y'+32y-l=0. 

Ex. 5. Find the equation whose roots are greater by 2 than 
those of the equation 

a;'*+10a:*4-42a;*+86a;"+70x+12=0. 

Ans. y*+2y'— 6y'— 10y+8=0. 

PROPOSITION X. 

fdl7.) Any complete equation may be transformed ifUo an^ 
9iAer whose second term is toonttng. 
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Sinc6 r in the preceding Proposition is indeterminate, we 
may put — wir+A equal to zero, which will cause the second 

term of the general development to disappear. Hence r=--, 

m 

and x=y . 

Hence, to remove the second term of an equation, substitute 
for the unknown quantity a new unknown quantity ^ together 
with such a part of the coefficient of the second term^ taken with 
a contrary sign, as is denoted by the degree of the equation. 

Ex. 1. Transform the equation 

a:'— ar"+8x— 2=0 

into another whose second term is wanting. 

Here we take a new unknown quantity, and annex to it a 
third part of the coefficient of the second term of the equation 
with its sign changed ; that is, we put x=y+2. Making this 
substitution, we obtain 

y'— 4y— 2=0. Ans 

Ex. 2. Transform the equation 

a:*-16a;*-6x+15=0 

into another whose second term is wanting. 

Here we put a:=y+4. 

Ans. y*-96y'-518y-777=0 

Ex. 3. Transform the equation 

a;*+15a;*+12a;'-20a;»+14a:-25=0 

into another whose second term is wanting. 

^715. y*-78y"+412y»~757y+401=t. 

Since the coefficient of the second term is equal to the sum 
of the roots with their signs changed, it is obvious that when 
the second term of an equation is wanting, the sum of the posi- 
tive roots must be equal to the sum of the negative roots 

PROPOSITION XL 

(318.) To discover the law of Derived Polynomials. 
When we substitute y+r for x in the general equation of 
th e mth degree, the coefficients of r follow a remarkable law 
The equation, before it is developed, is 
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(y+r)-+A(y+r)— *+B(y+rr '+ +T(y+r)+V:3=0. 

If we actually involve the several terms (y+r)", (y+r)'^^^ 
&c., as was done in Art. 316, we obtain certain terms inde- 
pendent of r, others which contain the first power of r, others 
the second power of r, and so on ; and the development is of 
the following form : 

where the values of X, X^, X,, &c., are 

X =y"+A5r~'+By"-'+Cjr"'+ + Ty+V. 

X,=my"-'+(m-l)Ay^+(m-2)By'^+ +2Sy+T. 

X,=m(m-l)y"-»+(7»-l) (m-2)Ay'^+ 

Each of these polynomials may he derived from that immo 
diately preceding it, by multiplying each term by the exponent 
of y 171 that term, and diminishing the exponent by unity. 

The expressions X,, X^, &c., are called derived polyno- 
mials of X. Xj is called the^r^i derived polynomial^ X^ the 
second derived polynomial, X3 the third, and so on. 

Ex. 1. Find the equation whose roots are less by r than 
those of the equation 

a;'— 5i 4-6=0. 

Here we shall have 

X = y'-5y+6, 
X,=2y-6, 
X3=2, 
X3=0. 

But we have seen that when y+r is substituted for x, the 
equation reduces to the form 

X+X,r4-^r'+||r'+, &c. 

Substituting the values of X, X,, X^, &c., above found, we 
obtain 

(y'-5y+6) + (2y-5)r+r% 

which is the development of 

(y+r)»-5(y+r)+6. 

Ex. 2. Find the equation whose roots are lesi^ by r than 
ihate of the equatiaa 
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Here we shall have 

X = y'- 7y»+8y-3, 

X,=3y»-14y+8, 

X,=6y-14, 

X3=6, 

X,=0; 

and, substituting these values in the same formula as above, 
we obtain 

(y"-7y'+8y-3) + (3y*-14y+8)r+^(6y-14)r»+^6r«, 

which is the development of 

(y+r)'-7(y+r)*+8(y+r)-3. 

Ex. 3. Find the successive derived polynomials of the equa- 
tion 

x*'-8x'+Ux^+4x'-S=0. 

Ex. 4. Find the successive derived polynomials of the equa- 
tion 

x*+^*+2x*-3x^-2x-2=0. 

PROPOSITION XII. 

(319.) To find the equal roots of an equation. 

We have seen, in Art. 308, that an equation may have two 
or more equal roots. Thus, the equation 

a;*— 6a:'+12a:— 8=0, 
or (a:-2)'=0, 

has the three equal roots 2, 2, 2. Such an equation and its 
first derived polynomial always contain a common divisor; for 
the first derived polynomial of the above equation is 

3a:''-12a:+12, 
or 3 (a: -2)% 

where it is evident that (a;— 2)* is a common divisor of both 
equations. 

In general, let a be one of the equal roots which occurs n 
times as a root of the given equation ; the first member will 

therefore contain the factors (x—a). {x—a), (x—a), ; 

that is, {x—ay. The first derived polynomial will contain the 
&ctor n(a:— £i)*~* • that is, a;— a occure (u— \\\.vn\ft^-^% ^^^\$ij\ 



272 GfiNKRAL THBORT OF BaUATIONS. 

in the first derived polynomial. The greatest common divisor 
of the given equation and its first derived polynomial must 
therefore contain the factor {x—a) repeated once less than in 
the given equation. 

To determine, therefore, whether an equation has equal 
roots, find the greatest common divisor between the equation and 
its first derived polynomial. If there is no common divisor , the 
eqvxition has no equal roots. If there is a common divisor^ solve 
the equation obtained by putting this divisor equal to zero. 

Ex. 1. Find the equal roots of the equation 

a;"-8a:'+21x-18=0. 

The first derived polynomial of this equation is 

ar'- 16x4-21. 

The greatest common divisor between this and the given 
equation is 

z— 3. 

Hence the equation has two roots, each equal to 3. 
Ex, 2. Find the equal roots of the equation 

Ans. Two roots equal to 6. 
Ex. 3. Find the equal roots of the equation 

z*-7a;'+lto-12=0. 

Ans, Two roots equal to 2. 
Ex. 4. Find the equal roots of the equation 

a;*— 6a:'— Sx— 3=0. 

Ans, Three roots equal to— 1 

PROPOSITION XIII. 

(320.) To find the number of real and imaginary roots oj an 
equation. 

In 1829, M. Sturm discovered a theorem which determines 
the precise number of real roots, and of course the number of 
imaginary ones, since the real and imaginary roots are to- 
gether equal in number to the degree of the equation. We 
propose now to develop this theorem. 

Let X represent the first member of the general equation of 
ibe mth degree, which we suppose lo Vi^^e \io ec\ual roots, and 
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let Xy be its first derived polynomial, found by the method of 
Art. 318. 

Divide X by X, until the remainder is of a lower degree 
than the divisor, and call this remainder —X,; ; that is, let X„ 
designate the remainder with a contrary sign. D'vide X, by 
Xyy in the same manner, and so on, designating the successive 
remainders with contrary signs by X,,„ X,,,„ &c., until the di- 
vision terminates by leaving a numerical remainder independ- 
ent of a; ; which must always be the case, according to the pre- 
ceding Proposition, since the equation having no equal roots, 
there can be no factor, which is a function of x, common to* 
the equation and its first derived polynomial. Let this re- 
mainder, having its signs changed, be called X^. 

The operation thus described will stand as follows : 



X 



X, X, 



X/, X,; 



Q// X,,,Q/// 



■i/f 



Q 



in 

iiir 



X— X;Q,— — X„; X,— Xy,Q,,— — X,„ ; X,,— Xyy,Q,/,— —X 
We thiis obtain the series of quantities 

A., A.,, A./,, A-iii^ ^iiin • • • • • A.,,, 

each of which is of a lower degree with respect to x than the 
preceding, and the last is altogether independent of x, that is, 
does not contain x. 

We now substitute for x in the above functions any two 
numbers p and q, of which p is less than q. The substitution 
oi p will give results either positive or negative. If we only 
take account of the signs of the results, we shall obtain a certain 
number oi variations and a certain number of permanences. 

The substitution of q for x will give a second series of signs, 
presenting a certain number of variations and permanences. 
The following, then, is 

THE THEOREM OF STURM. 

The difference between the number of variations of the first 
row of signs and that of the second, is equal to the number of 
real roots of the given equation comprised between p and q. 

(321.) In order to simplify the demonstration of this theorem, 
we shall premise three Lemmas ; and, for convenience, we shall 
call X the primitive function, and X , X^^, X/,y, &c., auxiliary 
ftmctions. 

S 
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Lemma I. If we substitute any number for x in the series of 
functions X, X;, X^^, &c., two consecutive functions can not both 
reduce to zero at the same time. 

For, from the method in which X^, Xyy, &c., are obtained, 
we have the following equations : 

X =X, Q, -X„ (1). 

X, =Xy, Q,, — Xyy, (2). 

X//- =X,,yQ,yy ~X„„ (3). 

X«._9=Xm_iQ«_,— X« (m— 1). 

Now, if possible, suppose X,=0, and X,y=0; then, by equa- 
tion (2), we shall have X,;,=0. Also, since Xy,=0, and Xy,,= 
; therefore, by equation (3), we must have X;,/,=0 ; and, pro- 
ceeding in the same manner, we shall find that X«=0, which is 
absurd^ since it was shown. Art, 320, that this final remainder 
must be independent of x, and must therefore remain un- 
changed for every value of a;. 

Lemma II. When one of the auxiliary functions vanishes for 
a particular value of x, the two adjacent functions must have 
contrary signs. 

For, by equation (3), we have 

X,/=X,,,(ai,// X,/„ ; 

and if X,„ reduces to zero, then X„=— X„„ ; that is, X,, and 
X/,/, have contrtiry signs. 

Lemma III. If a. is a root of the equation X=0, the signs of 
X and X, will constitute a variation for a value of x which is 
a little less than a, and a permanence for a value ofx which is a 
little greater than a. 

For if we substitute a+r for x in the equation X=0, the de- 
velopment of the function X, according to Art. 818, will be of 
the form 

A+A'r+ other terms involving higher powers of r. 

Now if a is a root of the equation X=0, the first term of the 
development becomes zero, and there remains 

A'r+ other terms involving higher powers of r. 

Also, if we substitute a+r for x in the first derived polyno- 
mial, the development will contain 

A'-f- other terms mvolyixig 
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Now we may take r so small that each of these develop- 
ments shall have the same siga as its first term, 

A'r and A'. 

Hence they must both have the same sign when r is positive, 
and contrary signs when r is negative. That is, the signs of 
the two functions X and X, 

constitute a variation for a:=a— r, 
and a permanence for a:=a+r. 

DEMONSTEATION OF THE THEOEEM. 

(322.) Suppose all the real roots of the equations 

X=0, X,=0, X/y=0, X„/=0, &c., 

to be arranged in a series in the order of magnitude, beginning 
with the lea«t. Let j9 be less than the least of these roots, and 
let it increase continually until it becomes equal to ^, which 
we suppose to be greater than the greatest of these roots. 
Now so long as p is less than any of the roots, no change of 
signs will occur from the substitution of /> for x in any of these 
functions. Art 315 ; but when p arrives at a root of any of the 
auxiliary equations, its substitution for x reduces that polyno- 
mial to zero, and neither the preceding nor succeeding func- 
tion can vanish for the same value o{ x (Lemma I.), and these 
two adjacent functions have contrary signs (Lemma IL). 
Hence the entire number of variations of sign is not affected 
by the vanishing of any of the auxiliary functions; for the 
three adjacent functions must reduce to 

+, 0, — , or — , 0, +. 
Here is one variation, and there will also be one variation 
if we supply the place of the with either + or — ; thus, 

+, +, — ,or — , +, +, 
+, — , — , or — , — , +. 
Suppose, now, p to pass from a number very little smaller, 
to a number very little greater than a root of the primitive 
equation 

X=0, 
the sign of X will be changed from + to — , or from — to +, 
Art. 315. The signs of X and X; constitute a variation before 
Ibe cbnge, and a perttBoenM «&0r tVi^ t^YAX4S^ QLimnA.^^^ 



\ 
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Hence the change of sign of the function X occasions a loss 
of one variation of sign. 

Again, while 'p increases from a number very little smaller 
to a number very little greater than another root of the equa- 
tion X=0, a second variation v^rill be changed into a perma- 
nence, and so on for the other roots of the primitive equation. 

Now, since all the real roots must be comprised within the 
limits —00 and +ao , if we substitute these values for x in the 
series of functions X, X„ &c., the number of variations lost 
will indicate the whole number of real roots. A third suppo- 
sition, that a:=0, will show how many of these roots are posi- 
tive and how many negative ; and if we wish to determine 
smaller limits of the roots, we must try other numbers. It is 
generally best to make trial in the first instance of such num- 
bers as are most convenient in computation, as, 1, 2, 10, &c. 

EXAMPLES. 

(323.) Ex. 1. How many real roots has the eqvvition 

a;"-6a:'+lla:-6=:0? 
Here we have X;=3x'— 12x+ll. 

Dividing a:*— 6a;'+lla:— 6 by ac'— 12a:+ll, as in the meth- 
od for finding the greatest common divisor, ArU 251, \^9 tav# 
for a remainder — 2a;+4. Hence, rejecting the factor i^. X,,. 
=a;— 2. Dividing X, by X,;, we have for a remainder iV 
Therefore, X;^;= + l. 
Hence we have 

X = a;*- te'+lla:-6. 
X, =3a;*-12z+ll. 
Xyy = a: — 2. 

Xy,y= + 1. 

If we substitute — oo for a: in the first polynomial a;'— 6a;'+ 
11a;— 6, the sign of the result is — ; substituting — oo for a: in 
the second polynomial 3x'— 12a;+ll, the sign of the result is 
-I- ; substituting the same in x— 2, the sign of the result is 
— ; and X^,„ being independent of a;, will remain + for every 
value of a:, so that by supposing a:= — oo , we obtain the series 
of signs 

- + - +. 
Proceeding in the same manner for other assumed values 
p/j7, lira 8/iaii obtain the foUoVmgTQsdXBx 
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Here the three roots of this equation are seen to be 1, 2, 3 
and no change of sign in either function occurs by the substi- 
tution for X of any number less than 1 ; but when jo exceeds 1, 
there is a change of sign in the original equation from — to 
+, by which one variation is lost. When 7?=2, two of the 
functions disappear simultaneously, showing that 2 is a root of 
the second derived function as well as of the original equation, 
and a second variation of sign is lost. Also, when p becomes 
equal to 3, a third variation is lost ; and there are no further 
changes of sign arising from the substitution of any numbers 
between 3 and +ao . 

There are three changes of sign of the primitive function, two 
of the first auxiliary function, and one of the second auxiliary 
function ; but no variation is lost by the change of sign of any 
of the auxiliary functions ; while every change of sign of the 
primitive function occasions a loss of one variation. 

Ex. 2. How many real roots has the equation 

x'-5x^+8x-l=0l 

Here we find 

X = a;"- 5x^+8x-l. 
X, =3a;'-10a;+8. 
X,, =2x -31. 

When «= — 00, the signs are 1 , giving 2 variations; 

X= + QO, " ' + + + -, " 1 

"Beneethisequaticn has but one Tea\ tooX^ ^Xidi> cAXL^^n^^\^ 
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ly, must have two imaginary roots. Moreover, it is easUv 
proved that the real root lies between and + 1. 

Ex. 3. How many real roots has the equation 

z*-2a;*-7a;*+10x+10=0? 

Here we have 

X = a:*- 2a:*- 7a:*+10a;+10. 

X, = 4r"- te*-14a;+10; or 2x*-3a:*-7a;+6. 
X,, = 17a:*-23a: -45 
X,,, =152x-305. 
X,,/,= +524535. 

When a:= — oD, the signs are 4 1 hi giving 4 variations; 

x= + aD, •* + + + + +, " " 
Hence the four roots of this equation are real. 
If we trv different values for x. we shall find that 
Whenx=— 3, the signs are 4 1 h, giving 4 variations: 
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Henci^ thi» eqiuition has one negative root between —2 and 
-3 ; i^ie neijaiive root between and — 1 ; and two positive 
«ot9 bl^tW1^ll t! and 3. 

£#. 4x How many real roots has the equation 

x'-7x+7=0T 

.4<«.«. Thrt^: vis., two between 1 and 2, and one between 

/^. X How many n^aI roots has the equation 

:ir'-tH\r-f 19=0 f 

Ans. Two. 
£x« tV Hv^w nviny nsul rxMs has the equation 

r*^^*+ajr*+4r'+5«-20=0 1 

J.ji^ Om between 1 and 2. 
A!r« 7« How nvikuy r^iV iv^ou h&s the equation 
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Ex. 8. How many real roots has the equation 

x*-12a;'+12:r-3=0? 

Ans. Four. 

Ex. 9. How many real roots has the equation 

x*-8»'+14a:*+4a:-8=0 ? 

Ans. Four. 

PROPOSITION XIV. 

(324.) To discover a method ^of elimination for equations of 
any degree. 

The principfe of the greatest common divisor affords one of 
the most general methods for the elimination of imknown 
quantities from a system of equations. 

Suppose we have two equations involving x and y reduced 
;o the form of 

A=0, 
B=0. 
If we proceed to find the greatest common divisor of A and 
B, we shall have» according to Art. 249, 

A=QB+R. 
But since A and B are each equal to zero, it follows that R 
most equal zero. Hence we see that, if we divide one of the 
pol3momials by the other, as in the method of finding the 
greatest common divisor, each successive remainder may be 
put equal to zero. If we arrange the polynomials before di- 
vision with reference to the letter x, we shall at last obtain a 
remainder which does not contain x ; which remainder, being 
put equal to zero, is the equation from which x has been elim- 
inated. 

Ex, 1. Eliminate x from the equations 

a;''+y''-13=0, 
X +y — 5=0. 
Divide the first polynomial by the second, as follows : 



z'+y'-13 

x^+(y—S)x x— y+5 
-(y-5)a:+ y'-13 
-'(t/'-S)x- y'+10y~25 



2y^— 10j/+ V^ = teiaaixAKt 
13 



280 GENBBAL THEORY OF BaUATIONfl. 

This remainder we have already proved must be equal to 
MTO ; that is, 

2y*-10y+12=0, 
an equation from which x has been eliminated. 
'Ex. 2. Eliminate x from the equations 

ar'+xy —66=0, 
«y +2y"— 60=0. 

Ans. y*-118y«+1800=0. 
£r. 8. Eliminate x from the equations 

a:'+y'-a:-y-78=0, 
xy+ar+y— 39=0. 

Ans. y*+y*-77y«-273y+1404=0. 
fir. 4. Eliminate x from the equations 

a;*--ary+y»+y=0, 
a;'— a;y+l =0. 

Ans. y*— 6y*+2y— 1=0. 

If we have three equations containing three unknown quan- 
tities, we must first eliminate one of the unknown quantities by 
combining either of the equations with each of the others. We 
thus obtain two new equations involving but two unknown 
quantities, from which, we may obtain a final equation involv- 
ing but one unknown quantity. 

Ex. 5. Eliminate x and y from the equations 

xy%— c=0, 
xz+xy+yz— ft=0, 
X + y+ z— a=0. 

Ans. z'— az*+fa— c=sO. 

Mx. 6. Eliminate x and y from the equations 

x'+y= 7, 
y'+z=13, 
z'+a;=18. 
Ant^ z"-72z*+1930z*-22824z'+«+100476=a 



SECTION XX. 



SOLUTION OF NUMERICAL EQUATIONS. 

(325.) We will first consider the method of finding the in- 
tegral roots of an equation, and will begin with forming the 
equation whose roots are 2, 3, 4, and 5. This equation must 
be composed of the factors. 

(a;-2) (a;-3) (a:-4) (a;-6)=0. 

If we perform the multiplication (which is most expeditious- 
ly done by the method of detached coeflicients shown in ArU 
64)9 we obtain the equation 

a:*-14a;"+71z'~154a:+120=0. 

We know that this equation is divisible by x— 5. Let us 
perform the division by the method of detached coefiicients 
shown in Art. 80. 

A B C D V a 



1—5= divisor. 



1—0+26— 24= quotient 



1-14+71-154+120 
1- 5 

- 9+71 

- 9+45 

+26-164 
+26-130 

- 24+120 

- 24+120. 

Supplying the powers of x, we obtain for a quotient 

a:'-9a:»+26a:-24=0. 
This operation may be still fiirther abridged, as follows : 
Represent the root 5 by a, and the coeflSicients of the given 
equation by At B, C, D, V. 
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We first multiply —a by A, and subtract the j Juct from 
B; the remainder, —9, we multiply by —a, and subtract the 
product from C ; the remainder, +26, we multiply again by 
—a, and subtract from D ; the remainder, —24, we multiply 
by —a, and, subtracting from V, nothing remains. If we take 
the root a with a positive sign, we may substitute addition for 
subtraction in the above statement ; and if we set down only 
the successive remainders, the work will be as follows : 

ABC D V a 
1- 14+71- 154+ 120|5 
1- 0+26- 24, 

and the rule will be. 

Multiply Aby Sif and add the product (oh; set down the sum^ 
multiply it by a, and add the product to C ; set down the sum, 
multiply it by a, and add the product to D, and so on. The final 
product should be equal to the last term Y, takep with a contrary 
sign. 

The coefficients above obtained are the coefficients oi a 
cubic equation whose roots are 2, 3, 4. The eq\uition may 
therefore be divided by a;— 4, and the operation will be as fol- 
lows: 

l-0+26-24|4 
1-5+6. 

These, again, are the coefficients of a quadratic M|uation 
whose roots are 2 and 3. Dividing again by a:— 3, we have 

l-5+6|3 
1-2, 

which are the coefficients of the binomial factor x— 2. 

These three operations of division may be exhibited togedter 
as follows : 



5, first divisor. 
4, second divisor. 
3, third divisor. 



1-14+71-154+120 

1- 9+26- 24 

1- 5+ 6 

1- 2. 

(326.) The method here explained will enable us to find all 

the.integral roots of an equation. For this purpose, we make 

trial of different numbers in succession, srll of which must be 

divisors of the last term of the eqaalioii* \i %si^ divUion leaves 
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a remainder, we reject this divisor ; if the division leaves no 
remainder, the divisor employed is a root of the equation. 
Thus, by a few trials, all the integral roots may be easily 
^wmd. 

Ex. 2. Find the seven roots of the equation 

aj'+x'- 14i;*— 142:*+49a;''+49x'-36a;-36=0. 

We take the coefficients separately, as in the last example, 
and try in succession all the divisors of 36, both positive and 
negative, rejecting such as leave a remainder. The operation 
is as follows : 



1, first divisor. 

2, second divisor. 

3, third divisor. 

— 1, fourth divisor. 

— 1, fifth divisor 
—2, sixth divisor. 
—3, seventh divisor 



1 + 1-14-14+49+49-36-36 
1+2-12-26+23+72+36 
1+4- 4-.34-.45- 18 

1+7+17+17+ 6 
1+6+11+ 6 
1+6+ 6 
1+3 
Hence the seven roots are, 

1, <«, o, "~1, ^~1, ""■<«, """«!. 

ISx, 3. Find the six roots of the equation 

a:'+6x'-81a;*-85a;*+964a;'+780a:-1584=0. 

1+ 5-81— 86+964+ 780-1684 1. 
1+ 6-75-160+804+1584 4. 

1 + 10-35-300-396 6. 

1 + 16+61+ 66 - 2. 

1 + 14+33 - 8. 

1 + 11 -11. 

The six roots, therefore, are 

1,4,6, -2, -3, -11*. 

Ex. 4. Find the five roots of the equation 

z''+6x*- 10a;"- 112a;*-207a;- 110=0. 



1+6-10-112-207-110 
1+5-16- 97-110 
1+3-21- 65 
1-2-11 
Three of the roots, therefore, are 

-1, -2, -5. 



-1. 
-2. 
-6. 
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The two remaining roots may be found by the ordinary 
method of quadratic equations. Supplying the letters to the 
last coefficients, we have 

z*-2a;-ll=0. 

Hence x=ldtzy/l2. 

Ex. 5. Find the four roots of the equation 

x*+2x"-7a;»-8a:+12=0. 

Ex, 6. Find the four roots of the equation 

a;*-55a;'-30a;+504=0. 

Ex, 7. Find all the roots of the equation 

x*-2to'+60a;-36= 0. 

Ex, 8. Find all the roots of the equation 

a:'+6a;*+a;"-16a:*-20a;-16=0. 

Ex. 9, Find all the roots of the equation 

a;*-12x"+47a;'--72x+36=0. 

Ans. 1» 2, 3, and 6, 

HOENEE'S METHOD. 

(327.) The preceding method furnishes the roots of an equa« 
tion only when they are expressed by whole numbers. When 
the roots are incommensurable, we employ the following meth- 
od, which is substantially the same as published by Homer in 
1819. 

« 

The Theorem of Sturm, together with Art. 315, enables us 
to find the integral part of any real root of the equation pro- 
posed. We then transform the equation into another having 
its roots less than those of the preceding by the number just 
found, Art. 316. We discover again, by Art. 315, the first 
figure of the root of this equation, which will be the first deci- 
mal figure of the root of the original equation. Again, we 
transform the last equation into another having its roots less 
than those of the preceding by this decimal figure. "We thus 
discover the second decimal figure of the root ; and proceed- 
ing in this manner from one transformation to another, we are 
enabled to discover the successive figures of the root, and 
may carry the approximation to any degree of aocuracy re- 
iuired. 
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Ex. 1. Find a root of the cubic equation 

We have found, page 278, that this equation has but one 
real root, and that it lies between 4 and 5. The first figure 
of the root, therefore, is 4. To ascertain the second figure, we 
transform the given equation into another in which the value 
of X is diminished by 4, which is done by substituting for x, 
4+y. We thus obtain 

y"+15y'+77y=46. 

The first figure of the root of this equation, according to 
Art 315, is .5. Now transform the last equation into another 
in which the value of y is diminished by .6, which is done by 
substituting for y, .5+z. We thus obtain 

2"+16.52'+92.752=3.626. 

The first figure of the root of this equation is .03. We must 
now transform this equation into another in which the value 
of z is diminished by .03, which is done by substituting for z^ 
03 +v. We thus obtain 

»"+16.59u'+93.7427v=.827623. 

The first figure of the root of this equation is .008. 

In order to find the next figure, we must transform the last 
equation into another in which the value of v is diminished by 
•008, and so on. 

. (328.) This method would be very laborious if we were 
obliged to deduce the successive equations from each other by 
the ordinary method of substitution ; but they may all be de- 
rived from each other by a very simple law. Thus, let 

Aa;*+Ba;'+Ca;=D (1) 

be any cubic equation ; and let the first figure of its root be 
denoted by a, the second by a', the third by a'\ and so on. 
Tf we substitute a for 2; in equation (1), we shall have 

Aa'+Ba'+Ca=D, nearly. 

If we put y for the sum of all the figures of the root except 
the first, we shall have x=a+y ; and substituting this value 
for X in equation (1), we obtain 
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Aa"+8AaV+8Aay'+Ay» ^ 

+ Bo" +2B«y +By' [ =D; 
+ Ca +Cy ) 

or, arranging according to the powers of y, we have 

Ay*+(B+3Aa)y'+(C+2Ba+3Aa')y=D-Ca-Ba'-Aa" (3) 

Let us put B' for the coefficient of y', C for the coefficient 
of y, and D' for the right member of the equation, and we have 

Ay'+By+C'y=D' (4). 

This equation is of the same form as equation (1) ; and, pro- 
ceeding in the same manner, we shall find 

_ D' 

"""C'+B'a'+Aa" ^^^' 

where a' is the first figure of the root of equation (4), or the 
second figure of the root of equation (1). 

Putting z for the sum of all the remaining figures, we have 
y=za'+z; and substituting this value in equation (4), we shall 
obtain a new equation of the same form, which may be written 

A«*+B'V+C"2=D" (6) ; 

and in the same manner we might proceed with the remaining 
figures. 

Equation (2) furnishes the value of the first figure of the 
root; equation (5) the second figure, and similar equations 
would furnish the remaining figures. Each of these expres- 
sions involves the unknown quantity which is sought, and might 
therefore appear to be useless in practice. When, however, 
the root has been already found to several decimal places, the 
value of the terms Ba and Aa* will be very small compared 

with C, and a will be very nearly equal to -p. We may there- 
fore employ C as an approximate divisoVf which will probably 
furnish a new figure of the root. Thus, in the above example, 
all the figures of the root after the first are found by division 

46 -=-77 =.6. 
3.625-r92.75=.08. 
.827-r-93.74=.008. 

ffwe multiply the first coftftcVenl Wj a, \5tofetil figure of 
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the root, and add the product to the second coefficient, we 
shall have 

B+Aa (7). 

If we multiply this expression by a, and add the product to 
the third coefficient, we shall have 

C+Ba+Aa'' (8). 

If we multiply this expression by a, and subtract the product 
from D, we shall have 

D-Ca-Ba'-Aa*, 

which is the quantity represented by D' in equation (4). 

Again, multiplying the first coefficient by a, and adding the 
product to expression (7), we obtain 

B+2Aa (9). 

Multiplying this expression by a, and adding the product to 
expression (8), we have 

C+2Ba+SAa\ 

^ which is the coefficient of y in equation (4). 

Again, multiplying the first coefficient by a, and adding the 
product to expression (9), we have 

B+3Aa, 

which is the coefficient ofy^ in equation (4). 

We have thus obtained the coefficients of the first trans- 
formed equation ; and by operating in the same manner upon 
these coefficients, we shall obtain the coefficients of the second 
transformed equation, and so on ; and the successive figures 
of the root are found by dividing D by C, D' by C, D" by C", 
and so on. 

(329.) The preceding method is summed up in the following 

RULE. 

Represent the coefficients of the different terms by A, B, C, and 
the right-hand member of the equation by D. Having found a, 
the first figure of the root, multiply A by a, and add the product 
to B. Set down the sum ; multiply this sum by a, and add the 
product to C. Set down the sum ; multiply it by a, and subtract 
the prifduci from D ; the remcnnder toiU be the yvwst \it^\ai2«^. 
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Agatrif multiply Khy 9^ and add the product to the last num* 
her under B. Multiply this sum by a, and add the product to 
the last number under C ; this last sum will he the first divisor. 

Again, multiply A hy a, and add the product to the last num-* 
her under B. 

Find the second jftgure of the root by dividing the first rfiw- 
dend hy the first divisor, and proceed with this second figure pre- 
cisely as was done with the first figure. 

The second figure of the root obtained by division will fre- 
quently furnish a result too large to be subtracted from the 
remainder D', in which case we must assume a different figure. 
After the second figure of the root has been obtained, there 
will seldom be any further uncertainty of this kind. 

The operation for finding a root of the equation 

x'+ac'+6x=178, 
will then proceed as follows : 



A B 


C 


D a 


1 +3 


+5 


= 178 (4.5388=a;. 


4 

7 


28 
33 


132 

46= 1st dividend. 


4 


44 


42.375 


11 


77= 1st divisor. 


3.625 2d dividend. 


4 


7.75 


2.797377 


15.5 


84.75 


.827623 - 3d dividend. 


.5 


8.00 


.751003872 



16.0 92.75 = 2d divisor. .076619128 = 4th dividend, 

.5 .4959 

16.53 93.2459 

3 .4968 



1 6.56 93.7427 = 3d divisor. 

3_ .132784 

16.598 93.875484 

8 .132848 

16.606 94.008332 = 4th divisor. 

Having found one root, we may depress the eqoatibn 

aj"+3x'+6a?~17«=?0 
A> a quadratic, by dividing it by x^A>XM^ Nl % iAdsa tk^:^ 
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a:»+7.5388a:+39.2173=0, 
where x is evidently imaginary, because q is negative and 

greater than ^. See Art. 196. 

After thus obtaining the root to five or six decimal placeSf 
weveral more figures will be correctly obtained by simply di- 
viding the last dividend by the last divisor. 

Ex. 2. Find all the roots of the equation 

a;'+lla;'-102a:=-181. 

The first figure of one of the roots we readily find to be 8. 
We then proceed, according to the Rule, to obtain the root to 
four decimal places, after which two more will be obtained 
correctly by division. 

ABC Da 

1+11-102 =-181 (3.21312=a:. 

_3 ^ -180 

14-60 -1 = 1st dividend. 

^ 61 - .992 

17 —9 = 1st divisor. —.008 = 2d dividend. 
8 4.04 - .006739 

20.2 —4.96 -.001261 = 3d dividend. 

2 4^ - .001217403 

20.4 - 0.88 = 2d divisor. - .000043597 = 4th dividend, 

2_ .2061 

20.61 -.6739 
1 .2062 

20.62 — .4677 = 3d divisor. 
1_ .061899 

20.633 -.406801 

3 .061908 

20.636 -.343893 = 4th divisor. 

The two remaining roots may be found in the same way, or 
by depressing the original equation to a quadratic. Those 
roots are, 

3.22962 
- 17.44265. 

When a power oix is wanting in the proposed equatioot we 
mvmt supply ita place with a cipher. 
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Ex. 3. Find all the roots of the cubic equation 

x"— 7x=— 7. 

The work of the following example is exhibited in an ab- 
breviated form. Thus, when we multiply A by a, and add the 
product to B, we set down simply this resuU. We do the same 
in the next column, thus dispensing with half the number of 
lines employed in the preceding example. Moreover, we may 
omit the ciphers on the left of the successive dividends, if we 
pay proper attention to the local value of the figures. Thus, 
it will be seen that in the operation for finding each successive 
figure of the root, the decimals under B increase one place, 
those under C increase two places, and those under D increase 
three places. 

1+0 -7 =-7 (1.356896867=a;. 

1 -6 -6 

2 —4= 1st div'r. —1= 1st dividend, 
8.3 -3.01 - .903 

3.6 - 1.93= 2d div'r. -97= 2d dividend. 

3.95 -1.7325 86625 

4.00 - 1.5325= 3d div'r. 10375= 3d dividend. 

4.056 -1.508164 9048984 

4.062 -1.483792= 4th div'r. 1326016= 4th dividend 

4.0688 —1.48053696 1184429568 

4.0696 -1.47728128= 5th div'r. 141586432= 5th div'd. 

4.07049 -1.4769149359 132922344231 

4.07058 - 1.4765485837= 6th div'r. 8664087769= 6th div'd. 

Having proceeded thus far, four more figures of the root, 
5867, are found by dividing the sixth dividend by the sixth di- 
visor. 

We may find the two remaining roots by the same process ; 
or, after having obtained one root, we may depress the equa- 
tion 

x'-7a;+7=0 

to a quadratic equation, by dividing by a;— 1.356895867, and 
we shall obtain 

a;'+ 1.356895867a:-5.168833606=0. 

Solving this equation, we obtain 
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f -8.048917, 
Hence the three roots are . . . < 1.856896, 

f 1.692021. 

Ex. 4. Find a root of the equation 

8a:"+8a:'=850. 

2 3 =850 (7.0502562208 

17 119 833 

81 836= 1st divisor. 17= 1st dividend. 

45.10 388.2550 16.912750 

45.20 340.5150= 2d divisor. 87250= 2d dividend. 
45.8004 840.52406008 68104812016 

45.3008 840.58312024= 3d div. 19145187984= 8d div'd 
45.80130 840.5353853050 17026769265250 

45.30140 340.5876508750= 4th div. 21 18418718750= 4th d . f. 

Dividing the fourth dividend by the fourth divisor, we ob- 
tain the figures 62208, which make the root correct to the 
* tenth decimal place. 

The two remaining values of x may be easily shown to be 
imaginary. 

When a negative root is to be found, we change the signs 
of the alternate terms of the equation. Art. 812, and proceed 
as for a positive root. 

Bix. 6. Find a root of the equation 

6a;"— 6a:'+8a;=— 85. 

Changing the signs of the alternate terms, it becomes 

5a;"+6a;'+8a:=+85. 

5 +6 +8 +85 (2.16189. 

16 85 70 

26 87= 1st divisor. 15= 1st dividend. 

36.5 90.65 9.065 

37.0 94.35= 2d divisor. 5.935= 2d dividend. 
37.80 96.6180 5.797080 

88.10 98.9040= 3d divisor. 137920= 8d dividend 
38.405 98.942405 98942405 

38.410 98.980815= 4th divisor. 88977595= 4th dividend 
88.4165 98.99288995 29697701985 

38.4180 09.O()886585= 5th div'r. 92708Q%1&^^\!^ ^\V4. 
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Hence one root of the equation 

m -2.16139. 

The same method is applicable to the extraction of the cube 
irpot of numbers. 

Ex. 6. Let it be required to extract the cube root of 9 ; in 
other words, it is required to find a root of the equation 

a:*=9. 

10 9 (2.0800838. 

2 4 8 

4 12= 1st divisor. 1= 1st dividend. 

6.08 12.4864 ^9989 12 

6.16 12.9792= 2d divisor. 1088= 2d dividend. 

6.24008 12.9796992064 1038375936512 

6.24016 12.9801984192= 3d d. 49624063488= 3d div. 
6.240243 12.980217139929 38940651419787 

6.240246 12.980235860667= 4th d. 10683412068213= 4th d 

Ex. 7. Find all the roots of the equation 

a:"-16x'+63a;-60=0. 

! 1.02804. 
6.57653. 
7.39543, 
Ex. 8. Find all the roots of the equation 

r»+9a:*+24a:+17=0. 

t -1.12061. 
Ans. } —3.34730. 
( -4.53209. 
Ex. 9. Extract the cube root of 48228544. 

Ans. 364. 

Ex. 10. There are two numbers whose difierence is 2, and 
whose product, multiplied by their sum, makes 120. What 
are those numbers ? 

Ex. 11. Find two numbers whose difierence is 6, and such 
that their sum, multiplied by the difierence of their cubes, may 
produce 5040. 

Ex. 12. There are two numbeTs wViote dVJBEmace in 4 ; and 
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the product of this difference, by tlie sum of their cubes, is 
3416. What are the numbers? 

Ex. 13. Several persons form a partnership, and establish a 
certain capita], to which each contributes ten times as many 
dollars as there are persons in company. They gain 6 plus 
the number of partners per cent., and the whole profit is $392. 
How many partners were there ? 

Ex. 14. There is a number consisting of three digits such 
that the sum of the first and second is 9 ; the sum of the first 
and third is 12 ; and if the product of the three digits be in- 
creased by 38 times the first digit, the sum will be 336. Re- 
quired the number. 

r 636, 

Ans. } or 725, 

( or 814. 

Ex. 15. A company of merchants have a common stock of 
$4775, and each contributes to it twenty-five times as many 
dollars as there are partners, with which they gain as much 
per cent, as there are partners. Now, on dividing the profit, 
it is found, after each has received six times as many dollars 
as there are persons in the company, that there still remains 
il26. Required the number of merchants. 

Ans, 7, 8, or 9. 



BaUATIONS OF THE FOURTH AND HIGHER DEGREES. 

(330.) The method already explained for cubic equations is 
applicable to equations of every degree. For the fourth de- 
gree, we shall have one more column of products, but the 
operations are all conducted in the same manner, as will be 
seen from the following example. 

Ex. 1. Find the four roots of the equation 

x*— 8a;"+14a;'+4a;=8. 

By Sturm's Theorem, we have found that these roots are all 
real ; three positive, and one negative. 

We then proceed as follows : 
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1-8+14 +4 =8 (5.2360679. 

-3-1-1 -5 

+2+9 +44= Isl div'r. 13= 1st dividend. 
7 44 53.288 10.6576 

12.2 46.44 63.072= 2d div. 2.3424= 2d dividend. 

12.4 48.92 64.626747 1.9388024 1 

12.6 51.44 66. 193068= 3d d. .40359759= 3d dividend. 

12.83 51.8249 66.509117736 .399054706416 

12.86 52.2107 66.825633024= 4th d. 4542883584= 4th div. 

12.89 52.5974 

12.926 52.674956 

12.932 52.752548 

and by division we obtain the four figures 0679. 

The other three roots may be found in the same manner 

- .7320508, 

Tx , . V .7639320, 

Hence the four roots are -S g 7320508 

5.2360679. 

Ex. 2. Find a root of the equation 

z*+2x*+Sx*+4x*+5x=20. 

We have found, by Sturm's Theorem, that this equation has 
a real root between 1 and 2. 

We then proceed as follows : 
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Dividing the fourth dividend by the fourth divisor, we ob- 
tain the figures 789. 

When we wish to obtain a root correct to a lynited numbei 
of places, we may save much of the labor of the operation by 
cutting off all figures beyond a certain decimal. Thus if, in 
the example above, we cut off all beyond five decimal places 
in the successive dividends, and all beyond four decimal places 
in the divisors, it will not affect the first six decimal places in 
the root 



Ex. 3. Find the roots of the equation 



J 



-8.907378, 

+ .443277, 

^^** "^ + .606018, 

+2.858083. 



I 



Ex. 4. Find the roots of the equation 

a?*- 16a;*+79a;'- 140a!= - 68. 

Ans. 



+0.58579, 
+3.35425, 
+3.41421, 
+8.64575. 

Ex. 5. Find the roots of the equation 

a:»-20a?*+ 150a:*-52ac'+806x=407. 

^+0.934685, 

+3.308424, 

Ans. J +3.824325, 

+4.879508, 

^+7.053058. 

Ex. 6. Required the fourth root of 18339659776. 

Ans. 368. 

Ex. 7. Required the fifth root of 26286674882643. 

Ans. 488. 

Ex. 8. There is a number consisting of four digits such that 

the sum of the first and second is 9 ; the sum of the first and 

third is 10 ; the sum of the first and fourth is 11 ; and if the 

product of the four digits be incTeaaed by 36 times the product 
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of the first and thirds the sum will be equal to 3024 diminished 
by 300 times the first digit. Required the number. 

6345, 



Arts. 



1 



or 7234, 
or 8123, 
or 9012, 



RBSOLUTIDN OF BaUATIONS BY APPROXIMATION. 

(331.) The method of Horner for finding the incommensura- 
ble roots of a numerical equation is generally better than any 
other ; nevertheless, the method by approximation may some- 
times be preferred. We shall explain the method of Newton, 
and that of Double Position. 

METHOD OF NEWTON. 

This method supposes that we have already determined 
nearly the value of one root ; that we know, for example, that 
such a value exceeds a, and that it is less than a+1. In this 
case, if we suppose the exact value =a+y, we are certain that 
y expresses a proper fraction. Now, as y is less than unity, 
the square of y, its cube, and, in general, all its higher powers, 
will be much less with respect to unity ; and for this reason, 
since we only require an approximation, they may be neglect 
ed in the calculation. When we have nearly determined the 
fraction y, we shall know more exactly the root a-\-v ; from 
which we proceed to determine a new value still more exact, 
and we may continue the approximation as far as we please. 

We will illustrate this method by an easy example, requiring 
by approximation the root of the equation 

a?'=20. 

Here we perceive that x is greater than 4, and less than 5. 
If we suppose a;=4+y, we shall have 

a;'=16+8y+y'=20. 

But, as y* must be quite small, we shall neglect it, and we 
have 

16+8y=20, or 8y=4. 

Whence y=.5, and a;=^4.5, which already approaches near 
the true root. If we now suppose a:=4.5+x, we aie suv^ tWv 
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z expresses a fraction much smaller than y, and that we majr 
neglect z* with greater propriety. We have, therefore, 

x'=20.26+9z=20, or 9z=— .26. 
Consequently z=— .0278. 

Therefore, a:=4.6-. 0278=4.4722. 

If we wish to approximate still nearer to the true value, we 
must make x=4A122+v, and we should have 

a;'=20.00067284+8.9444t>=20. 

So that 8.9444t>= -.00057284. 

Whence u= — .0000640. 

Therefore, x=4.4722-.0000640=4.4721360, 

a value which is correct to the last decimal place. 

(832.) The preceding method is expressed in the foUowmg 

RULE. 

Find by trial a number (a) nearly equal to the root sought 
and represent the true root 6y a+y. 

Substitute a+y for x in the given equation, and there will re- 
sult a new equation containing only y and known quantities. 

Reject all the terms of this equation which contain the second 
or higher powers of y, and the approximate value of y will then 
he given by a simple equation. 

Having applied this correction to the assumed root, the op- 
eration must be repeated with the corrected value of a, when 
a second correction will be obtained which will give a nearer 
value of the root, and the process may be repeated as often as 
is thought necessary. 

EXAMPLES. 

Ex. 1. Find a root of the equation 

«*+22:*+aa;=50. 

If we substitute a+y for x in this equation, and reject all the 
terms containing the Ugher powers of y, we shall have 

a*+3a'y+2a'+4ay+8a+8y=60. 
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We find by trial that x is nearly equal to 3. If we substi- 
tute 8 for a» we shall have 

2 

y=-2T- 

Whence a;=2.9 nearly. 

And if we substitute this new value instead of a, we shall find 
another still more exact. 

Ex. 2. Find a root of the equation 

If we make x=a+f/^ we shall have 

a*+5a*y— 6a— 6y=10. 

Therefore^ y= — =-i — :: — 

^ 5a*— 6. 

Assume a=2, and we obtain 

5 

y=-—, or -0.14. 

Hence 2r=1.86 nearly. 

If we assume a=1.86, we have 

_ 10+lL16-22.262 
^ 59.844-6 -—•«»*• 

Hence a;= 1.889 nearly. 

If we assume a= 1.889, we shall have 

10+11.084-21.033362 ^^^^,«^^ 
y= 57.18694-6 =-00001266. 

Therefore, x= 1.83901266. 

Ex. 8. Given a;*— 9a:=10, to find one value of a; by approx- 
imation. 

Ans. x= 3.4494897. 

Ex. 4. Given x*+9x'+4a;=80, to find one value of a; by ap- 
proximation. 

Ans. a:=2.4721359 

METHOD OF DOUBLE POSITION. 

j(BS^) Another method of finding the too\.^ ol ^u eQfia!ckS«3L\& 
Ji¥>fb0 mlfijofDouble Position. 
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Substitute in the given equation two numbers as near the 
true root as possible, and observe the separate results. Then 
state the following proportion : 

As the difference of these results^ 

Is to the difference of the two assumed numbers^ 

So is the error of either result^ 

To the correction required in the corresponding assumed 
number. 

This being added to the number when too small, or sub- 
tracted from it when too great, will give the true root nearly. 
The number thus found, combined with any other that may be 
supposed to approach still nearer to the true root, may be as- 
sumed for another operation, which may be repeated till the 
root is determined to any degree of accuracy required. 

EXAMPLES. 

Ex. 1. Given a;*+a;*+a;=100, to find an approximate value 
of a:. 

Having ascertained, by trial, that x is more than 4» and less 
than 5, we substitute these two numbers in the given equation, 
and calculate the results. 

By the first sup- V , ,^ By the second sup- \ ,_ 

position, (^^=64 Position, ^^..=,125 ' 

Result, 84 Result, 165. 

Then 165-84 : 5-4 : : 100-84 : .23. 

Therefore, 4+.23, or 4.23, approximates nearly to the true 

l«K>t. 

If, now, 4.3 and 4.3 be taken as the assumed numbers, and 
substituted in the given equation, we shall obtain the value of 
a;= 4.264 nearly. 

Again, assuming 4.264 and 4.265, and proceedmg in the 
same manner, we shall find a;=4.26442d9 very nearly. 

This rule is founded on the supposition that the dififerences 
m the resvlts are proportioned to the differences in the as- 
amned nixmhers. This supposvlvoxL \a noX t^AsSc^ ^:«rw^ > Vrf. 
if we employ numbers near tVie trwvttowi^^SDft «iwN» ^pfc 
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erally not very great, and it becomes less and less the furthei 
we carry the approximation. 

Ex. 2. Given a:*+2x'— 23a;=70, to find one value otx. 

Ans. :t;=5.13458. 

Ex. 3. Given a:*— 3a:*— 76a;=10000, to find one value of «. 

Ans, a;= 10.2610. 

Ex. 4. Given a:'+3a;*+2a:'— 3a;'— 2x=2, to find one value 
of x; 

Ans. a;= 1.059109. 

(334.) We will conclude this Section by finding some of the 
different roots of unity. 

Ex. 1. Find the two roots of the equation a;'=l, or the 
square roots of unity. 

Extracting the square root, we find 

a;=+l, or —1. 

Ex. 2. Find the three roots of the equation a;*=l, or the cube 
roots of unity. 

Since one root of this equation is a;= 1, the equation a;*— 1=0 
must be divisible by a;— 1 ; and dividing, we obtain 

a;'+a;+l=6; 



whence a;= — i=t J V — 3, or , 

Hence the required roots are 



-l+V-3 -l-V-3 

"^^' 2 ' 2 ' 

which are the cube roots of unity. 
These results may be easily verified. We have seen, on 

page 259, that the cube of — libV— 3 is 8, which, divided by 
8, the cube of the denominator, gives +1* as required. 

Ex. 3. Find the four roots of the equation a;*=l, or the fourth 
roots of unity. 
The square root of this equation is 

a:"=+l, or «=— !• 

Hnce the required roots are 



902 ■OLUTIOM OF HUMXBICAL BQUATIONB. 



+1, -1, +V-1, -V-1. 

Ex. 4. Find the five roots of the equation z^=l. 

Since one root of this equation is 2;=1, the equation x^^l 
must be divisible hj x^l; and dividing, we obtain 

a^+x*+x*+x+l=0. 

Dividing, again, by a^, we have 

x'+x+l+^+^=0 (1). 
Now put z=x+-. 

Whence z'=a;*+2+-i, 

X 

which, being substituted in equation (1), gives 

z'+z-l=0. 
This equation, solved by the usual method, gives 

2=— J+Jv/5, or z=— J— J\/6. 
The values of a;, deduced from the equation 

1 

X 

or a:*— 20;=— 1, 

are 



z . /2'-4 ^ z /z*-4 



4 
from which, by substituting the value of z, we obtain 

or =-i[\/5+lqF V-10+2^/5]. 

Hence the five fifth roots of unity are 

1 

t[^/5-l+V-10-2v/6j. 
i[^/6-l-V-10-2^/5J. 
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Ex. 5. Find the six roots of the equation x*=l. 

These are found by taking the square roots of the cube roots 
Hence we have. 



+1, -1, J=fcJV-3, -idbJV-3. 

Thus we see that unity has two square roots, three cube 
roots, four fourth roots, five fifth roots, six sixth roots, and, 
generally, the nth root of unity admits of n different algebraic 
values. As, however, most of these roots are imaginary, they 
can not be found by Homer's Method. 

U 



SECTION XXI. 



LOGARITHMS. 

(335,) In a system of logarithms, all numbers are considered 
as the powers of some one number, arbitrarily assumed, which 
is called the base of the system ; and the exponent of that power 
of the base which is equal to any given number is called the log* 
arithm of that number. 

Thus, if a be the base of a system of logarithms, and a^=N, 
then 2 is the logarithm of N ; that is, 2 is the exponent of the 
power to which the base (a) must be raised to equal N. 

If a*=N', then 3 is the logarithm of N' for the same reason ; 
and if a*=N", then x is called the logarithm of N" in the sys- 
tem whose base is a. 

The base of the common system of logarithms (called, from 
their inventor, Briggs' Iiogarithms) is the number 10. Hence 
in this system all numbers are to be regarded as powers of 10. 
Thus, since 

10*= 1, is the logarithm of 1 in Briggs' system. 

10^=10, 1 " 10 " 

10«=100, 2 " 100 ** 

10'= 1000, 3 " 1000 " 

10*= 10000, 4 " 10000 " 

&c., &c., &c. 

From this it appears that, in Briggs' system, the logarithm 
of every number between 1 and 10 is some number between 
and 1, t. e., is a proper fraction. The logarithm of every num- 
ber between 10 and 100 is some number between 1 and 2, t. e., 
is 1 plus a fraction. The logarithm of every number between 
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100 and 1000 is some number between 2 and 3, i. c, is 2 plus 
a firactiouy and so on. 

(336.) The preceding principles may be extended to frac- 
tions by means of negative exponents. Thus» 

10"* or tV =0.1 ; therefore, — 1 is the logarithm of .1 

in Briggs' system. 
lO-* or tH =0.01 ; " -2 " .01 

10- or „V¥ =0.001; « -3 « .001 

10- or T^iy, =0.0001 ; " -4 * .0001. 

Hence it appears that the logarithm of every number be- 
tween 1 and .1 is some number between and —1, or may be 
represented by —1 plus a fraction; the logarithm of every 
number between .1 and .01 is some number between —1 and 
-2, or may be represented by —2 plus a fraction ; the loga- 
rithm of every number between .01 and .001 is some number 
between —2 and —3, or is equal to —3 plus a fraction, and so 
on. 

(337.) The logarithms of most numbers, therefore, consist 
of an integer and a fraction. The integral part is called the 
characteristic^ and may always be known from the following 

RULE. 

The characteristic of the logarithm of any number greater 
than unity, is one less than the number of integral figures in the 
given number. 

Thus the logarithm of 297 is 2 plus a fraction ; that is, the 
charcLcteristic of the logarithm of 297 is 2, which is one less 
than the number of integral figures. The characteristic of the 
logarithm of 5673 is 3 ; of 73254 is 4, &c. 

The characteristic of the logarithm of a decimal fraction is a 
negative number , and is equal to the number of places by which 
its first significant figure is removed from the place of units. 

Thus the logarithm of .0046 is 3 plus a fraction ; that is, the 
characteristic of the logarithm is —3, the first significant figure, 
4, being removed three places from units. 

In a series of fractions continually decreasing, the negative 
logarithms continualfy increase. Hence, if the fraction is in- 
finitely small, its logarithm will be infinitely great; that is, in 
Brigga* ayatem, the logarithm of zero is iu^Ue ocnA iKe^o&tce^ 

IT 
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GENERAL PBOPEETIES OF LOGABrrHM& 

(338.) Let N and N' be any two numbers, x and x' their re- / 
spective logarithms, and a the base of the system. Then, bv 
the definition, ArL 335, 

N =(f (1). 
Also N'=a'' (2). 

Multiplying together equations (1) and (2), we obtain 

Therefore, according to the definition of logarithms, x+x* is 
the logarithm of NN', since x+x' is the exponent of that power 
of the base a which is equal to NN' ; hence 

PROPERTY I. 

The logarithm of the prodtict of two or more factors is equal 
to the sum of the logarithms of those factors. 

Hence we see that if it is required to multiply two or more 
numbers by each other, we have only to add their logarithms ; 
the sum will be the logarithm of their product. We must then 
look in the Table for the number answering to that logarithm, 
in order to obtain the required product. 

EXAMPLES. 

Ex. 1. Find the product of 8 and 9 by means of logarithms. 
On page 318, the logarithm of 8 is given 0.903000 



<( 



9 << 0.954243 



The sum of these two logarithms is 1.857333, 

which, according to the same Table, is seen to be the loga- 
rithm of 72. 

Ex. 2. Find the continued product of 2, 5, and 14 by means 
of logarithms. 

Ex. 3. Find the continued product of 1, 2, 3, 4, and 5 by 
means of logarithms. 

(SS9.) If, instead of multiplying, we divide equation (1) by 
•equation (2)^ we shall obtain 
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N cT 

— = — =11*-*' 

Therefore, according to the definition, x-^x* is the logarithm 

N 
ot ^, since x—x' is the exponent of that power of the base a 

N 
which is equal to |^ ; hence, , 



N' 



PROPERTY 11. 



The logarithm of a fraction^ or of the quotient of one number 
divided by another^ is equal to the logarithm of the numeratorf 
minus the logarithm of the denominator. 

Hence we see that if we wish to divide one number by an- 
other, we have only to subtract the logarithm of the divisor 
from that of the dividend ; the difference will be the logarithm 
of their quotient. 

^^ 

EXAMPLES. 

Ex. 1. It is required to divide 108 by 12 by means of loga- 
rithms. 

The logarithm of 108 is 2.033424 

** 12 1.079181 

The difference is 0.954243, 

^hich is the logarithm corresponding to the number 9. 

Ex. 2. Divide 133 by 7 by means of logarithms. 

Ex. 3. Divide 136 by 17 by means of logarithms. 

Ex. 4. Divide 135 by 15 by means of logarithms. 

The preceding examples are designed to illustrate the prop- 
erties of logarithms. In order to exhibit fully their 'utility in 
computation, it would be necessary to employ larger numbers ; 
but that would require a more extensive Table than the one 
given on page 318. 

(340.) Logarithms are attended with still greater advantages 
in the involution of powers and in the extraction of roots. For 
if we raise both members of equation (1) to the mth power, we 
obtain • 
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Therefore, according to the <lefi|iitioii» mx is the logarithm of 
N"*, since mz is the exponent of that power of the base which 
IS equal to N* ; hence 

PROPERTY m. 

The logarithm of any power of a number is equdl to the toga* 
rithm of that number multiplied by the exponent of the power. 

EXAMPLES. 

Ex. 1. Find the third power of 4 by means of logarithms. 

The logarithm of 4 is 0.602060 

Multiply by 3 

The product is 1.806180, 

which is the logarithm of 64. 

Ex. 2. Find the fourth power of 3 by means of logarithms. 

Ex. 3. Find the seventh power of 2 by means of loga- 
rithms. 

» Ex. 4. Find the third power of 5 by means of logarithms. 

(341.) Also, if we extract the mth root of both members of 
equation (1), we shall obtain 

N^=a-' ; 

X 

therefore, according to the definition, — is the logarithm of 
N*; hence 

PROPERTY IV. 

The logarithm of any root of a number is equal to the loga- 
rithm of that number divided by the index of the root. 

EXAMPLES. ■ 

Ex. 1. Find the square root of 81 by means of logarithms 

The logarithm of 81 is 1.908485 

Divided by 2 

The quotient is «Q5424^ • 

^hich is the logarithm of 9. 



LOGARITHMS. 309 

Ex. 2. Find the square root of 121 oy. means of loga 
nthms. 

Ex. 3. Find the sixth root of 64 by means of logarithms. 

Ex. 4. Find the third root of 125 by means oflogarithms. 

The preceding examples will suffice to show, that if we had 
tables which gave the logarithms of all numbers, they would 
prove highly useful when we have occasion to perform fre- 
quent multiplications, divisions, involutions, and extraction of 
roots. 

(342.) The following examples will show the application of 
some of the preceding principles. 

Ex. 1. log. {ahcd)= log. a+ log. h+ log. c+ log. rf. 

(dbc\ 
-J- J = log. a+ log. b+ log. c— log. rf— log. e. 

Ex. 3. log. {d^¥c')=m log. a+n log. h-\-p log. c. 

— J- )=m log. a+n log. b—p log. c. 

Ex. 5. log. {a^—x^= log. l(a+x) (a— a:)]= log. {a+x)+ 
log. (a—x). 



Ex. 6. log. Va^—x*=i log. {a+x)+1^ log. (a—x). 

Ex. 7. log. {a'Vc^)= log. (a^)=y log. a. 

(343.) We shall presently explain a method by which loga- 
rithms may be computed. We may observe, however, that it 
is not necessary to compute the logarithms of all numbers in- 
dependently. From the logarithms of a few numbers, we may 
readily derive the logarithms of a great many other numbers. 

We have seen, in Art 338, that the logarithm of a product 
IS found by adding together the logarithms of the factors. Let 
us represent the logarithm of 2 by a;; then, since the logarithm 
of 10 is 1, we shall have 

log. 20 =a:+l, log. 20000 = 
log. 2000=a;+3, log. 2000000=, &c. 

We have seen, in Art. 340, that the logarithm of any power 
of a number is equal to the logarithm oi ^i^^M^v^s^^vsx^iSsxf^^sA 
by the exponent of the power. 
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Hence, log, 4 =2a?, 

log. 16=4:r, 

Hence we find, also, that 

log. 40 =2x+l, 
log. 400 =2a:+2, 
log. 80 =8a:+l, 
log. 800 =:ai:+2, 
log. 160 =4a;+l, 
log. 1600=4a;+2, 



log. 82 = 
log. 128=, &c. 

log. 4000 = 
log. 40000 =, &c. 
log. 8000 = 
log. 80000 =, dec. 
log. 16000 = 
log. 160000=, &c. 



We have seen, in ArL 889, that the logarithm of a firaction 
is equal to the logarithm of the numerator minus the logarithm 
of the denominator. Hence, log. 6= log. (y)=l— a?. 



Hence, log. 50 
log. 500 
log. 25 
log. 125 
log. 250 



=2— X, 
=3— X, 
=2— 2a:, 
=3— ar, 
=3— 2a:, 



log. 2500 =4— 2a:, 
log. 1250 =4— 3a:, 
log. 12500=5— 3a:, 
log. 6250 =5— 4a:, 
log. 62500=6— 4a:, 



log. 5000 = 
log. 50000 =, &c. 
log. 625 = 
log. 3125 =, &c. 
log. 25000 = 
log. 250000 =, &c. 
log. 125000 = 
log. 1250000=, &c. 
log. 625000 = 
log. 6250000=, &c. 



(343.) So, also, from the logarithm of 3 we might easily de- 
rive a great number of other logarithms. From the Table on 
page 318, we find the logarithm of 3 to be .477121 : it is re- 
quired to derive from this the logarithm of 30. 

Required the logarithm of 3000. 
Required the logarithm of 9. 
Required the logarithm of 27. 
Required the logarithm 0^81. 
Required the logarithm of 90. 
Required the logarithm of 270. 
Required the logarithm of 900. 

From the same Table, we find the logarithm of 2 to be 
302030: it is required, by the aid of the logarithms of 3 and 
^f to obtain the logarithm of 6. 

Required the logarithm of 12. ^ 
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Required the logarithm of 15. 
Required the logarithm of 18. 

From the same Table, we find the logarithm of 5 to be 
698970. It is required from this to deduce the logarithm 
of 50. 

Required the logarithm of 500. 
Required the logarithm of 5000. 

From the same Table, we find the logarithm of 95 to oe 
1.977724. The logarithm of \}.5, or ^f , is equal to the loga- 
rithm of 95 minus the logarithm of 10. 

Hence the logarithm of 9.5 is 0.977724. 
Also, the logarithm of 950 is 2.977724. 

Hence the decimal part of the logarithm of any number is the 
same as that of the number multiplied or divided by 10, 100 
1000, &c. 

Prime numbers are such as can not be decomposed into fac- 
tors ; as, 2, ?, 5, 7, 11, 13, 17, &c. AH other numbers arise 
from the multiplication of prime numbers. If, thereforfe, we 
knew the logarithms of all the prime numbers, we could find 
the logarithms of all other numbers by simple addition. 

(345.) We will now explain a method by which the loga 
rilhm of any number may be computed. 

If a series of numbers be taken in Geometrical progression. 
their logarithms will form a series in Arithmetical progression. 
Thus, take the geometrical series 

1, 10, 100, 1000, 10000, lOOOOO, 

their logarithms are 

0, 1, 2, 3, 4, 5. 

forming an arithmetical series. 

If, now, we find a geometrical mean between any two num- 
bers in the first series, its logarithm will be the arithmetical 
mean between the two corresponding numbers in the lower 
series. 

Find, for example, a geonietrical mean between 1 and 10. 
It will be the square root of 10, ot ^A^^^nn. 1V^ ^i\^m^\. 
jcal mean between and 1 is 0.5. 

14* 
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Therefore, the logarithm of 3.162277 is 0.5. 

Find, again, a geometrical mean between 8.162277 and 10 
which is 5.623413. Find, also the arithmetical mean between 
0,5 and 1, which is 0.75. 

Therefore, the logarithm of 5.623413 is 0.75. 

Find, now, a geometrical nriean between 3.162277 and 
5.623413, which is 4.216964. Its logarithm will be the arith- 
metical mean between 0.5 and 0.75, which is 0.625. 

Therefore, the logarithm of 4.216964 is 0.625. 

Find, again, a geometrical mean between 4.216964 ana 
5.623413, which is 4.869674. Its logarithm will be the arith- 
metical mean between 0.625 and 0.75, which is 0.6875. 

Thus we have found the logarithms of four new numbers, 
and in this manner we might proceed to construct a table of 
iDgarithms. It will be observed that these numbers are all 
fractional, whereas it is most convenient to have the loga- 
rithms of integers. By pursuing this method, however, we 
might eventually find the logarithm of a whole number; as, 
for etample, 5. For we have already found the logarithm of 

5.623413 to be 0.75, 
and the logarithm of 4.869674 " 0.6875. 

One of these numbers is greater than 5, and the other less. 
A geometrical mean between them is 5.232991, which is too 
Grreat ; but the mean between this result and the last of the two 
preceding is 5.048065, which is already a close approximation. 
By pursuing the same method, we may come nearer and near- 
er to the number 5, until at last, after finding twenty-two geo- 
metrical means, the difference is inappreciable in the sixth 
decimal place, and we obtain 

the logarithm of 5 equal to 0.69897 ; 

and, by a like process, the logarithm of any other number may 
be found. 

(346.) Hence, to compute the logarithm of any number, we 
have the following 

RULE. 

Take the geometrical series 1, 10, 100,* 1000, 10000,&c., andajh 
p/y to it the arithmetical serits 0| l| 2« 8« 4« &c., as logarithms. 
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Find a geometrical mean between 1 and 10, 10 and 100, or 
any other two terms of tlie first series between which the proposed 
number lies. 

Between the mean thus found and the nearest term of the first 
series, find another geometrical mean in the same manner, and 
so on, till you approach as near as is necessary to the number 
whose logarithm is sought. 

Find, also, as many arithmetical means between the correspond' 
ing terms 0, 1, 2, 3, 4, &c., of the other series, in the same order 
as the geometrical ones were found; the last of these will be the 
logarithm answering to the number required. 

In this manner were the logarithms of all the prime num- 
bers at first computed ; but much more expeditious methods 
have since been devised. 

Having obtained the logarithm of 5, it is easy to find the 
logarithm of 2. For the logarithm of 2= log. (V)= '^g* 1^^ 
log. 5=1-0.69897=0.30103. 

« 

LOGARITHMIC SERIES. 

(347.) The preceding method of computing logarithms is 
very laborious in practice. It is found much more convenient 
to express the logarithm of a number in the form of a series. 

Let 0^ be a number whose logarithm is required to be de- 
veloped in a series, and let us employ the method of Unknown 
CoeflSicients. It is plain that we can not assume 

log. a:=A+Ba:+Cx'+, &c. ; 

for when we make a:=0, the first member reduces to infinity, 
while the second member reduces to A, a finite quantity. 
Neither can we suppose 

log. a;=Aa;+Bx'+Cx'*+, &c. : 

for whea we make a:=0, we have 

log. (which is infinite), equal to zero, 

which is absurd. 
But if we suppose 

log. (l+a;)=Aa;+Ba;'+Ca:'+Da;*+, &c. (1), .• 

when we make a;=0, the equatign becomes 

log. 1, equal to zero 
which is conformable to J^ri. 835. 



814 LOGARITHMS. 

Let U8 also assume 

log. (!+«)= A2+Bz'+Cz'+Dz*+, &c. (2). 

Subtracting equation (2) from (1), we obtain 

log. (l+a:)-log. (l+z)=A(z-z)+B{x^'-z*)+C(x'-z')+, 
&c. (3). 

The second member of this equation is divisible by x^z^ 
Art. 76 ; we will reduce the first member to a form in which 
'^ shall also be divisible. 

/l+a:\ 
We have log. (1+x)— log. (l+z)= log. I tt" J = 



• O+fil)- 



log 

X^~Z 

Now, since -t-t" niay be regarded as a single quantity, «, we 

1+25 

may develop log. (1+v) in the same manner as log. (1+x), 
which gives 

This last series must be identical with the one which we 

(X — z\ 
l+y— - ), or its equal, log. 

(1+a:)— log. (1+x), in equation (3) ; and since the terms of 
both are divisible by a;— x, by canceling this common factor, 
we obtain 

^•l^+B(r^+^^^i^+' ^""'^ =A+B(a:+x)+C(a;'+ar« 

+«»)+, &c. 

Since this equation, like the preceding, must be verified for 
all values of x and x, the equality must subsist when a;=2. But 
on this hypothesis, all the terms of the first series vanish ex- 
cept one, and we have 

r-7-= A+2Ba:+3Ca:'+4Da;*+5Ea;*+, &c. ; 

l-rX 

or, performing the division indicated in the first member, we 
obtain 
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Therefore, according to the principle of Art. 302, we have 
the equations 

A=A, 
— A=2B; whence B=——. 

A=3C; " C=+p 

-A=4D; " D=~. 

4 

A 
A=5E; " E=+-. 

5 

The law of the series is obvious ; and hence, substituting tbo 
values of B, C, D, &c., in equation (I), we obtain, for the de- 
velopment of log. (1+a:), 

log. (l+a:)=Y.x— — x'+— a:'— — a:*+ . . . 



. / Ju •£> JC JC Ju Ju \ 



The number A is called the modulus of the system of loga- 
rithms employed. Lord Napier, the illustrious inventor of log- 
arithms, assumed the modulus equal to unity. If, then, we des« 
ignate Naperian logarithms by log.', we shall have 

log.'(l+x)=---+--^+---+,&c. (4). 

By giving to x in succession all possible values, we may ob- 
tain from this equation the logarithms of all numbers. 

If we make x=0, we shall have log.' 1=0. 

Make :z;=l, and we obtain 

log.' 2=l-i+J-i+i-, &c., 

a series which converges so slowly that it would be necessary 
to employ a very large number of terms to obtain the accuracy 
desirable. The series may be rendered more converging in 
the following manner : 

In equation (4), substitute — x for x^ and it becomes 

log.' (i-x)=-\-^--\-^--.i^. ^«^. 
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Subtraciing equation (5) from equation (4), and observing 

1 +x 
that log.' (l+x)— log/ (l—x)= log/y— -, we obtain 

/l+x\ /x x" x' x' x* \ 

Put x= , and the preceding series becomes, by substi- 

tution, 

5(2%+ir'''" V' 

(348.) The last series may be employed for computing the 
k)garithm of any number, when the logarithm of the preceding 
number is known. Making "successively 2=1, 2, 4, 6, &c., we 
obtain the following 

NAPBBIAN, OB. HYPERBOLIC LOGARITHMS. 

log.' 2=2(i+i:ifi+7:^+Tl7+...) =0.693147 

log.' 3= log.' 2+2(7+^+7:17+77?+ • • • ) = 1.098612 
log.' 4=2 log.' 2 =U386294 

log.' 5= log.' 4+2(7+7—.+ 7:^+7Tt+ • . • ) = 1.609438 
log.' 6= log.' 3+ log.' 2 =1.791769 

log.' 7=log.'6+2(f;+77hi+7T^+7:iTt+ • • •)= 1.^5910 
log/ 8= 3 log.' 2 =2.079442 

log.' 9=2 log.' 3 =2.197225 

log.' 10= log.' 5+ log.' 2 = 2.302585 

&c., &c., &c. 

(349.) The Naperian logarithms being computed, it is easv 
to form any other system. We have found 

log. (1+:.)=a(~~+3— +---+ . . .). 

Distinguishing the Naperian logarithms by an accent, we 
bare 

log/ (l+^)=A'i^^-^+^"^-^-^^ • -V 
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Hence 

log. (1 +x) : log/ (1 +x) : : A : A'. 

Therefore, the logarithms of the same number in different sys" 
'.ems are to each other as the moduli. 

In Napier's system, the modulus =1. Hence 

log. (l+ar)=A.log.' (1+x). 

That is, the common logarithm of a number is equal to its 
Naperian logarithm multiplied by the modulus of the common 
system. 

If, then, we knew the modulus of the common system, we 
could easily convert the preceding Naperian logarithms into 
common logarithms. Now, from the equation 

log. (l+a:)=A.log'. (1+x), we obtain 

log, (l+g) 
log.' (l+x)- 

« ^ 1 A log* 10, 

Suppose a:=9, then A=-t-2-_, 

But log. 10=1. Hence 

which is the modulus of the common system. 
(350.) We can now compute the 

COMMON, OR BRIGGS' LOGABITHMS. 



log. 2=0.693147X0.434294 


-0.30105 


log. 3=1.098612X0.434294 


=0.47712 


log. 4=2 log. 2 


=0.602060 


log. 5= log. 10— log. 2=1 — 


log. 2=0.698970 


log. 6— log. 3+ log. 2 


=0.778151 


log. 7=1.945910X0.434294 


=0.845098 


log. 8=3 log. 2 


=0.903090 


log. 9=2 log. 3. 


=0.954243 


log. 10= 


= 1.000000 


&C., &C.y 


&c. 
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We thus obtain the following Table of Common Logarithms: 



No. 


Logarithm. 


Mo. 


Logarithm. 


Ko. 


Logaritfam. 


No. 


Logaritlmi. 


1 

2 
3 
4 
5 


0.000000 
0.30 103Q 
0.477121 
0.602060 
0.698970 


36 
37 

38 
39 
40 


1.556303 
1.568202 
1.579784 
1.591065 
1.602060 


71 
72 
73 
74 
75 


1.851258 
1.857332 
1.863323 
1.869232 
1.875061 


106 
107 
108 
109 
110 


2.025306 
2.029384 
2.033424 
2.037426 
2.041393 


6 
7 
8 
9 
10 


0.778151 
0.845098 
0.903090 
0.954243 
1.000000 


41 
42 
43 
44 
45 


1.612784 
1.623249 
1.633468 
1.643453 
1.653213 


76 

77 
78 
79 
80 


1.880814 
1.886491 
1.892095 
1.897627 
1.903090 


111 
112 
113 
114 
115 


2.045323 
2.049218 
2.053078 
2.056905 
2.060698 


11 
12 
13 
14 
15 


1.041393 
L079181 
1.113943 
1.146128 
1.176091 


46 

47 
48 
49 
50 


1,662758 
1.672098 
1.681241 
1.690196 
1.698970 


81 
82 
83 

84 
85 


1.908485 
1.913814 
1.919078 
1.924279 
1.929419 


116 
117 
118 
119 
120 


2.064458 
2.068186 
2.071882 
2.075547 
2.079181 


16 
17 
18 
19 
20 


1.204120 
1.230449 
1.255273 
1.278754 
1.301030 


51 
52 
53 
54 
55 


1.707570 
1.716003 
1.724276 
1.732394 
1.740363 


86 
87 
88 
89 
90 


1.934498 
1.939519 
1.944483 
1.949390 
1.954243 


121 
122 
123 
124 
125 


2.082785 
2.086360 
2.089905 
2.093422 
2.096910 


21 
22 
23 
24 
25 


1.322219 
1.342423 
1.361728 
1.380211 
1.397940 


56 
57 
58 
59 
60 


1.748188 
1.755875 
1.763428 
1.770852 
1.778151 


91 
92 
93 
94 
95 


1.959041 
1.963788 
1.968483 
1.973128 
1.977724 


126 
127 
128 
129 
130 


2.100371 
2.103804 
2.107210 
2.110590 
2.113943 


26 
27 
28 
29 
30 


1.414973 
1.431364 
1.447158 
1.462398 
1.477121 


61 
62 
63 
64 

65 


1.785330 
1.792392 
1.799341 
1.806180 
1.812913 


96 
97 
98 
99 
100 


1.982271 
1.986772 
1.991226 
1.995635 
2.000000 


131 
132 
133 
134 
135 


2.117271 
2.120574 
2.123852 
2.127105 
2.130334 


31 
32 
33 
34 
35 


1.491362 
1.505150 
1.518514 
1.531479 
1.544068 


66 
67 
68 
69 
70 


1.819544 
1.826075 
1.832509 
1.838849 
1.845098 


101 
102 
103 
104 
105 


2.004321 
2.008600 
2.012837 
2.017033 
2.021189 


136 
137 
138 
139 
140 


2.133539 
2.136721 
2.139879 
2.143015 
2.146128 



(351.) Let us now determine the base of Napier's system 
Designating it by a, we shall have. Art, 349, 

log.' a : log. a: : I : 0.434294. 

But log. ^ a=l. Hence 

log. a=0.4M'ilM. 
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That is, the modulus of the common system is equal to the 
common logarithm of Napiei^s base. 

We wish, then, to find the number corresponding to the 
common logarithm 0.434204. By inspecting the preceding 
table, we see that this number must be a little less than 3. 
More accurately, it is 

2.718282, 

which is the base of Napier^s system. 

Any number, except unity, may be taken as the base of a 
system of logarithms, and hence there may be an infinite num- 
ber of systems. Only two systems, however, are much used ; 
those of Briggs and Napier. 

The base of Briggs' system is 10. 

Napier's « 2.718282. 

The modulus of Briggs' "" 0.434204. 

" Napier's ** 1. 

Hence, in Briggs' system, all numbers are to be regarded as 
powers of 10. 

Thus, 10'^"=2, 

10*^«~=4, 
10*^*"=5, 

&c., &c. » 

In Napier's system, all numbers aie to be regarded as pow- 
ei-s of 2.718282. 

Thus, 2.718*^-*=2, 

2.7J18*~*=3, 
2.718"''*=4, 
2.718*-~*=5, - 
&c., &c. 

Briggs' logarithms are employed in all the common opera- 
tions of multiplication and division, and hence they are known 
by the name of common logarithms. Napier's logarithms are 
of great use in the application of the calculus to many analyt- 
ical and physical problems. They ^x^ i\^o e.^^^ >v^f^TVi^\R. 
logarithms, having been originaWy detW^^tcwxi ^^Vj^^^a^^ 



tSO LOQAUTaMS. 



BXPONBNTIAL BaUATIONa 

(352.) An exponential quantity is one which is raised to 
some unknown power, or which. has an unknown quantity for 
an exponent ; as, 

a*, a*, x*, or Jfj &c. 

An exponential equation is one which contains an exponen* 
tial quantity ; as, 

a*=6, xf=c^ &c. ^ 

Such equations are most easily solved by means of loga- 
rithms. Thus, consider the equation 

Taking the logarithm of each member of the equation, we 
have 

X log. a= log. 6, 

log. b 

or x= r-2 — . 

log. a 

Ex, 1. What is the value of :r in the equation 9"=81 1 

By the preceding formula, x= . .- 

Looking out the logarithms of 81 and 3 from the Table on 
page 318, we have 

1.908485 _ 
^~ •477121^^* 
Therefore, 3*=81. 

Ex. 2. What is the value of :r in the equation 3*=20f 

log. 20 L301080 ^^^^ , 

^= 1 — o= ^>ir^t»^ =^«^^^ nearly, 
log. 3 .477121 ^ 

Therefore, 8'-'"=20 nearly. 

Ex. 3. What is the value of x in the equation 5*^=12 f 

/2\ * 8 
iSr. 4. What is the value of a: in the equation l-r) =- T 

(853.) The other equation, af =c» ina.7 \>^' ac^^^fti Vj trviU^ 
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in Art d8S. Thus, taking the logarithm of each member, we 
have 

X log. x= log. c. 

Find now, by trial, two numbers nearly equal to the value 
of X, and substitute them for x in the given equation. Then 
say, 

As the difference of these results^ 
Is to the difference of the two assumed numbers^ 
So is the error of either resu% 

To the correction required in the corresponding assumed 
number. 

Ex. 1. Given ar'=100 to find the value of a:. 

Here we have x log. a:= log. 100=2. 

Suppose a:=3, 

then 0.477121 X 3= 1.431363, which is too small. 
Suppose x=4,* 

then 0.602060X4=2.408240, which is too great. 

ELence the value of x is between 3 and 4, buf nearer to 4 
Assume, then, 3.5 and 3.6 for the two -numbers. 

By the first supposition. By the second supposition^ 

a:=3.5; log. x= .544068 a;=3.6; log. x= .556303 

Multiplied by SL5 Multiplied by 3^ 

X . log. x= 1.904238 x . log, x=;2.002689 

IHff* ofresidU : Diff. assumed numbers : : Error of 2d result : Its correction* 
.008451 : 0.1 :: .002689 : .00273 

Hence a:=3.6— .00273=3.59727 nearly. 

Therefore, 3.59727" ""'= 100 nearly. 

If we wish a more accurate result, the operation must bo re- 
peated with two new numbers ; as, for example, 3.59727 and 
a59728. 

Ex. 2. Given af=6, to find the value of x. 

Ex. 3. Given af =20a:, to find an approximate value of a:. 

COMPOUND INTEREST. 

(354.) In calculating compound inlet^«l,VVi<ei5tt^\. ^\&s^^\.^\ 
rnquiry is, to what surrt does a given pxxxicAYeX vci\Q>aK^.* \s5\ftx ^ 
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certain number of years, the interest being annually added to 
the principal? It is evident that 01.00, placed out at 5 per 
cent., becomes, at the end of a year, a principal of 01.05. But 
the amount at the end pf each year must be proportioned to 
the principal at the beginning of the year. In order, then, to 
find the amount at the end of two years, we institute the pro- 
portion 

1.00 : 1.05 : : 1.05 : (1.05)'. 

The sum 1.05' must now be considered as the prmcipal, and 
hence, to find the amount at the end of three years, we say 

1.00 : 1.05 : : (1.05)' : (1.05)". 

And in the same manner we find that the amount of 91.00 
for n years at compound interest is (1.05)". 

If the rate of interest were six per cent., we should find the 
amount for n years to be (1.06)". 

The amount of two dollars for a given time must obviously 
be double the amount of one dollar, and the amount of 91000 
must be a thousand times the amount of one dollar. 

Hence, if we put P to represent the principal, 

r the rate per cent, considered as a decimal, 
n the number of years, 
A the amount of the given principal for n 
vears, we shall have 

A=P.(l+r)". 

This equation contains four quantities, A, P, n, r ; any three 
of which being given, the fourth may be found. The computa- 
tions are most readily performed by means of logarithms. 
Taking the logarithms of both members of the preceding equa- 
tion, and reducing, we find 

1. log. A =71 X log. (l+r)+ log. P. . 

2. log. P = log. A— TiX log. (i+r). 

loff* A— log. P 

3. log. (l+r)= ^ ^ ' 

log. A- log. P 
*• "* - log,(l+r) ' 

EXAMPLES. 

jEr. L What is the amount oi VweoX^ AsAVww^^t ^ ^r cent. 
compound interest, for 11 yeatal 
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In this example we employ formula (1). 

Amount of 01.00 for 1 year ^LOG, log. =0.025306 

Multiplying by 11, 11 

0.278366 
Given principal 020. log. = 1.301030 

Amount 038 nearly, 1.579396 

This result is derived from the Table on page 318. By con< 
suiting a larger Table, we should find the amount 037.97. 

Mix. 2. What principal at 5 per cent, interest will amount to 
066 in 13 years ? 

Here we employ formula (2). 

l+r=1.05, log. =0.021189 

Multiplying by n, 13 

Subtract 0.275457 

From log. A, 1,819544 

P=035 nearly, 1.544087. 

Ex. 3. At what rate per cent, must 040 be put out at com- 
pound interest, that it may amount to 057 in 9 years ? 

Here we employ formula (3). 

A=57, log. =^1.755875 

P =40, log. =1.602060 

Dividing by n, 9)0.158815 

l+r=1.04 =0.017091 

Consequently, r=.04, or four per cent. 

How could this result be obtained without the use of loga- 
rithms ? 

Ex. 4. In what time will 050 amount to 090 at 5 per cent. 
Here we employ formula (4). 

A=90, log. =1.954243 

P = 50, log. =1.698970 

I +r= 1.05, whose logarithm is 0.021 189)0.25527a 

Dividing one logarithm by the other, we obtain 12, Ans. 

Ex. 5. What is the amount of 052 at 3 per cent, compounrf 
literest for 15 years? 
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Ex. 6. What principal at 6 per cent, compound interest wil 
amount to 0101 in 4 years? 

Ans. $80. 

Ex. 7. At what rate will 010 amount to 016 in IQ years ? 

Ans. Three per 6ent 

Ex. 8. What will 0300 amount to in 10 years at compound 
interest semi-annually, the yearly rate being 6 per cent. ? 

Ex. 0. In what time will a sum of money double at 6 per 
cent, compound interest ? 

Ans. 11.80 years. 

Ex. 10. In what time will a sum of money triple itself at 4 
per cent, compound interest ? 

Ans. 28.01 years. 

(355.) The natural increase of population in a country may 
be computed in the same way as compound interest. Know- 
ing the population at two different dates, we compute the rate 
of increase by formula (3),vand from this we may compute the 
population at any future time on the supposition of a uniform 
rate of increase. 

EXAMPLES.. 

Ex. 1. The number of the inhabitants of the United States 
in 1790 was 3,900,000, and in 1840, 17,000,000. What was 
the average.increase for every ten years ? 

Ans. 34 per cent. 
Ex. 2. Suppose the rate of increase to remain the same for 
the next ten years, what would be the number of inhabitants 
in 1850? 

Ans. 22^00,000. 

Ex. 3. At the same rate, in what time would the Qumber in 
1840 be doubled? 

Ans. 23.54 years. 

Ex. 4* At the same rate, what was the population in 1780;? 

Ans. 2,90Qfi0a. 

, ' ' ■ 

Ex. 5. At the same rate, in what time would the number in 
J840 be tripled? 

Au%« 9X.ZI vciars 
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1 1 

(856.) Ex. 1. Given -+-=a, 

X y 

1 1 X 

-+-=6, 

X % 
1 1 

y « 






to find the values of a y; 



and z. 



y=- 



%=• 



> 



to find the values of x^ 
y, t» U U9 and u^. 



Ex. 2. Given x+y+z +^ +u =25,"^ 

x+y+z +tt4-ti?=26, 

x+y+z +< +w=27, 

a;+y+t«+< +m?=28, 

a:+z+M+/+u?=29, 

y+z +tt+/ +w=30fj 

AnSi a;=S, y=4i %=5, w=6, if=7, ti>=»8. 
JBa;. 3. Given a:(a;+y+z)=27, ^ . ^ , ^, , - 

y(x4+z)=18, 'V^^dV''" ^""""^ ^^^' ''^ 

Ans. a;=3, y=2, z=4 

JBb. 4. Given ajy=z, ^ 

yz=», I 

XV^Uf C 

yv—hx^^ 



find the values of x, y, z, and o. 



Jln5. ^=-i7T» y= Vh 2= \^«, »=\/« VRi 



JKc. 6. Given xyz =106,*' 

xyv=135y [ to find the values of 27, y, z, aiid 

a:z«=2M 

y«t>=3] 



: 
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Ex. 6. Given a:'+-i+y*=84, 

^ > to find the values of x and y. 

jln5. x=4f ys:2 or 8» 



£1— i/^jn^ 

Ex. 7. Given g=^ to find the values of*. 



Ex. 8. Given = , to find the values of a?. 

v/a;— Vx—a x—a 

Ex, 9. Given \/y— Va—x= -/y— «, ) to find the values 

2 Vy-a?+2 Va^=6 Va-a;, ^ of ^ a^^d y. 

^ 4 5 

5 4 

V€l*f"«Z? w CL'^^X Ix 

Ex. 10. Given 1 : — = \/r» to find the values of «• 

y/X y/X y O 

Ans. x=^dtz2Vab^V. 

. , J , ( to find the values of a: and y. 
^9+ !^=^f ) 






a+6' ^ ^ a+h 

JBx. 12. Given — — j-; — + ^ ^ = ik, ai„i,v *^ ^* 
the values of a;. 

2a" 



iliu. a:a— Sa^orSa- 



y 



^. 18. Given -r-; r"= — & to find the values of « 

Ant. x^' cv 
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Vl+X Vl X 

Ex. 14. Given = , to find the values ot x. 

1+Vl+x l-Vl-x 

Ans. x=db1^y/s. 



Ex. 16. Given ; =6^ to find the values of a?. 

a+a; 



Ex. 16. Given ^/'5Vx+K7y+ y/x+ y/y=^ 10, )*^ ^^ **" 

> values ol 

V^'+ Vy- =275, ) » and y. 

Ans. a:=9, y=4. 

Ex. 17. Givena;-y+\/^^=-^,l to find thi% value* 

V aj+y x+y > ^f ^ ^j^^ 

a:«+y»=41, j ^ 

Ans. x=5f y=4. 

JBJr. 18. Given (a?+y)*+a?+y=30, ) to find the values of s 

X— y= 1, ) and y. 

Ans x=2, y=l. 

Jfic, 19. Given :!?•— 4i;*+7aJ*— 6x=18, to find the values of x 
b;^ a quadratic equation. 

Ans. x=3, or —1. 
Ex. 20* Given (x +y ) (x y +1)== 18x y, if to find the values 

(^•+y) (^y + 1) =208xy , J of X and y. 

-Ans. x=2ifcv/3, y=7=t4v/3. 

JiliK 21. Given (x'+y')xy=13090, > to find the values of x 

x+y =18, 5 ^undy. 

itft5. x=7, or 11, 
y=ll, or7. 

Ex. 22. Given 5(x'+y")+4xy=356, ) to find the values of 

^'+y'+x+y=62, ) X and y. 

Ans. x=4, y=6. 

Ex. 23. Given (x'+y')^=300, 2 to find the values of x and 

• x*+y* =837, \ y. 
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Ex. 24. Given (x*+y*) (x'+y')=465, ) to find the values of 

x+ff =5, J X and y. 

Ans, x=3, y=2. 

£«. 25. Given ^'+^y+y' ^|4 1 

a:+y * 1 to find the values of x and 

x-y J 

Ans. £=12, y=6> 

Ex. 26. Given (x'-ay+y«) (x'+y") =91, ) *°^^.i *^* 

(x'-xy+y') (x'+xy+y')=133, J ^^'^^^ 

-4n5. a:=2, or —3; y=3, or —2. 

JSx. 27. Given (x+y)xy =30, ) to find the values of x 

(x'+y')x"y'=468, ) and y. 

-4.715. a:=2, y=3. 

£a;. 28. The sum of two numbers is a, and the sum of their 
reciprocals is b. Required the numbers. 

Ans. 2±\/ 4-j 

£x. 29. In the composition of a certain quantity of gunpow- 
der, the nitre was ten pounds more than two thirds of the 
whole ; the sulphur was four and a half pounds less than one 
sixth of the whole ; and the charcoal was two pounds less than 
one seventh of the nitre. How many pounds of gunpowder 
were there ? 

Ans. 69 pounds. 

Ex. 30. Find three numbers such that if six be subtracted 
from the first and second, the remainders will be in the ratio 
of 2 : 3 ; if thirty be added to the first and third, the sums will 
be in the ratio of 3 : 4 ; but if ten be subtracted from the sec- 
ond and third, the remainders will be as 4 : 5. 

Ans. 30, 42, 50. 

Ex. 31. Divide the number 165 into five such parts that the 

first increased by one, the second increased by two, the third 

diminished by three, the fouitli m\xllvi^lvQd by 4, and the fifth 

divided bv five, mav all be eau^. 

Ant I^v^^^^'^V^tlW^ 
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JSx. 32. A criminal having escaped from piison, traveled 
ten hours before his escape was known. He was then pur^ 
suedy so as to be gained upon three milev an hour. After his 
pursuers had traveled eight hours, they met an express going 
at the same rate as themselves* who met the criminal two 
hoj2^8 and twenty-four minutes before. 'In what time from the 
commencement of the pursuit will they overtake him ? 

An$. 20 hours. 

Ex, 33. A and B engage to reap a field of wheat in twelve 
days. The times in which they could severally reap an acre 
are as 2 : 3. After some days, finding themsejves unable to 
finish it in the stipulated. time, they call in C.to help them, 
whose rate of working was such that, if he had wrought with 
them from the beginning, it would have been finished in nine 
days. Also, the times in which he could have reaped the field 
with A alone, and with B alone, are in the ratio of 7 : 8» 
When was C called in ? 

Arts. After six days. 

Ex. 34. A laborer is engaged for n days, on condition that 
he receives p pence for every day he works, and pays q pence 
for every day he is idle. At the end of the time he receives 
a pence. How many days did he work, and how many was he 
idle ? 

Ans. He worked -—■ — , and was idle -^^ — days. 

p+q p+q ^ 

Ex. 35. The fore wheel of a carriage makes three revolu- 
tions more than the hind wheel in going sixty yards; but, if 
the circumference of each wheel be increased one yard, it will 
make only two revolutions more than the hind wheel in the 
same space. Required the circumference of each* 

Ans. 4 and 5 yards. 

Ex. 36. There is a wagon with a mechanical contrivance 
by which the diflference of the number of revolutions of the 
wheels on a journey is noted. The circumference of the fore 
wheel is a feet, and of the hind wheel b feet What is the dia* 
tance gone over when the fpre wheel has made n revolutioni 
more than the hind wheel 7 
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Ex. 37. A merchant has two casks, each containing a cei- 
lain quantity of wine. In order to have an equal quantity ifk 
esLohf he pours out of the first cask into the second as much 
as the second contained at first ; then he pours from the second 
into the first as much as was left in the first ; and then agaip, 
from the first into the second as much as was left in the sec* 
ond, when there are found to be a gallons in each cask* How 
many gallons did each cask contain at first ? 

. lln . 5a 

Ans. -^ and — 

Ex. 38. A apd B engage to reap a field for $24 ; and as A 
alone could reap it in nine days, they promise to complete it ill 
five days. They found, however, that they were obliged to 
call in C to assist them for the last two days, in consequence 
of which B received one dollar less than he otherwise would 
have done. In what time could B or C alone reap the field 1 

Ans. B in 15, and C in 18 days. 

Ex. 39. A cistern can be filled by four pipes ; by the first in 
a hours, by the second in b hours, by the third in c hours, and 
by the fourth in d hours. In what time will the cistern be 
filled when the four pipes are opened at once ? 

. abed 

Afis'. -" 

dbc+abd+acd+bcdT 

Ex. 40* The sum of the cubes of two numbers is 35, and 
the sum of their ninth powers is 20195. Required the num 
bers. 

Ans. 2 and 3^ 

• • • 

Ex. 41. A number ccmsisting of three digits, which- are in 
Arithmetical Progression, being divided by the sum of its dig* 
its^ gives a quotient 26; and if 198 be added to it, the digits 
will be inverted. Required the number. 

Ans. 234. 

r 

Ex. 42. There are three numbers in Geometrical Progrcv- 
sien, the difference of whose difierences is six, and their sum m 
fcrty'^swo. Required the numbers^ 

Atis« ^y IS, and S^ 

-ft?. 43. TJiei^are three Tium\>eTa 'm\i^tmo\i\e»N.^xoYi^^^ 
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the sum of the first and third is 18, and the product of the three 
numbers is 676. Required the numbers. 

Arts. 12, 8, and 6. 

Ex. 44. There are three numbers in harmonical proportion, 
the difference of whose differences is 2, and four times the 
product of the first and third is 960. Required the numbers. 

Ans. 20, 15, 12. 

Ex. 45. There are two numbers whose product is 300 ; and 
the difference of their cubes is thirty-seven times the cube of 
their difiSrence. What are the numbers 7 

Ans. 20 and 15. 

Ex. 46. There are three numbers in geometrical progres- 
sion, the greatest of which exceeds the least by 24 ; and the 
difference of the squares of the greatest and the least is to the 
sum of the squares of all the three numbers as 5 : 7. What 
are the numbers 7 

Ans. 8, 16, and 32. 

Ex. 47. A merchant had $26,000, which he divided into two 
parts, and placed them at interest in such a manner that the 
Incomes from them were equal. If he had put out the first 
portion at the same rate as the second, he would have drawn 
for this part 9720 interest ; and if he had placed the second 
out at the same rate as the first, he would have drawn for it 
♦980 interest. What were the two rates of interest ? 

Ans. 6 per cent, for the larger sum, and 7 for the smaller. 

Ex. 48. A grocer has a cask containing 20 gallons of bran- 
dy, from which he draws off a certain quantity into another 
cask of equal size, and, having filled the last with water, the 
first cask was filled with the mixture. It now appears that 
if 6| gallons of the mixture are drawn off from the first into 
the second cask, there will be equal quantities of brandy in 
each. Required the quantity of brandy first drawn off. 

Ans. 10 gallons. 

Ex. 49. A miner bought two cubical masses of ore for $820. 
Each of them cost as many dollars per cubic foot as there were 
feet in a side of the other ; and the base of the greater con- 
tained a square yard more than the base of the less. Whol 
wag the price of each ? 

Atis. WO ^xA'^^^ \^wb, 

15* 
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Ex. 50. A and B traveled on the same road, and at the 
same rate, from Cumberland to Baltimore. At the 50th mile- 
stone from Baltimore, A overtook a drove of geese, which were 
proceeding at the rate of three miles in two hours ; and two 
aours afterward met a wagon, which was moving at the rate 
of nine miles in four hours. B overtook the same drove of 
geese at the 45th milestone, and met the same wagon 40 min- 
utes before he came to the 31st milestone. Where was B 
when A reached Baltimore ? 

Ans. 25 miles from Baltimore. 

Ex. 51. A gentleman bought a rectangular lot of land at the 
rate of ten dollars for every foot in the perimeter. If the 
same quantity had been in a square form, and he had bought 
it at the same rate, it would have cost him $330 less ; but if 
he had bought a square piece of the same perimeter, he would 
have had 12|^ rods more. What were the dimensions of the 
lot? 

Ans. 9 by 16 rods. 

Ex. 52. A and B put out at interest sums amounting to 
$2400. A's rate of interest was one per cent, more than B's ; 
his yearly interest was five sixths of B's ; and at the end of 
ten years his principal and simple interest amounted to five 
sevenths of B's. What sum was put at interest by each, and 
at what rate ? 

Ans. A $960, at 5 per cent. 
B «1440, at 4 ** 

Ex. 53. Two merchants sold the same kind of cloth* The 
second sold three yards more of it than the first, and together 
they received 835. The first said to the second, I should have 
received 824 for your cloth ; the other replied, I should have 
received 812 J for yours. How many yards did each of them 
sell? 

Ans. The first merchant, 5 or 15 yards 
The second " 8 or 18 ** 

Ex. 54. A person bought a quantity of cloth of two sorts for 

863. For every yard of the best piece he gave as many dok 

lars as he had yards in all ; and for every yard of the poorer, 

as many dollars as there were yards of the better piece more 

than of the poorer. Also, the wVvoVe co^V oi v\\^ \i^^x ^\^q*^ ^^^ 
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six times that of the poorer. How many yards had he of 
each? 

Ans. 6 yards of the better, and 3 of the poorer. 

Ex* 55. A and B, 165 miles distant from each other, set out 
with a design to meet. A travels 1 mile the first day, 2 the 
second, 3 the third, and so on. B travels 20 miles the first 
day, 18 the second, 16 the third, and so on. In how many days 
will they meet ? 

Ans. 10 or 33 days. 

Ex. 56. There are three numbers in Geometrical Progres- 
sion whose continued product is 216, and the sum of their 
cubes is 1971. Required the numbers. 

Ans. 3, 6, and 12. 

Ex. 57. There are four numbers in Geometrical Progression 
whose sum is 350 ; and the difference between the extremes is 
to the difference of the means as 37 : 12. What are the num- 
bers'? 

Ans. 54, 72, 96, 128. 

Ex. 58. A commences a piece of work alone, and labors for 
two thirds of the time that B would have required to perform 
the entire work. B then completes the job. Had both labor- 
ed together, it would have been completed two days sooner ; 
and A would have performed only half what he left for B. 
Required the time in which they would have performed the 
work separately. ^ 

Ans. A in 6 days, and B in 3 days. 

Ex. 59. A ship, with a crew of 175 men, set sail with a sup- 
ply of water sufilcient to last to the end of the voyage ; but in 
30 days the scurvy made its appearance, and carried off three 
men every day ; and at the same time a storm arose which 
protracted the voyage three weeks. They were, however, 
lust enabled to arrive in port without any diminution in each 
man's daily allowance of water. Required the time of the 
passage, and the number of men alive when the vessel reached 
the harbor. 

Ans. The voyage lasted 79 days, and the number of men 
alive was 28. 

jEz:. 60. The number of deatVvs m ^ \i^«v6^^\ ^gKccsaRR^ 
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amounted to 6 daily ; and, allowing for this diminution, their 
stock of provisions was sufficient to last 8 days. But on the 
evening of the sixth day 100 men were killed in a sally, and 
afterward the mortality increased to 10 daily. Supposing the 
stock of provisions unconsumed at the end of the sixth, day to 
support 6 men for 61 days, it is required to find how long it 
would support the garrison, and the number of men alive when 
the provisions were exhausted. 

% Ans. The provisions last 6 days, and 26 men survive. 

Note. — Hints for the solution of Ex. 20, p. 327. 
Expanding equation first, and dividing by xy, we obtain 

In a similar manner, we obtain from equation second 

X ^ y 

1 

rut X'\ — =v, 

X 

and we have v+io=18, 

t>'+io'=212. 
Whence v=14or 4, 

a>= 4 or 14 ; 
and the values of a; and y are easily found 
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